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PREFACE, 


XHE  Theory  of  Numbers  is  a  subject  whicU 
has  engaged  the  attention  and  exercised  the 
talents  of  manv  celebrated  mathematicians, 
both  ancient  and  modern ;  under  the  first  of 
which  classes,  may  be  reckoned  Pythagoras  and 
Aristotle,  the  former  of  whom  is>  said  to  have 
invented  our  present  multiplication  table,  oy 
the  jibacus  Pythagoriciis  of  the  ancients; 
though  what  is  alluded  to  under  this  designa^ 
tion  was  probably  a  much  more  extensive  table 
than  that  now  in  common  use:  Pythagoras 
also  attributed  tp numbers  certain  mystical  pror 
parties,  and  seeips  first  to  have  conceived  the 
idea  of  what  are  now  termed  magic  squares, 
Aristotle,  amongst  other  numerical  specular 
tions,  noticed  the  uniformity  in  almost  all 
nations  of  dividing  numbers  into  periods  of 
tens,  and  attempted  an  explanation  of  the 
cause  of  this  singular  coipcidence  upon  phiT 
losophical  pnnciples. 

But  the  earliest  regular  system  of  numbers 
js  that  given  by  Euclid  in  the  J^th,  8th,  9th  ^  an  (J 
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10th  books  of  his  Elements,  which,  notwitht 
standing  the  embarrassing  notation  of  the 
Greeks,  and  the  inadequacy  of  geometry  to  the 
investigation  of  numerical  propositions,  is  still 
very  interesting,  and  displays,  like  all  the  other 
parts  of  the  same  celebrated  work,  that  depth 
of  thought  and  accuracy  of  demonstration  for 
which  its  author  is  so  eminently  distinguished, 

Archimedes  likewise  paid  particular  atten- 
tion to  the  powers  and  properties  of  numbers^ 
as  may  be  seen  by  consulting  his  tract  entitled 
^^  Arenarius,'*  in  which  some  modern  Writers 
have  thought  they  could  perceive  inculcated 
the  principles  of  our  present  system  of  lo- 
garithms; but  all  that  can  be  allowed  on 
this  head  is,  that  the  method  by  which 
he  perfotmed  his  multiplications  and  di* 
visions  bears  a  considerable  analogy  to  that 
w^hich  we  now  commonly  employ  in  the 
multiplication  and  division  of  powers;  that 
is,  by  the  addition  and  subtraction  of  their 
indiccvS. 

Before  the  invention  of  analysis,  however, 
no  very  extensive  progress  Could  be  made  in 
a  subject,  which  required  so  much  generality 
of  investigation;  and,  accordingly,  we  find 
hut  little  was  effected  in  it  till  the  time  of 
Diophantus,  whose  treatise  of  algebra  con- 
tains mafiy  interesting  problems  in  the  inore 
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abstruse  parts  of  this  science/  But  herc^  also, 
its  author  had  to  encounter  the  difficulties  of 
a  complicated  notation,  and  a  very  deficient 
analysis,  when  compared  with  that  of  the 
present  period;  and,  therefore,  it  cannot  be 
expected  that  his  work  should  contain  a  com^ 
plete  investigation  of  the  theory  of  numbers. 

After  Diophantus,  the  subject  remained 
unnoticed,  or  at  leaat  unimproved,  till 
JBachet,  a  French  analyst  of  considerable 
reputation,  undertook  the  translation  of  the 
abovementioned  work  into  Xiatin,  retaining 
also  the  Greek  text,  which  was  published  by 
him  in  1621,  interspersed  with  many  marginal 
notes  of  his  own,  and  which  may  be  con- 
sidered as  containing  the  first  germ  of  our 
present  theory.  These  were  afterwards  con-* 
fsiderably  extended  by  the  celebrated  Fermat, 
in  his  edition  of  the  same  work,  published, 
lifter  his  death,  in  16/0,'  where  we  find 
many  of  the  most  elegant  theorenis  in  this 
branch  of  analysis;  but  they  are  generally  left 
without  demonstration,  an  omission  which  he 
accounted  for  by  stating,  in  one  of  his  notes, 
page  180,  that  he  was  himself  preparing  a 
treatise  on  the  theory  of  numbers,  which 
would  contain  many  new  and  interesting 
Duinericai  propositions;  but,  unfortunately^ 
this  work  never  appeared,  and  most  of  \\\% 
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theorems   remained    without    demonstration 
for  a  considerable  time. 

At  length,  the  subject  was  again  i^vivcd  by 
Euler,  Waring,  and  Lagrange,  three  of  the 
most  eminent  analysts  of  modern  times.  The 
former,  besides  what  is  contained  in  the 
second  volume  of  his  ^^  Elements  of  AlgCr 
bra,"  and  his  *^  Analysis  Infinitorum/'  has 
several  papers  in  the  Petersburg  Acts,  iu 
which  are  given  the  demonstrations  of  many 
of  Fermat's  theorems.  What  ha3  been  done 
by  Waring  on  this  subject  is  comprised  in 
chap.  V.  of  his  "  Meditationes  Algebraicse; '' 
and  Lagrange,  who  has  greatly  extended 
the  theory  of  numbers,  by  the  invention  of 
many  new  propositions,  has  several  interestr 
ing  papers  on  this  head^  in  the  Memoirs  of 
Berlin,  besides  w^hat  are  contained  in  his  adr 
ditions  to  Euler's  Algebra, 

It  is,  however,  but  lately  that  this  branch 
of  analysis  has  been  reduced  into  a  regnilar 
system,  a  task  that  was  first  performed  by 
Legendre,  in  his  ''  Essai  sur  la  Th^orie  des 
Nombres;"  and  nearly  at  the  same  time 
Gauss  published  his  **  Disquisitiones  Arith- 
metical: •*  these  two  works  eminently  display 
the  talents  of  their  respective  authors,  and  con- 
tain a  complete  development  of  this  interesting 
theory.    The  latter,  in  particular,  has  opened 


\ 


P  R  £  F  A  C  B,  ix 

a  new  field  of  inquiry,  by  the  application  of 
the  properties  of  numbers  to  the  isqlution  of 
binomial  equations,  of  the  forin 

j;?  - 1  =0, 

on  the  solution  of  which  depefads  the  division 
of  the  circle  into  n  equal  parts,  as  was 
before  known  from  the  Cotesian  theorenj. 
This  solution  he  has  accomplished  in  several 
partial  cases,  whence  the  division  of  the 
circle  into  a  prime  number  of  equal  parts 
is  performed^  by  the  solution  of  equations  of 
inferior  dimensions;  and  when  the  prime 
number  is  of  the  form  2"+  i,  the  same  may  be 
done  geometrically,  a  problem  that  was  far 
from  being  supposed  possible  before  the  pubr 
]ication  of  the  abovementioned  performance. 
From  the  foregoing  historieal  sketch,  it 
appears  that  the  writers  op  this  subject  are 
far  firom  being  numerous ;  but  the  wel}  esta- 
blished celebrity  of  those,  who  have  investi* 
gated  its  principles,  would  be  of  itself  suf- 
ficient to  stamp  it  with  a  degree  of  impojitance, 
and  to  render  it  worthy  of  attention.  Few 
persons,  it  is  conceived,  will  be  disposed  to 
consider  that  a  barreq  subject,  which  has 
so  much  engaged  the  attention  of  the  above 
named  celebrated  writers;  in  fact,  there  is  no 
branch  of  analysis  that  furnishes  a  greater 
variety  of  interesting  truths  than  the  theorj 


of  numbers,  and  it  is  therefore  singular  that 
it  should  have  been  so  little  attended  to  by 
English  mathematicians.  With  the  exception 
of  what  is  contained  in  vol.  ii.  of  Euler's 
Algebra,  and  the  notes  added  to  the  second 
English  edition  of  that  work,  there  is  nothing 
on  this  subject  to  be  found  in  our  language. 

This  circumstance,  it  is  conceived,  will  be 
deemed  a  sufficient  apology  for  the  appear- 
ance of  the  present  volume ;  in  which,  if  I 
have,  in  certain  theorems,  availed  myself  of 
w  hat  others  have  done  on  the  same  subject,  yet 
it  is  presumed,  that  it  will  be  found  to  possess  a 
sufficient  degree  of  novelty,  both  in  matter 
and  arrangement,  to  exempt  me  from  the 
imputation  of  being  a  mere  copyist^ 

With  the  exception  of  a  few  theorems,  what 
is  contained  in  the  first  six  chapters  may  be 
considered  as  new :  in  the  latter  of  which  will 
be  found  a  demonstration  of  Fermat's  genera^ 
theorem,  on  the  impossibility  of  the  indeter- 
minate equation 

for  every  value  of  n  greater  than  2 ;  the  leading 
principle  of  which  I  first  demonstrated  in  the 
Appendix  to  Euler's  Algebra,  and  afterwaixlsL 
completed  in  vol.  xxvii.  of  the  Philosophical 
Journal.  I  also  consider  as  original  ti  hat  is 
cofttained  in  chapter  x.,  with  the  exception 
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pf  that  part  relating  to  the  arithmetic  of  the 
Greeks^  for  which  I  have  been  indebted 
to  th^  E^ay  of  Delambre,  subjoined  to  the 
French  tratislation  of  the  works  of  Archie 
tinedes.  The  methods  of  solving  indetermi^ 
nate  equations  of  the  first  degree,  and  of  as^ 
certaimngj  a  prioriy  the  number  of  possible 
fiolutions^  have  likewise  some  claim  to  novelty. 
In  the  other  parts  of  the  woric,  there  will  also 
be  found  several  new  theorems,  and  many 
former  ones  differently  demonstrated,  where 
iBimplicity  and  perspicuity  could  be  attained 
by  such  alteration:  this  is  particularly  the 
case  in  the  last  chapter  relating  to  Gauss's 
celebrated  theorem  on  the  division  of  the 
ch'cle.  Perspicuity  has,  indeed,  been  one  of 
my  principal  objects;  for  this  treatise  being 
intended  for  the  instruction  and  amusement 
of  those  who  may  not  possess  a  very  ex- 
tensive knowledge  of  analysis,  it  became 
pecessary  to  make  it  as  clear  and  intelligible 
as  possible :  but  how  far  I  may  have  sue-* 
cieeded  in  my  design,  or  what  merit  may  be 
otherwise  due  tq  the  performances  in  general^ 
must  be  left  to  the  decision  of  the  public. 

It  only  remains  now  for  me  to  mention  a 
circumstance,  that  may  probably  be  thought 
to  stand  in  need  of  some  explanation :  it  will 
be  perceived  that  I  have  introduced  two  new 
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symbols,  the  necessity  for  which,  however,  will, 
I  trust,  appear  upon  a  slight  inspection  of  the 
work  itself:  the  words  of  the  form  of  recur 
very  often,  and  the  repetition  of  them  would 
have  been  tedious  and  irksome  to  the  reader, 
for  which  reason  the  double  f  (^)  is  intror 
duced  instead  of  them,  bu^  for  the  sake  of 
uniformity,  it  is  placed  lengthwise  thus,  j*?  j 
this,  therefore,  can  scarcely  be  considered  as 
an  innovation  of  a  very  importaqt  rule  laid 
down  by  modern  analysts,  ^^  Not  to  multiply 
without  necessity  the  number  of  mathematical 
pymbols/'  And  the  same  apology  may  l^e  made 
for  the  introduction  of  the  otjier  sign,  for  the 
words  divisible  by.  These  characters  were 
adopted  on  the  suggestion  of  Mr,  Bonnycastle, 
Professor  of  Mathematics  in  the  Royal  Milir 
tary  Academy,  to  whose  judgment  ^nd  ex- 
perience I  have  beeri  greatly  indebted  for 
many  important  remarks  relating  to  the  prcr 
sent  performance,  and  on  various  other  oc- 
casions,   • 
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fage  20,  line  2,  for  "  factor/*  read  fraction. 

24,  I.  2  from  bottom,  for  "  cor.  4/'  r^wf  cor.  2. 

25,  1.  10,  for  "  of,"  rcarf  as. 
35,  1.  5,  /or  "  22=4,''  read  2=i=5. 

35,  I.  9,^" 2. 3». 4*2=4608,"  ri»rf  2. 3«.5*=:  11 250. 

37,  1.  19, /or" --/Vcarf— 7 . 

a—i  6—1 

40,  1. 7,  add  the  sign  =r. 

54,  1.  22,  for  "  10000,"  read  4000. 

61,  1.8,  9,  10,  II, /or  " If  «=  I,"  &c.,  rtfad  If  «£=!,  &.C. 

75,  I.  5,  place  a  comma  between  a  and  ±  1. 

85,  1. 9,  for  "  to  the  squares,"  read  as  the  squares. 

89,  1.  1 8,  /or  "  ~,"  retfrf  -. 

00,  1. 5,  /or  "  is  not  a  complete  nth  power,"  rwd  is  a  com- 
plete nth  power. 
DO,  I.  8,  for  "  2^V'  read  (3p+2)e*. 
92,  1.  19  and  20,  for  "  ^qu\'*  read  ^5qit\ 
95,  I  %  for. "  7»'-6,"  read  7n'+6. 
118,  1.  3  from  bottom,  for  "2rV'  read  2^. 
126,  1.  11,  for  "  of  the  same,"  read  of  the  same  form* 
l58,  1.  2, /or  "  j*-y ,"  rw£/x"+jr. 

178,  1. 2  from  bottom,  /or  *'  art.  89,"  read  art.  pi. 

179,  1. 25,  for  ''  annunciation,"  read  enunciation » 
1 85,  1. 2 1 ,  for  "  x«+axy,"  read  x«+axv. 

185,  1.24,  for  "  -6V'  read  +1^. 

187,  I.  1  of  prop.  1,  read  If  in  the,  &c. 

192,  1.  yS^for'^pr—y^**  readpr—q^. 

260,  I.  9  from  bottom,  for  "  (n— 2j,"  read  (n-2)*. 

284,  I.  8,  for  "  «/'  rwrf  «'. 


Explanation  of  the  new  Characters. 

•*•  To  be  read  *'  divisible  by/* 
tte  To  be  read  '^  of  the  form  of." 


DEFINITIONS. 


1.  An  fJnity  ot  Unity ^  is  the  representation  of 
any  thing  considered  individually,  without  regard 
to  the  parts  of  which  it  is  composed. 

2.  An  Integer^  or  Integral  Numher,  is  an  unit, 
or  an  assemblage  of  units. 

3.  A  Fraction^  is  any  part,  of  parts,  of  an  unit. 

4.  Factors,  are  those  numbers  from  the  multi- 
plication of  which  another  number  is  produced. 

5.  A  Product,  is  that  number,  which  is  pro- 
duced by  the  multiplication  of  tvvo,  or  more,  factors. 

G.  A  Multiple  of  a  number,  is  the  product  of 
that  nijmber  by  some  integral  factor. 

7-  An  Even  Numiery  is  that,  which  can  be  di- 
vided, or  separated  into  two  equal  integral  parts.    , 

8.  An  Odd  Number,  is  that,  >\liich  cannot  be 
divided  into  two  equal  integral  parts  ;  being  greater 
or  less  than  some  even  number  by  unity. 

9.  A  Comjjosite  Number,  is  any  number  that  is 
produced,  by  the  muhiplication  of  two,  or  more^ 
factors^;  or,  it  is  a  number  wliich  may  be  divided 
into  two^  br  more,  equal  integral  parts,  each  greater 
than  unitx\ 

10*  A  Prime  Number,  is  that  which  cannot  be 
produced  by  the  multiplication  of  any  integral  fac- 
tors ;  or  it  is  a  number,  that  cannot  be  di\ided  into 
any  equal  integral  parts,  greater  than  unity* 


2  Definition. 

1 1 «  Comtnemurable  Nwnbers,  are  sncli  as  have 
each  the  same  common  divisor ;  or  that  may  he 
each  exactly  divided  into  the  same  mmfiher  of  equal 
integral  parts. 

12.  Incomm€7isurable  Numbers,  ot  Numbers 
prime  to  each  other,  are  such  as  hare  no  common 
divisor. 

13.  A  Square,  or  2d  Power,  is  the  product  of 
two  equal  factors. 

14.  A  Cube,  or  3d  Power,  is  the  product  of 
three  equal  factors- 

1 5*  The  vth  Potifer  of  a  number,  is  the  product 
of  n  equal  factors,  n  representing  any  iq^egral 
number  whatever. 

1 6.  The  Exponent,  or  Index  of  a  Power,  is  that 
number  by  which  the  power  is  expressed :  thus, 
a*  represents  a  raised  to  the  nth  po^ver,  where  n  is 
said  to  be  the  Exponent,  or  Index  of  the  Power. 

17.  Thef  Root  of  a  Power,  is  that  factor  from 
the  continued  multiplication  of  which,  a  certain 
number  of  times  into  itself^  the  power  is  pro- 
duced. 

18.  A  Perfect  Number  is  that,  wliich  is  equal 
to  the  sum    of  all  its  divisors,  or  aliquot  parts : 

thus,  6==-- +  -  +  7^,    and   is,    therefore,    a  perfect 
'         2     3     o  * 

number. 

19.  Amicahle  Numbers^   are  those  pairs  of  in- 

tegerSj  each  of  which  is  equal  to  all  tlie  aliquot 

parts  of  the  other  i   thus,  284  and  220  are  a  pair 

©f  amicable  numbers,  for 

284      284      284      284      284  , 

— _  j_ . 4. .-- J ^ =  220,  and 

2  4         71        142      284    •        ' 


Jbefimtions. 


220     220     220     220     220     220     220     3JiO 


5         10        11        22 
220      220      220 


20        44 


+ 


4- 


=  384, 


55       110     220 

20.  Figurate  Numbers^  arc  all  those,  that  fall 
nnder  the  general  expression 

7l.  (rt  -f  1 )  (n  -f  2)  (ft  -h  3)  &c;  n  +  fn 
~.     2^^.     3     r~4     &c.  m  +  T' 

ind  they  are  said  to  he  of  the   1st,   2d,  3d,  &c. 
Order,  according  as  m=  1,  2,  3,  4,  &c.:  thus. 

General  term. 
Nat,  seneSy    1    2  3  4-5  6,  &c-  h 

Istord.  1  S    6    10  15    21,  &c. 

adord.   1   4   10  20  33    56,  &c,. 

3dord.    1    5    15  35  70   126,  &c. 

1.2^3^     4. 

21*  Pobfgonal  Numbers,  are  the  sutns  of  dif- 
ferent and  independent  arithmetical  series,  and 
are  termed  Lineal  or  Natural,  Triangular,  Qua-' 
,  drangular  or  Square,  Petitagonal,  Hexagonal, 
Slc^  Numbers^  according  to  the  series  from  which 
they  are  generated. 

22.  Lineal,  or  Natural  Numbers,  are  formed 
irom  the  sum  of  a  series  of  units ;  thus, 

UmtS3    ....    1      1      1      1     1     1     1,  &c. 
Natural  numhers,    1     2     3     4     3     6     7,  &<^* 

23.  Triangular  Numbers i  are  the  successive  sum$ 
of  an  arithnietical  series,  beginning  with  unity,  th« 
common  differeiijce  of  which  is  J  ;  thus, 

b3 


n.n+  i 

1.    2 

nM  +  1 .71  +  2 

1.  2.       3 

«.«+  l.n+2.n  +  3 

4  Definitions. 

Arith.  series^      12     3      4      5       6        7^  kc^ 

^:z^^  }.  3  6 .0  „ .  ,s,.c. 

24.  QMadr angular y  or  Square  Numbers,  are  the 
sums  of  an  arithmetical  series,  beginning  with 
anity,  the  common  difference  of  which  is  2 ;  thus, 

Arith.  series,        13     5       7       9     11,  &c. 

Qnadrang.or|    ,     4    p     jg    35    ^q^^^ 
square  numb.  J  ' 

25-  Pentagonal  Numbers,  are  the  sams  of  an 
arithmetical  series,  beginning  with  unity,  the  com- 
mon difference  of  wliich  is  3  ;  thus, 

Arith,  series,        I     4      7      10     13     l6,  &c, 

26-  And  universally,  the  m-gonal  SeiHes  of  Numr 
berSy  is  /ormcd  from  the  successive  sums  of  aii 
arithmetical  progression,  beginning  with  unity,  the 
common  difference  of  wliich  is  ;/i—  2. 

27-  The  Forms  of  Numbet^s,  or  Formtdce,  are 
certain  algebraical  expressions,  under  which  those 
numbers  are  contained  •  Thus,  17  is  of  the  fonn 
4m  4- 1,  that  is,  when  divided  by  4,  the  remainder 
is  1 ;  and,  for  the  same  reason,  1 9  is  of  the  form 
4n4-3,  or  4?i— 1;  and  this  is  expressed  by  the 
character*:   thus  \7^4n-^\y  19j454w— 1. 

28.  A  ModuluSy  is  that  number  by  which  the 
forms^  of  numbers  are  compared,  thus,  the  former 
An±  1,  are  compared  by  modulus  4,  and  Gn±\y  bv 
modulus  6. 

:l[).  Numbers  of  the  same  Form,  arc  all  thosts 
tbcit  ore  contained  under  the  same  alcrebraical  cx- 
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pression^  by  changing  the  value  of  the  indetenui- 
nate  letter,  or  letters,  that  enter  therein.  Thus, 
19  and  27  are  of  the  same  form,  with  respect  to 
modulus  4 ;  being  each  expressed  by  the  same  for- 
mula, 4»— !• 

30.  A  Function  <ffa  Quantity,  is  any  algebraical 
expression,  into  which  that  quantity  enters ;  and  it 
is  said  to  be  rational,  irrational,  or  integral,  'ac^ 
cording  as  the  expression  is  of  either  of  those  kinds. 


AXIOMS- 

1.  Every  Even  Number  is  of  the  form  2n. 

2.  Every  Odd  Number  is  of  the  foim  2n±l. 

3.  The  Sum,  Difference,   and  Product  of  any 
pumber  of  integer  numbers,  are  integers^ 

4.  A  number  cannot  be   a  divisor  of  another 
number  less  than  itsel£ . 

5.  Any  number  (a)  taken  once,  or  one  time,  is 
equal  to  unity,  or  1 ,  taken  a  times*     Or,  the  pro* 

duct  1  X  A  =  A  X  K 


AN 


JiLEMENTARY  INVESTIGATION, 


CHAP.  I. 

On  the  Sums^  Differences^  and  Products  of 

Numbers  in  general. 

PROPOSITION  I. 

1 .  The  siim5  or  difference^  of  any  two  even  nnm'' 
bers,  is  an  even  number. 

For  all  even  numbers  are  of  the  form  ^n  (ax*  1)» 
and,  therefore^  the  sums  and  diiflferiences  of  even 
numbers  will  be  represented  by 

2n  ±  an'  =  2(n  ±  n' )  ^  Sn'' ; 

which  is  evidently  an  even  number,  being  of  the 
form  in.  —  a.  e.  d. 

Cor.  The  sum  of  any  number  of  even  numb^s, 
is  an  even  numbeiv 

PROP.  II. 

2.  The  sum,  or  difference,  of  two  odd  numbers, 
is  even ;  but  the  sum  of  three  odd  numbei*s,  is  odd. 

For  all  odd  numbers   are  of  the  form   2n±l 
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(ax.  2.) ;  and,  therefore,  the  sum,  or  diftereuce,  of 
two  odd  numbers,  will  l)e  represented  by 

(2w±  l)±(2w'±  l)  =  2(/?±w'±  i)^2n'\ 
which  is  e^^dently  an  even  number,  being  of  the 
form  2/?. 

But  the  sum  of  three  odd  numbers  will  he  ex- 
pressed by 

(2n±  l)  +  (27i'±  1)  + (2;?/'±  l)  = 
2(n  +  w'  +  n"  +  1)  ±  1 5*271'''+  1, 
and  is,  therefore,  an  odd  number.  —  a.  e.  d. 

Cor.  1.  The  sum  of  any  even  number  of  odd 
numbers  is  even ;  but  the  sum  of  any  odd  number 
of  odd  numbers  is  odd. 

Cor.  2.  The  sum  or  difference  of  an  even  and  an 
odd  number  is  an  odd  number,  for 

2tidip{2n'±  1)==  2(n4^»')  +  1  t*2w"±  1, 
which  is,  therefore,  an  odd  number. 

PROP.  in. 

3.  The  product  of  an  even  and  an  odd  number, 
or  of  two  even  numbers,  is  even.     For 

2w  X  (2»'  ±  1 )  =  2(2ww'  ±  7?)  tfc  2w",  and 
2»  X  2nf  =  2(2 wn')  ^  2n"\ 
which  are  both  even  forms.  —  a.  E.  d. 

Cor.-l.  If  An  even  numl^er  be  divisible  by  an  odd 
number,  the  quotient  is  an  even  number. 

Cor.  2.  The  product  of  any  number  of  factors  is 
even,  if  any  one  of  them  be  even. 

Cor.  3.  An  odd  number  cannot  be  di%'ided  by  an 

even  number.  '  For  if 

2w+  1 

— =7-  =  7W,  any  integer  number,  then 

2fl 

S^l'x  W=2??  +  1 ; 
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that  is^  an  even  number  equal  to  an  odd  number^ 
which  is  absurd ;  therefore^  an  odd  number  cannot 
be  divided  by  an  even  number. 

Cor.  4.  Any  power  of  an  even  number  is  even ; 
and,  conversely,  the  root  of  any  complete  power  is 
an  even  number,  if  the  power  be  so. 

PROP.  IV. 

4.  The  product  of  any  two  odd  numbers  is  ai| 
odd  number.     For 

(an±  1)  x(2«''±l)  =  4w«'±2n±2n'±l  = 
2{2nn'±n±n')±l  tfe2w''±  1, 

which  is  evidently  an  odd  number,  being  of  the 
form  2n±  1.  —  a.  e.  d. 

Cor.  1.  If  an  odd  number  be  divisible  by  any 
number,  the  quotient  is  an  odd  number. 

Cor.  2.  The  product  of  any  number  of  odd  num- 
bers is  odd.    * 

Cor.  3.  Every  power  of  an  odd  number  is  odd; 
and,  conversely,  the  root  of  any  complete  power  is 
an  odd  number^  if  the  power  be  so* 

Cor.  4.  Since  every  power  of  an  even  number  is 
even  (cor.  4,  prop,  iii.),  and  every  power  of  an  odd 
number  is  odd,  by  the  foregoing  corollary ;  there- 
fore, the  sum,  or  difference,  of  any  power  and  its 
root,  is  an  even  number;  that  is,  if  a  be  any  num- 
ber, and  n  the  exponent  of  any  integral  power, 
then  vnll  d!'±a  be  an  even  number. 

PROP.  v. 

5.  If  an  odd  number  divides  an  even  number, 
it  will  also  divide  the  half  of  it. 


i 


^^^ 
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For  if'  an  even  number  be  divided  by  an  odd 
nnnber,  the  quotient  is  even  (cor.  1.  prop,  iii.) ;  we 
Iiave^  therefore, 

^^^/^  I  =  2w",  and,  consequently. 


^ 


^^^  =n,  an  integer: 

Aerefore  w,  which  is  half  the  even  number  2//,  is 
£vidible  by  (3«±  l),  if  2n  be  so.  —  a.  e.  d. 

Cor.  If  an  even  number  be  divisible  by  an  odd 
mnnber,  it  will  also  be  divisible  by  double  that 
number. 


PROP.  VI. 

G.  If  a  number,  p,  divide  each  of  two  other 
numbers,  a  and  6,  it  will  also  divide  the  smn  and 
difference  of  those  numbers ;  or  the  sum  and  dif- 
ference of  any  multiples  of  them.     For  let 

-  =  y,-  and  -  =  q\  then  will 
P  P 

a     h     aA-h 

-"±-  =  —=^  =  7  +  0', 

and  since  q  and  (/  are  each  integers  by  the  hypo- 
thesis, therefore,  q±q'  is  also  an  integer  (ax.  3); 
.  and,  consequently,  a  ±  A  is  divisible'  by  p.     Again, 
if  ma,  and  wi,  represent  any  multiples  of  a  and  b ; 

then,  since  ~  =  9,  and  ~  =  q',  therefore,   —  =  mq, 

*  i  Z' 

J  «flf     _  ,  .     ma     nb      7na  +  nb 

and  —  =  nq  ;   consequently    — = — =  — = —  = 

p  '  P      P  p 

mq  ±  nq'.     And  because  both  q  and  9',  as  also  m 
and  M,  are  integers,  therefore  mq  ±  nq'  is  likewise  aB 
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integer  (ax.  3),  aad,  consequently-^  7na±nb^  is  di- 
^sible  by  p.  —  a.  e.  d. 

Cor.  1 .  Hence,  if  a  number  divides  tlie  whole  of 
another  number^  and  a  part  of  it^  it  will  also  divide 
the  other  part. 

Cor.  2.  Hence,  also,  if  a  nnmber  consists  of 
tnany  parts,  and  each  of  those  parts  have  a  com- 
mon divisor  p ;  then  will  the  whole  number,  taken 
collectively,  be  divisible  by  p. 

PROP.  VII. 

7.  If .«  and  b  be  any  two  numbers  prime' to  eadi 
other,  then  will  their  sum,  a-^b,  be.  also  prime  to 
each  of  them. 

For  if  (a  +  b)  and  a,  had  any  common  divisor  p^ 
then  {a-\-b)  —  a  and  a,  would  also  hav  e  the  ^ame 
common  divisor  (prop,  vi.);  that  is,  a  and  h 
would  have  a  common  measure,  which  is  contrary 
to  the  supposition,  because  they  are  prime  to  each 
other ;  therefore  {a  +  b)  and  a,  cannot  have  a  com* 
mon  nieasure.  And  in  the  same  manner  it  may  be 
shown,  that  (a +  6)  and  6,  can  have  no  common 
meagre ;  a^d,  consequently,  if  a  and  b  be  any  two 
^lumbers  prime  to  each  other,  their  sum  a  +  6  is 
prim^  to  each  of  tliem.  —  a.  e.  n^ 

Cor.  1.  In  the  same  manner  it  may  Ije  demon- 
strated, if  a  and  b  be  any  two  numbers  prime  to 
each  other,  that  their  difference  (^— i)  is  prime  to 
each  of  them,  if  (a—  i)  >  I- 

Cor.  2.  If  a  num'ber,  coasisting  of  two  parts,  ai 
{a  +  i),  be  prime  to  one  of  its  parts  tf,  it  iriU  alstt 
be  prime  to  the  other  part  i,  if  i  >  1. 

Cor.  3.  If  of  two  numbers,  a  and  b^  one  of  them 
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be  divisible  by  a  third  number  py  but  the  6ther 
part  not  divisible  by  it,  then  neither  the  sum  nor 
difference  of  those  numbers  {a±b)  is  divisible  by^. 
Cor.  4.  If  a  number,  consisting  of  many  parts, 
have  all  those  parts  but  one  divisible  by  another 
number  jp,  but  the  other  part  not  divisible  by  it, 
then  the  whole  number,  taken  collccti\nely^  is  not 
divisible  by  />. 

PROP.  VIII. 

8.  If  a  and  b  be  any  two  numbers  prime  to  each 
other,  then  will  their  sum  and  difference,  (a  +  b) 
and  (a  —  i),  he  also  prime  to  each  other,  or  they 
will  only  have  the  common  measure  2. 

For  if  (a  +  A),  and  (a  —  b),  have  any  common 
measure,  their  sum  and  difference,  2a  and  2b,  will 
have  the  same  (prop*  vi.) ;  but  since  a  and  b 
are  prime  to  each  other,  2a  and  2b  can  only 
have  the  common  measure  2 ;  therefore  (a  +  b) 
and  (a  — ft),  can  only  have  the  same  common 
measure  2 :  and,  consequently,  if  one  of  those 
quantities,  a  or  ft,  be  even,  and  the  other  odd,  then 
(fl-f  ft)  and  (a  — ft),  being  both  odd,  cannot  have 
the  common  measure  2;  therefore,  in  this  case, 
they  arc  prime  to  each  other.  —  a.  E.  D. 

PROP.  IX. 

9.  The  product  of  any  two  numbers  is  the  same, 
which  ever  of  the  two  is  the  multiplier ;   or  a  x  A 

=  ft  X  fl. 

First,  if  a  =  ft,  then  it  is  evident  that  flft  =  ftff ;  but 
if  these  factors  are  not  equal,  one  of  them  must  be 
the  greatest :  let,  then,  a  >  ft,  and  make  a^b-^-a^ 


7^ 
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in  which  a'  is  necessarily  less  than  a^  then 

ab==hb  +  a'bj  and 

ba  =  U)-{-ba't 
if,  therefore,  06  is  different  from  ba,  so  idso  is  a'A 
different  from  ba',  for  the  equality  of  the  products 
ab  and  6a,  depends  upon  the  equality  of  the  pro- 
ducts a'b  and  ba\  Now  if  in  this  last,  a'  =  A,  the 
equality  is  established,  as  it  is  also  if  a'=  1,  because, 
1  X  6  =  6  X  1  (ax.  5). 

But  if  neither  u*^b  nor  a'  =  1 ,  then  one  of 
these  factors  is  the  greatest ;  let  then  6  >  a\  and 
make  b^af  -k-  6",  where  6'  <  6,  and  we  have 

ba'^a'a'-^Va', 
and  the  equality  of  the  products  a'b  and  6a'  now 
depends  upon  the  equality  of  the  products  a'6'  and 
6V,  and,  therefore,  the  equality  of  the  first  product! 
116  and  6a,  depends  also  upon  the  equality  of  these 
last ;  and  if  in  this,  6'  =  r«',  or  6'=  1,  the  equality  is 
established ;  bat  if  not,  by  proceeding  as  above,  we 
may  show,  that  the  equality  of  these  products  de- 
pends upon  otliers  still  less,  and  so  on. 

Now  it  is  evident,  that  in  the  products  a6,  ba ; 
a'6,  6rt';  a'6',  6V,  &c.,  in  which  we  have  a'<a^ 
a''  <  a\  b'  <  6,  b"  <  b%  &c. ;  we  must  necessarily 
arrive  at  a  case  in  which  the  terms  of  the  product 
are  equal,  or  in  which  one  of  them  is  equal  to 
unity ;  and  in  either  case  the  identity  of  the  original 
products  is  established,  from  what  is  said  above 
and  by  ax.  5 ;  and,  consequently,  the  product  ab 
=  ba.  —  a.  JB.  D. 

Cor.  In  a  similar  mannerit may l)e  shown,  thatthe 
product  of  any  number  of  factors,  abc  dy  &c.,  is  the 
same,  in  whatever  order  they  are  multiplied  together. 
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PROP.  X» 

lo.  If  a  and  p  be  any  two  numbers  prime  tc^ 
each  other,  then  may  either  of  these  numbers,  as  a. 
he  expressed  by  the  formula 

a^np  +  r, 
in  which  r  shall  be  less  thart  p,  and  also  prime  to 
it. 

For,  first,  if  a  < /?,  we  may  make  n^Oy  or 

a=iOxp  +  r,  or a=r; 
and^  since  a</>,  and  r=a,  therefore  r<p*  But  if 
a  >p,  let  a  be  divided  by  p,  giving  a  quotient  n,  and 
remainder  r,  which  makes  a^rtp-^r;  and  since  r 
is  the  remainder  arising  from  a  divisor  p,  it  i» 
evident  that  we  may  have  r<p. 

Again,  r  is  also  prime  to  j7r  for  if  p  and  r 
had  a  common  measure,  then  np  +  r  and  p  would 
have  the  same  common  measure  (prop-  vi.),  but 
a=^np  +  r,  therefore  a  and  p  would  have  a  common 
mea9ure,  which  is  contrary  to  the  supposition,  be- 
cause a  and  p  are  prime  to  each  other ;  therefore, 
in  the  formula,  «=w/?-f  r,  w  may  be  so  assilmed^ 
that  r  <  /?,  and  it  is  necessarily  prime  to  it.^^ft.  e.  d- 

Cor.  Hence,  also,  it  appears,  that  a  and  p  being 
prime  to  each  other  as  before,  we  may  always 
make 

flt  =  np  ±  r, 
so  that  r  shall  be  less  than  -?;?,  and  alscr  prhne  to  ii^ 

¥oz,  by  the  foregoing  proposition,  the  formula 

«=///? -fr 
is  always  possible,  so  that  r<p.     And  if  at  the 
tame  time  r  <  \p^  it  agrees  with  the  enunciation  of 
this  corollary ;   but  if  r  >  \p.  then  (p  —  r)  =  r'  <  ^fp ; 
and  it  is  evident  that 
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by  maiking  w  +  1  =  n',  and  (p  —  r)  —  r\  in  which,  as 
we  have  seen  above,  /?  —  r,  or  r'  <  4j» :  therefore,  in 
the  formnla 

n  may  always  be  so  assumed,  that  r<lrp;  and  that 
it  is  prime  to  it,  is  evident,  irom  what  has  been  ob* 
served  in  the  proposition. 

Cor.  2.  This  formula,  a=^np±  r,  is  ecjualiy  tmc 
of  numbers  not  prime  to  each  other,  except  tltat 
here  p  and  r  are  not  necessarily  prime  to  eadli 
other,  and  r  may  also,  in  this  case,  become  xro^ 
which  cannot  be  in  the  foiiner. 

PROP.  XI. 

11.  If  a  and  p  be  any  two  numbers  prime  to 
each  other,  there  cannot  be  another  number  A, 
prime  to  p,  that  renders  the  product  a6  divisible 
by  p.  Or  if  a  number,  p,  be  prime  to  two  other 
numbers,  a  and  b,  it  ivili  also  be  prime  to  their 
product  a6. 

Firsts  it  is  evident,  that  if  there  be  such  a  number 
b,  prime  to  p,  it  is  either  the  only  one,  or  there  are 
others  besides  itself;  in  either  of  which  cases,  we  may 
suppose  6  to  be  the  least  of  all  those  numbers  that  are 
prime  to  p^  and  that  renders  the  product  ab  divisible 
by  J9.     Now  since  b  is  prime  to  p,  we  may  make 

p  —  7ih^  b\ 
in  which  formula,  b'  <  t,  and  also  prime  to  botli 
p  and  b  (prop,  x*) ;  also  //  cannot  be  o,  because  p  is 
prime  to  b.     Again,  multiplying  both  sides  of  thi# 
formula  by  a,  we  have 

ap^nab-^aU^  or 

ap  —  nab  =  aV, 
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And  here  it  is  evident,  that  if  the  product  ab  be  di- 
visible by  j>y  the  first  side  of  the  above  equation^ 
ep  —  naby  will  be  so  likewise  (prop,  vi.);  and,  con- 
sequently, the  equal  quantity  ab',  will  be  divisible 
by  p :  but  b'  <  6,  and  b  is  the  least  of  all  numbers 
that  renders  the  product  ab  divisible  by  p ;  whereas 
we  have  now  found  a  less,  which  is  absurd.  There 
cannot,  therefore,  be  a  number,  which  is  the  least 
of  all  thoSe,  that  render  the  product  ab  divisible  by 
p ;  but  if  there  were  any  such  numbers,  one  of  them 
must  necessarily  be  the  least ;  therefore,  there  are 
no  such  numbers ;  and,  consequently,  ifp  be  prime 
to  two  other  numbers,  a  and  b,  it  is  also  prune  to 
their  product  ab,  —  a.  e.  d. 

Cor.  1.  If  a  number  p  be  prime  to  any  number 
af  quantities  or  factors,  «,  6,  c,  f/,  &c.,  it  is  also 
prime  to  their  product,  abed,  &c.  And  if  p  be 
prime  to  any  number  a,  it  is  prime  to  e>^ry  factor 
of  a. 

Cor.  2.  Hence  a  product  can  only  be  divided  by 
those  numbers,  or  factors,  froiii  the  multiplication  of 
which  it  is  produced ;  and,  therefore,  if  ah  be  divisi- 
ble by  />,  it  is  divisible  by  every  factor  of  p. 

Cor»  3.  If  in  cor.  1  the  factors  are  equal,  that  is,  if 
a=rja=c=rf,  &c.,  then  the  continued  product,  abed, 
becomes  some  power  of  a,  as  a" ;  and,  therefore,  if 
p  be  prime  to  a,  it  is  prime  to  everj^  power  of  a. 

Cor.  4.  A  power  of  any  number,  as  «",  can  only 
have  the  same  prime  divisors  as  a. 

Cor.  5.  If  p  be  a  divisor  of  the  product  ah,  an(! 
be  prime  to  one  of  its  factors,  as  a,  it  will  be  a 
divisor  of  the  other  factor  b.  And  if  there  be  any 
number  of  factors,  a,  b,  c,  d^  the  product  of  which 
abed,  be  divisible  by  /?,  and  of  which  quantities  one 


^ 
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of  them^  as  a^  be  prime  to  p,  then  will  the  product 
of  the  other  factors  bed,  Sec,  be  also  divisible  by  p. 

Cor.  6.  If  a  be  prime  to  p,  and  b  less  than  p^ 
then,  whether  b  be  prime  or  not  to  p,  the  product 
ab  is  not  divisible  by  p. 

Cor.  7.  If  there  be  any  number  of  quantities 
a,  i,  Cy  dy  Sec,  and  also  any  number  of  other  quanti- 
ties^ Py  q,  Vy  Sf  &c. ;  and  of  which  all  the  former  ard 
respectively  prime  to  each  of  the  latter,  then  will 
the  products  of  those  sets  of  factors  be  prime  to 
each  other. 

Cor.  8.  If  a  product  ab,  be  divisible  by  P9  £tnd 
one  of  those  factors,  as  a]  he  prime  to  p,  then  will . 
the  quotient  be  divisible  by  a.  For,  by  cor*  5,  if  ab 
be  divisible  by  p,  and  a  prime  to  pi  then  is  b  divisible 

by  p:  let,  therefore,  -=9,  then  will  — =«y,  and^ 

consequently,  the  quotient  aq  is  divisible  by  a^         * 

PROP*  XII. 

12.  The  coefficient  of  every  term  of  the  ex- 
panded binomial  (a  ±6)*,  is  an  integer  number, 
when  n  is  an  integer. 

First,  we  know  from  the  binomial  theorem,  that 
each  of  those  terms  is  of  the  form 

».  (n-l)(n-2)(n-3) (n-r) 

1.3     .3.4 (^+1)* 

Now  n  must  be  of  one  of  the  forms  2n',  or  2nf+i; 
and,  therefore,  one  of  the  first  two  factors  is  divisible 
by  2.  Again,  n  must  be  of  one  of  the  forms  3n% 
3n'  +  1,  or  3w'  +  2;  and,  therefore,  one  of  the  tirdt 
three  factors,  in  the  numerator,  must  have  the 
ferm  3ft';  that  is,  one  of  those  terms  is  divisible  by  3. 

c 
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Also  n  must  be  of  one  of  the  forms  4nf,  4n'+  1^ 
4n'  +  2,  or  4n'  -f  3,  and,  therefore,  one  of  the  first 
four  terms  is  of  the  form  4n' ;  that  is,  one  of  those 
terms  is  divisible  by  4 ;  and  in  the  same  manner  it 
may  be  shown,  that  one  of  the  first  five  terms  is 
divisible,  by  5,  and  so  on ;  and,  there  being  as  many 
terms  in  the  numerator  as  in  the  denominator,  and 
each  term  in  the  denominator  being  a  divisor  of 
some  one  term  in  the  numerator^  it  follows,  that 
the  whole  product  of  the  former  terms  is  a  divisor 
of  the  whole  product  of  the  latter ;  and,  conse- 
quent! y^  as  the  coefficient  of  each  term  is  of  the 
above  form^  it  is  an  integer,  —  €t.  e.  d. 

Cor.  1 .  If  n  be  a  prime  number,  then  each  of  the 
coefficients,  except  the  first  and  last,  in  the  ex- 
panded binomial  (a  ±  i)*,  is  divisible  by  n-  For  n 
being  a  prime  number,  it  is  prime  to  every  factor 
iin  the  denominator,  these  being  all  less  than  n,  and^ 
consequently,  n  is  prime  to  the  whole  product  in 
the  denominator ;  that  is,  calling  the  product  of  all 
the  terms  in  the  numerator,  except  the  first,  n  ;  and 

those  in  the  denominator  d  ;  we  have  — ^  =  9,  an  in- 

teger :  but  smce  n  is  prime  to  d,  the  quotient  —  = 

q^  is  divisible  by  n  (cor.  8,  prop,  xi.) ;  that  is,  each  of 
the  coefficients,  except  the  first  and  last,  is  divisible 
by  w,  when  n  is  a  prime  number.  And,  therefore, 
in  any  case,  where  the  nature  of  the  investigation 
requires  such  a  substitution,  we  may  put  for  the  co- 
efficients of  the  expanded  binomial  (x-f  y)",  when  n 
i«  a  prime,  the  series 

1 ,  w,  wff,  nb,  &C.  wft,  na,  w,  1 , 
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knd  in  which  we  shall  always  have  a,  b,  c^  &c.,  in- 
tegral numbers ;  but  such  a  substitution  cannot  be 
generally  made,  if  w  be  a  composite  number. 

PROP.  XIII. 

\3.  Neither  the  sum  nor  the  difference  of  two 
fractions,  which  are  in  their  lowest  terms,  and  of 
which  the  denominator  of  the  one  contains  a  factor 
not  common  M'ith  the  other,  can  be  equal  to  an  in- 
teger number. 

7 

Let  -,  and  — ,  be  any  two  fractions  in  their  lowest 

terms,  and  of  which  the  denominator  of  the  one, 

as  — 7,  contains  a  factor  f,  that  is  not  contained  in  a; 

then  I  say,  that 

a     b 

A       B^ 

an  integer^  is,  in  all  such  cases^  ynpossible.     i*^or^ 

a      b      aBt±Ab 

A  ■"  Bf  ""      AB*       ' 

and  if  this  expression  dan  be  equal  to  an  integer^ 
tlie  numerator  aBt  ±  xb^  must  be  divisible  by  the  de- 
nominator ABt;  and,  consequently,  by  each  of  its 
factors  A,  B,  and  t  (cor.  2,  prop,  x.) ;  but  it  can- 
not be  divisible  bv  /,  for  if  it  was,  ±  a5  must  be  di- 
visble  by  t,  because  the  other  part  OBt  is  divisible 

.  b 

by  it  (cor;  1,  prop*  vii) :  but  since  —  is  in  its  lowest 

Be 

terms,  b  is  prim^  to  b/,  and,  therefore,  necessarily 
prime  also  to  t,  and  a  is  likewise  prime  to  t  by  the 
hypothesis,  consequently  xb  is  not  divisible  by  t 

c  2 


F 
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(prop.  xi.).  Since,  then,  the  numerator  aBt±\h 
is  not  divisible  by  the  denominator,  the  factor 

a^t  ±  a6        .  ,  a     ft 
: — ,  or  Its  equal  -  +  •— •, 

cannot  be  equal  to  an  integer.  —  a.  e.  d. 

Cor.  1.    The  same  is   also  true,    if  the    first 

fraction  -,  be  not  in  its  lowest  t&rms,  providing 
the  other  fraction  —  be  in  its  lowest  terms,  and  the 

Bt 

factor  t^  of  this  last,  not  common  with  a  ;  for  we 
should  still  have,  in  this  case,  t  prime  both  to  a  and 
hy  and,  consequently,  also  to  the  product  a^,  and 
likewise  to  the  numerator  ant  ±  \h ;  and,  therefore, 

OBt^-  \h         .  ,  a     A 
: — ,  or  its  equal  — h — =e, 

AB^  ^  A^B* 

an  integer,  is  impossible. 

Cor.  2.    In  the  same  manner  it  may  be  shown, 
if  there  be  several' fractions,  as 

a    h    c   d    ^ 

A    Bt     C    D 

and  one  of  them,  as  — -,  be  in  its  lowest  terms,  and 

Bt 

contain  a  factor  7,  in  its  denominator,  that  is  not 
common  to  all  the  other  denominators ;  that  these 
fractions  cannot,  however  they  may  be  combined, 
be  equal  to  an  integer ;  that  is, 

abed 

A~^  Bt  "  C      D 

an  integer,  is  impossible,  under  the  specified  linn-  1 

tat  ions. 


■i^'^i^— ^^a^"^  »l  mmmm 
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Cor.  3.  The  sum^  or  difierence^  of  two  fractions^ 
both  being  in  their  lowest  terms^  is  also  iu  its  lowest 
terms,  if  the  denominators  of  the  given  fractions  be 
prime  to  each  other. 

For  let  -,  and  -,  be  both  in  their  lowest  terms ; 

A  B 

then  is  their  snm^  or  difierence, 

a     h^aB±hK 
a^b""     ab     ' 

also  a  fraction  in  its  lowest  terms :  because  as  is 
prime  to  Ay  and  ±  ^a  prime  to  b. 

Cor.  4.    If  -,  and  -•  be  two  fractions  in  their 

A  B 

ah 

lowest  terms  ;  then  is  their  product  —  also  in  its 

AB 

lowest  terms^  as  is  evident  by  cor.  7>  prop*  xi, 

PROP.  XIV. 

14.  Every  number  J9,  without  exception,  may  be 
represented  by  the  formula  a"i"c*,  &c. 

For  if  />  be  a  prime  number,  then  we  shall  have 
h^ly  c=l,  &c.,  and  ns=l,  which  makes  p^a. 
And  if  jp  be  a  composite  number,  and  a,  &,  c,  &c., 
its  prime  factors,  let  it  be  divided  by  the  highest 
powers  of  a  contained  in  it,  as  a*;  and  the  cjuotient 
by  the  highest  powers  of  h  contained  in  it,  as  If ; 
and  the  quotient  /again  by  the  highest  powers  of  c 
contained  in  it,  as  c*;  and  so  on,  as  long  as  division . 
can  be  made,  so  shall  we  have 

p=a*i*c',  &c.  a.  B.  D. 

Cor.  1 .   From  the  foregoing  proposition  it  ap- 
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pears^  that  the  least  divisor  of  every  nujiil)er  k  a 
prime  number. 

Cor-  2.  It  follows,  also,  from  the  above  proposi- 
tion, and  cor.  2,  prop,  xi.,  that  any  number//  being 
resolved  into  the  form  dl'hrc'^y  &c.,  its  divisors  will 
be  all  of  the  same  form,  viz.  tfh'c\  &c.;  in  which 
forai^  no  one  of  the  exponents  r,  *,  fy  &c.,  can  ex- 
ceed the  corresponding  exponents  w,  »i,  q^  &c. ;  be- 
cause no  number  can  be  divided  but  by  those  fac- 
tors, from  the  multiplication  of  which  the  number 
is  produced  .(cor.  2,  prop.  xi.). 

Cor.  3.  Hence,  also,  we  see  how  the  greatest 
common  divisor  of  two  or  more  numbers  is  ob- 
tained ;  for,  having  resolved  them  into  their  factors, 
as  above^  the  ^eatest  common  measure  will  be  the 
greatest  power  of  those  factors  that  enter  into  each 
number:  this  method  is,  however,  rather  theoretical 
than  practical,  being  by  no  means  so  ready  in  appli- 
cation as  the  rule  generally  given  for  this  purpose 
in  books  of  arithmetic. 

Cor.  4.  Since  every  number /?:*:a"i"c%  &c.,  every 
square  number  ;>*  5:1:;  a*"fc^c%  &c.;  and,  therefore,  if 
p  =  a*lr<fy  &c.,  and  any  one  of  the  exponents  w,  tw, 
<7,  &c.,  is  an  odd  number,  that  number  p  is  not 
a  square,  but  may  be  represented  by  the  form 
p  =  x*abc^  &e. 

In  the  same  manner,  every  cube  number 
jp*;*;ir'''yV%  &c.,  and,  consequently,  if  any  number 
p^ffb^d*^  &c.,  and  any  one  of  the  exponents  /i,  nu 
q,  &c.,  be  not  divisible  by  3,  that  number  is  not  a 
/mbe. 

Cor.  5-    lip  he  a  square  number,  all  the  powers 
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of  its  factors,  a,  &,  c,  &c.,  are  even ;  for  let  p'^^py 
and  resolve/?'  into  its  factors,  as  p*=a^lfy  &c.,  then 
p"^  or  p=a^b^y  &c.,  that  is,  the  powers  of  a,  h, 
&c.,  are  all  even.  And  hence  again,  if  p  he  not  a 
square,  those  powers  will  not  be  all  even,  but  p  will, 
in  this  case,  be  of  the  form  (fh^cd,  or  A'erf,  where 
c  and  d  are  prime  numbers , 

PROP.  XV. 

15.  If  a  square  number  be  either  multiplied  or 
divided  by  a  square,  the  product,  or  quotient,  is  a 
square;  and  conversely,  if  a  square  number  be 
either  multiplied  or  divided  by  a  number  that 
is  not  a  square,  the  product,  or  quotient,  is  not  a 
square. 

For  let  j»*  be  the  proposed  square,  and  let  p  be 
resolved  into  its  factors,  as  in  the  foregoing  propo- 
sition ;  mz.  make  p = {flrd^^  &c.,  then  jo'  =  a^b^c^, 
&c. ;  and  if  p'*  be  the  proposed  square  divisor,  theij 
(cor.  2,  prop,  xiv.)  p^  must  contain  some  one,  or 
more,  of  the  prime  factors  of  p ;  namely,  a,  b,  c, 
&c.,  therefore,  resolving  />'  into  its  factors,  we 
shall  have  j»' =?  a'^/r'c',  8^c. ;  apd  j^'^i^a^^iV,  &c. ; 
also 

which  is  evidently  a  square, 

And,  with  respect  to  the  product,  it  is  obvious 
that  p*  X  p'*=p*p'*,  is  a  square,  its  root  being  pp\ 

Again,  if  the  multiplier  p"  be  not  a  square,  then 
I  say,  that  p^  is  not  a  square,  for  if  p^  x  jo'  =  r\ 
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then —5-=^' would  be.  a  square  by  the  foregoing 

part  of  the  proposition^  which  is  contrary  to  the 
rappositiop ;  therefore^  p^"  is  not  a  square.  Neither 

IS  — ;-  a  square ;  for  if  ^  =  r^  then  would  pi  =  r^p\ 

y  Mr 

^^y  P  =  "T*  ^^^  ^  is  a  square,  therefore  p'  is   a 
square,  which  is  contrary  to  the  supposition,  and, 

consequently,  ^  is  not  a  square.  —  a.  e.  d. 

/^ 
Cor.     In  the  same  manner  it  may  be  shown, 

that  pP  X  p^^  and  —^  are  both  cubes :  but  pi^  x  p\  and 

P" 

~-  are  not  cubes,  \ip'  be  not  a  cube.  And  generally, 

p*  X  p^  and  ^  are  both  nth  powers,  if  p'  be  an  nth 
power,  but  otherwise  they  are  not.. 
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16.  If  the  square  of  a  number,  as  p*,  can  be  din 
yided  once,  by  some  other  number,  as  //,  and  after 
that,  neither  by  p\  nqr  by  any  factor  of;?',  then  will 
p*  itself  be  a  complete  square. 

Por  let  p  be  resolved  into  its  factors,  making 

and  since  p*  is  divisible  by  y,  p'  must  contain  some 
one,  or  more,  of  the  prime  factors  of  p  (cor.  4, 
prop,  xiv.) ;  that  is,  p'  must  be  of  the  form  (fh\  &c. ; 
and  hence 
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which  quotient  will  evidently  he  still  divisible  by 
some  one  of  the  factors  of  p\  unless  r  =  Hn,  and 
« =  2m ;  and  since  by  the  supposition  this  quotient 
is  not  again  divisible,  either  by  p'  or  by  any  factor 
of  p",  therefore  it  follows,  that  / = a^i«*  =  (a"i")« ; 
that  is,  j/  is  itself  a  complete  square.  —  a.  e.  d. 

Cor.  In  the  same  manner  it  may  be  shown,  if /^  be 
divisible  once  by  some  other  number  of  p%  and  after 
that,  neither  by  p^  nor  by  any  factor  ofp%  that  p'  is 
a  complete  cube.  And  generally,  if  /?"  be  divisible 
once  by  p\  and  after  that,  neither  by  p^  nor  by  any 
factor  of />',  then  <vill  />'  be  a  complete  nth  power, 

PROP.  XVII. 

1 7.  The  product  arising  iroiri  two  different  prime 
numbers  cannot  be  a  square  number. 

For  let  p  and  q  represent  any  tW' o  prime  numbers, 

that  are  not  equal  to  each  other,  and,  if  possible^ 

pg 
letalso  j99  =  m^;  or-^-  =  w.     But    a   number    can 
'^  m 

only  be  divided  by  those  prime  factors  from  the 

multiplication  of  which  it  is  produced    (cor.  2, 

prop,  xi.) ;  therefore,  pq  being  divisible  by  m,  either 

m=pyOTm=iq:  let  w=j»,  then  ^-=^  =  y;  but^-^=m; 

therefore  also  m^q,  which  is  absurd,  since  m  =p, 
and  p  and  q  are  unequal  numbers ;  therefore  pq  ==  m^ 
i»  impossible,  when  p  and  q  are  two  unequal  prime 
numbers.  —  a.  £.  d. 

Cor.  1 .    In  the  same  manner  it  appears,  that  the 
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product  of  any  number  of  unequal  prime  numbers 
can  never  produce  a  square. 

Cor.  2.  By  means  of  this  proposition,  it  may  also 
be  showrt,  that  the  product  of  apy  two  numbers 
prime  to  each  other  cannot  produce  a  square,  unless 
each  of  those  numbers  be  a  square* 

For  every  number  p^  that  is  not  a  square,  may  be 
represented  by  the  fommla  p = A^cd,  c  and  d  being 
prime  nmnbers  (cor.  5,  prop,  xiv.) :  let,  there- 
fore, p  and  q  be  two  numbers  prime  to  each  other, 
and  not  both  squares,  and  make 

p  =  A^cd,  QXidq  =  A'Hv; 
then  pq  =  x^x'^cdtv,  one  part  of  which  product  is  a 
square,  and  the  other  part  prime  numbers,  all  dif- 
ferent from  each  other,  because  p  is  prime  to  q ; 
and,  therefore,  this  latter  part  cdtv,  cannot  be  a 
square,  by  cor.  1 ,  and  consequently  the  product  of 
a'^a*  X  cdtv  IS  not  a  square  (prop,  xv.) ;  that  is, 
pq  is  not  a  square.  The  case  in  which  one  of 
the  numbers,  as  />,  is  a  square,  needs  no  demon^ 
stration. 

Cor.  3.  All  that  has  been  demonstrated  in  this 
proposition  and  its  corollaries,  is  equally  true  for 
cubes,  and  all  higher  powers ;  namely,  the  product 
of  two  numbers  p  and  9,  prime  to  each  other,  can 
never  produce  an  nth  power,  unless  each  of  those 
numbers  be  complete  nth  powers. 

Cor.  4.  If  the  product  of  two  numbers  be  a 
square,  each  of  those  numbei-s  is  a  square,  or  they 
are  each  the  same  multiple  of  squares  :  and  if  the 
product  of  the  two  quantities  mn^ay^y  a  being 
a  prime,  then  must  m=^asf,  and  n=^st^,  or 
the    contrary,    n=W^    and    w  =  5^'*;      and    if 
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a  =  he  J  then  must  m = hsfy  and  n = csf^ ;  or  m = bcst^^ 
and  n=^st^y  or  the  contrary,  as  is  evident. 

Con  5-  Hence,  also,  the -product  of  the  square 
roots  of  two  numbers  not  squares,  and  prime  to  each 
^ther,  cannot  produce  an  integer :  for  if  ^p  x  ^q^ 

or  ^pq  =  r,  then  pq  =  r%  which  we  have  seen  is  im- 
possible when  p  and  q  are  prime  to  each  other. 
And  the  same  is  also  true  of  any  number  of  quan- 
tities, vy  X  V9  X  v'r,  &c.,  if/?,  y,  r,  &c,,  be  prim^ 
to  each  other^  and  not  all  square  numbers, 

PROP.  XVIII. 

18,  The  square  root  of  an  integer  number,  that 
5s  not  a  complete  square,  can  neither  be  expressed 
by  an  integer,  nor  by  a  National  fraction. 

For  let  a  represent  any  integer  number,  that  is 
not  a  complete  square,  then  it  is  oddent  that  it  can 
have  no  integral  root,  fi'om  the  definition  of  square 
numbers ;  and  it  is  to  be  demonstrated,  that  neither 
can  it  have  any  rational  fractional  root. 

m 
Now^  if  it  be  possible.  Jet  v'^= — ,  the  fraction 

—  being  supposed  to  be  in  its  lowest  terms,  so  that 

m  is  prime  to  n ;  then  — j = a,  and,  consequently, 

m*  must  be  divisible  by  w* ;  but  since  m  is  prime  to 
Hy  the  product,  or  square,  w^*  is  also  prime  to 
«*  (cor.  7^  prop-  xi.) ;  therefore,  m^  cannot  be  di- 

visible  by  n*,  or  -^^^cl^  is  impossible,  and  conse- 

m 
qoently  so  is  also   ^a= — .  —  a.  e.  d. 
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Cor.  1 .  In  the  same  manner  it  may  be  shownj 
that  the  cube  root  of  an  integer,  that  is  not  a  com- 
plete cube,  can  never  be  represented  by  any  rational 
fraction ;  and  generally,  if  a  be  an  integer,  and 
Vo  cannot  be  represented  by  an  integer,  it  is  also 
impossible  to  represent  it  by  any  rational  fraction. 

Cor.  2.  The  product  of  the  square  root  of  two 
numbers  prime  to  each  other  cannot  be  expressed 
by  any  rational  fraction.     For  if  p  and  q  were  two 

numbers  prim^  to  each  other,  and   ^px  v"?  = 


n 
m 
n 


we  should  have  also   ^pq  =  — ,  which  is  impossible 

by  the  above  proposition,  because  the  product /^g^ 
is  not  a  square  (cor.  2,  pr6p.  x\'ii.). 

Cor.  3.  In  the  same  manner  it  may  be  shown,  that 
the  product  of  the  cube  roots  of  two  numbers  prime 
to  each  other,  and  not  both  cubes,  cannot  be  repre- 
sented by  any  rational  fraction ;  and  generally,  if 
p  and  q  be  any  two  integer  numbers,  prime  to  each 
other,  then  the  product  l/p  x  Vy,  cannot  become 
equal  to  any  rational  quantity,  unless  p  and  q  be 
each  complete  nth  powei's,  and  in  this  case  the 
product  is  an  integer. 

Cor.  4.  All  that  has  been  demonstrated  in  the 
above  two  corollaries,  of  two  quantities  prime  to 
each  other,  is  equally  true  of  any  number  of  quan- 
tities under  the  same  restrictions. 


PROP.  XIX. 


19-  Neither  the  sum,  nor  difference,  of  the  square 
roots  of  two  quantities,  prime  to  each  other,  can  be 
represented  by  any  rational  quantity ;  nor  by  the 
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square  root  of  any  rational  quantity ;  unless  each 
of  those  numbers  be  a  complete  square. 

For  let  p  and  q  be  any  two  such  numbers,  and,  if 
it  be  possible,  let  also 

vp±  vq-Cy 

c  representing  any  rational  quantity,  or  the  squart 
root  of  any  rational  quantity ;  then,  by  squaring,  we 
have 

ivp±  Vqy  =  c^-p  +  q±2  ^pq; 
and  since  c  is  either  rational,  or  the  square  root  of 
a  rational  quantity,  c^  is  in  either  case  rational ;  and, 
consequently,  also 

c*— j»  — 5^=5  ±  2  ^/pq,  or 

is  also  a  rational  fraction,  which  is  impossible 
(cor.  2,  prop.  x%iii.) ;  and,  consequently, 

VP±  Vq^Cf  or  =  vc, 
is  also  impossible.  —  Gt.  e.  d. 

Cor.  It  may  likewise  be  demonstrated,  by  means 
of  this  proposition,  p  and  q,  being  piime  as  be-* 
fore,  and  not  both  squares,  that  neither  the^um  nor 
difference  of  their  roots  can  be  represented  by  the 
8um  or  difference  of  the  roots  of  any  other  two 
integral  quantities  whatever,  that  are  prime  to  p 
and  q ;  that  is, 

vp±  ^fq-  a/^±  v^ 

is  impossible* 

For,  by  squaring,  we  have 

p  +  q±^  vyj==r4-^±2  ^rs,  or 

_            r-^-s—p^q 
±  ^sTpq^  Vrs- 4 
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Now  either  ^rs  is  rational,  or  it  is  not  ;•  if  ft  be 
rational,  so  also  must  be 

which  it  cannot  be  (cor.  2,  prop,  xviii.) ;  therefore^ 
Vr.9  cannot  be  rational. 

Again,  if  ^rs  be  not  rational,  then  we  should 
have 

r-^s  —  p  —  q 
vpq±  Vrs=^ iT^^^ 

a  rational  quantity ;  which  is  also  impossible  by  the 
above  proposition,  because  pq  and  rs  are  prime  to 
each  other,  and,  consequently, 

Vp±  v'y=  \^^±  \^^ 
is  impossible,  under  the  specified  limitations. — a^E.D. 

PROP.  XX. 

20.  If  in  any  equation  whatever,  higher  than 
the  first  degree,  the  coefficient  of  the  first  term  be 
unity,  and  those  of  the  other  tenns  integral  num- 
bers, then  no  one  of  the  roots  of  such  an  equa- 
tion can  be  equal  to  a  rational  fraction. 

For  let  ^  ±  ox" "  *  ±  fej:"  "*  ± ,  &c.,  ±  7*  =  o,  represent 
a  general  form  of  equation ;   and,  if  it  be  possible^ 

p  .      p      . 

letx=S  the  fraction  ^  being  supposed  already  in 

p 
its  lowest  terms ;  then,  by  suljstituting  -  lor  x,  the 

equation  becomes 

p""  ^ap^''     bp^''     cp^' 

-^± — r^x — TTX — rTJiy  owc*  -^r^Oi  or, 

^u  —     jH-l    —     y»-<    —     yn-3    ->  ^    —  ^9    ^^f 
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:      »"± aqp"'±hqY'^±C(fp'"^±,  &c., 

£ i£- iii— ix ~  +r;  or, 

p*±qia]f-'±,bqp*'''±cqY'^±9  &c.) 

■ ;; =*  +r. 

Now  as  this  Is  equal  to  r,  an  integer,  it  follows 
that  the  nnmerator  is  divisible  by  q*;  and,  therefore, 
also  by  q ;  but  since  the  part 

q{af'±hqp'-''± cqy-'t,  &c.) 
is  divisible  by  q,  it  is  evident  that  p*  must  also  be 
divisible  by  q,  if  the  whole  quantity  be  so  (cor.  1, 
prop,  vi.);  but  this  is  impossible,  because/?  is  prime 
to  q,  therefore  the  numerator  is  not  divisible  by  q ; 

and,  consequently,  ^=-  is  impossible.  —  a.  £.  d. 
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CHAP.  ir. 

On  Divisors,  and  the  Theory  of  Perfect,  Amicable^ 

and  Polygonal  Numbers. 

PROP.  I. 

21.  Any  number  N  being  reduced  to  the  form 
v^crb*(?d^,  &c.,  the  number  of  its  divisors  will  be 
expressed  by  the  formula 

(m+  l)  X  (n+  1)  X  (/!+  1),  &c. 

For  it  is  evident,  that  n  will  be  divisible  by  a, 
and  every  power  of  a,  to  a** ;  that  is',  by  each  of 
the  terms 

1,  fl,  a*,  rf,  &c.,  a". 

Also  by  i,  and  every  power  of  6,  to  6" ;  that  is, 
by  every  term  in  the  series 

1,  b,  b\  b\  &c.,  b\ 

And,  in  the  same  mamier,  n  is  divisible  by  c,  and 
every  power  of  c,  to  c*" ;  by  rf,  and  every  power  of 
rf,  to  d?,  &c. ;  and  also  by  every  possible  combina- 
tion of  the  respective  terms  of  the  above  series; 
that  is,  by  every  term  of  the  continued  product, 

(l4-a  +  a*  +  >  &c.,  a'")x(l+6  +  ft*  +  ,  &c.,  i*)  x 
(i+c  +  c*  +  i&c.,  cP)x  (l+rf+rf*  +  ,&c.,  cf). 

But  the  number  of  terms  of  this  product,  since 
no  two  of  them  can  be  the  same,  is  truly  expressed 
by  the  formula 

(m+l)x  (n+l)x  (p+l)x(j+l),  &€.; 
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tberefore,  the  number  of  the  divisors  of  n  is  also 
exj)re.ssed  by  the  same  fonnula.  —  a.  e.  d. 

Remark.  It  will  readily  be  observed,  that,  in  the 
above  formnla,  n  is  considered  as  a  divisor  of  itself. 

Ex.  1 .  Having  given  the  number  36o,  to  find 
the  number  of  its  divisors. 

First,  36o=2'.3».5';  therefore,  «= 3,  m  =  2,  and  • 
/?  =  1 .     Hence, 

(3+l)x(3+l)x(l  +  l)  =  4x3x2  =  24, 
the  number  of  its  divisors. 

Ex.  2.    It  is  required  to  find  how  many  numbers 
there  are,  by  which  1000  is  divisible. 
.     First,  100O«  2' .  5^;  or  m  =  3,  and  «  =  3;  there- 
fore, (3  +  l)x(3+l)  =  4x4=l6':    that  is,    there 
are  l6  nmnbers  by  which  1000  is  divisible. 

Cor.  1 .    As  the  number  of  divisors  of  any  given 
number,  N  =  o"4"c%  &c.,  is  represented  by  the  formula 

(»l+l)x(«+l)x(jB+l),   &c., 

it  is  evident,  that  the  number  of  ways,  in  which  the 
given  number  n  may  be  resolved  into  two  factors, 
will  be  represented  by  ' 

1 

-x(/«+i)x(n+i)xCj»+l),  &c., 

Iiecause  every  divisor  has  its  reciprocal  factor ;  and 
therefore,  the  number  of  ways,  in  w4iich  a  number 
may  be  resolved  into  two  factors,  ia  equal  to  half 
the  formula,  that  expresses  the  number  of  its  divi- 
sors. But  if  the  given  number  N  be  a  square,  then 
all  the  exponents,  in,  «,  p,  &c.,  will  be  even,  and 
therefore,  * 

(w+l)x(«+i)x(/,+  i),  &c., 
will  be  odd;  and  the  formula,  representing  the  num- 
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ber  of  ways  that  n  may  be  resolved  into  two  factors^ 
will  be 

(m-f  1)  X  (n-^-  l)  X  (/?4-  l),  &c.,    +1 

2  • 

because,  in  this  case,  two  of  the  factors  arc  equal. 

Cor.  2.  If  it  be  required,  in  how  many  ways  a 
number,  s  =  a"'A"c'*,  &c.,  may  be  resolved  into  two 
factors  prime  to  each  other,  it  is  evident,  that  this 
number  no  longer  depends  upon  the  value  of  the 
exponents  m,  w,  /?,  &c.,  but  will  be  the  same  as  if 
N  was  simply  resolved  into  the  factors  a,  b,  c,  &c. ; 
and  is,  therefore,  equal  to 

(14-1).(1  +  1).(H-1),    &C. 

2 
hence,  if  k  represents  the  number  of  prime  factors, 
a,  by  c,  dy  &c.,  then  will  2*"*  be  the  number  of 
ways  in  which  n  may  be  resolved  into  two  factors 
prime  to  each  other.  Thus,  for  example,  36o 
has  twenty-four  divisors  (example  l),  and,  con- 
sequently, may  be  resolved  into  factors  twelve 
different  ways  (cor.  2) ;  but  it  has  only  three 
prime  factors,  2,  3,  and  5,  and  can,  therefore,  be 
e,  resolved  into   factors  prime  to  each  other  only, 

2*  =  4,  different  ways. 

PROP.  II. 

22.  To  find  a  number  that  shall  have  any  given 
number  of  divisors. 

Let  7V  represent  the  given  number  of  divisors, 
and  resolve  tv  into  factors,  as  tv^xxyxz. 
Take  m.^x—  1,  n^y—  \yp—z—  1,  &c. ;  so  shall 

a^h''c%  &c., 
be  the  number  required,   as  is  evident  from  the 
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* 

foregoing  proposition,  where  a,  by  c,  &c.,  may  be 
taken  any  prime  nnmbers  whatever. 

Ex*  Find  a  number  that  shall  have  thirty  di^ 
visors. 

First,  30=2x3x6;  that  is,  x=  2,  «/  =  3^  x=*5 
or,  m=ly  n^2,  jp  =  4;  therefore, 

is  the  number,  having  thirty  divisors^  as  required; 
If  a  =  2,  ft  =  3,  6  =  5;  then  2.3*.  4*=4608. 
If  fl=5,  J  =  3,  c=2;  then  5  .  3-.  2'  =  720. 
lfa=6,  6=2,  c=3;  then  5  .  2'.  3'  =  1620. 

Each  of  which  numbers  has  thirty  divisors,  and 
it  is  evident,  that  various  other  numbers  might  be 
obtained  that  M'ould  have  the  same  property,  by 
only  changing  the  value  of  a,  6,  and  c. 

Remark.  If  it  were  required  to  find  the  least 
number  of  all  those  that  have  a  given  number  of 
divisors,  it  is  manifest,  that  we  must  pix)ceed  with 
more  caution,  as  our  formula  would  not  then  have 
that  unlimited  form* that  is  given  above.  It  twiU, 
therefore,  be  proper  to  enter,  here,  into  an  investi- 
gation of  this  particular  case* 

First,  it  is  evident,  that  the  value  of  our  number 
depends  upon  two  different  operations :  1  st,  the 
resolution  of  w  into  its  factors,  which  in  the  fore- 
going problem  is  ai'bitrary ;  and,  2dly,  on  the  as^ 
sumption  of  the  quantities  a,  J,  c,  &c. 

Now  if  w  be  a  prime  number,  it  cannot  Ije  re- 
solved into  anv  other  factors  than  \xiv\  and, 
therefore,  a^"^  is  the  only  form  a  number  can  have 
when  the  number  of  its  di^sors  is  a  prime  number ; 
and,  therefore^  the  less  value  v/e  give  to  a  >  1,  the 

D  2 
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less  the  number  will  be:  and^  consequently,  th^ 
least  of  all  is  when  a  =  2;  thns,  the  least  number 
that  has  seven  divisors  is  2^  =  64,  and  the  least 
having  eleven  divisors  is  2*^  =  1024,  and  so  on. 

Again,  when  iv  is  not  a  prime  number,  but  equal 
to  the  product  of  two  prime  factors,  as  ti? = xj/y  then 
the  only  variation  in  its  resolution  will  be  w = j:  x  y, 
and  ti^  =  1  xxff;  and,  consequently,  the  only  two 
forms  of  numbers  will  be  a"^^"*,  and  a**"*,  that 
have  the  required  number  of  divisors,  and  it  is  obvious 
that  the  first  form  is  that  which  gives  the  least 
value  of  the  number  required ;  because  a  may,  in 
both  forms,  be  equal  to  2,  and  b  may  be  taken 
equal  to  3 ;  and,  whatever  be  the  numbers  x  and  y, 
it  is  evident,  that  2'*"*  x  3'"*  <  2"^'* :  for  if  even  we 
make  6  =  4,  in  which  case  2"**  x  4''-*  =  (2)'+''"',  it 
is  still  less  than  2'''"',  for  (J7+  2y  —  2)  <  jy,  because 
both  X  and  i/  are  >  1 ,  and  x  may  also  Ije  supposed 
the  greater  of  the  two,  that  is,  x>i/.  Therefore, 
a^'^b^'^  is  that  form  which  produces  the  least  num- 
bers, and  it  is  manifest,  that  the  least  numbers  in 
this  form  are  those  in  which  a  =  2,  and  ft  »  3,  «  —  1 
being  supposed  the  greatest  exponent;  and,  in  the 
same  manner,  it  inay  be  shown,  that  if  iv  be  re- 
solvible  into  any  number  of  factors,  that  will  be  the 
least  foim,  in  which  w  is  resolved  into  the  greatest 
number  of  factors,  and  the  lowest  number  of  any 
such  form,  as  a"*ftV?'*,  &c.,  is  obviously  that  in  which 
the  greatest  exponent  has  the*  least  root,  the  next 
greater  exponent  the  next  less  root,  and  so  on. 
Therefore,  when  it  is  required  to  find  the  least 
number  that  has  a  gi^en  number  of  divisors,  we 
must  repolve  the  given  number  into  its  greatest 
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Tiambcr  of  factors,  and  then  proceed  in  given  values 
to  Oy  by  Cy  Sic.y  accotding  to  the  rule  above  given; 
viz.  to  the  greatest  exponent,  the  least  root,  &c. 
Suppose,  for  example,  it  were  required  to  find  the 
least  nuiiiber  that  has  twenty  divisors.  The  greatest 
number  of  factors  is  when  20  =  3  x  2  x  5 ;  therefore, 
a^b^c*  is  the  least  fonn:  and  by  making  c  =  2,  4=3, 
a = 5,  we  have  2\  S  .  5  =  240,  which  is  the  least 
number  of  all  those  that  have  twenty  divisors.  If 
we  had  resolved  20  into  the  factors  4  and  5,  then 
«*A'  M^ould  have  been  the  form,  and,  by  making  a  =  2 
and  i=3,  we  should  have  had  2*3' =  432,  for  the 
least  number  in  that  form ;  and  the  same  for  all 
others.' 

PROP.  III. 

23.  If  N  =  a"i"c%  &c.,  represent  any  integer, 
then  will  the  sum  of  all  the  divisors  of  N  be  ea;- 
pressed  by  the  formula 

Por,  by  art.  21,  every  divisor  of  n  is  contained  in 
the  product 

(1  +  a  +  a*,  &c.,  «"•)  X  (1+  ft  4-  ft*,  &c.,  ftO  X 
(1  +  c-f-  c*,  &c.,  cO  X  (1  +  (/+  rf^  &c,  d'). 

And,  by  the  common  rule  for  summing  a  geome- 
trical progression,  we  have 

_     a"+*  - 1 


l+a  +  a' a''  = 


a- I   ' 


*•+'  - 1 

\  +  b  +  b* 6"= ,  &c.; 

a— 1 

and,  consequently,  this^ product  is  equal  to 
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which,  therefore,  expresses  the  sum  of  all  the  divi- 
sors of  N.  —  Q..  K.  D. 

Cor.  In  this  expression,  n  is  considered  as  a  di- 
visor of  itself ;  because,  from  the  developement  of 
the  above  product,  the  last  term  will  evidently  be 
a"'ft"c%  &c. ;  that  is,  the  last  term  of  the  product 
will  be  the  number  n  itself;  and,  therefore,  when 
N  is  to  be  excluded  by  the  condition  of  the  problem, 
as  is  the  case  in  finding  perfect  and  amicable  num- 
bers, it  must  be  deducted  from  the  above  formula. 

Ex.    Required  the  sum  of  all  the  divisors  of  36o. 

First,  360  =  2\  3\  5 ;  therefore, 

which  is  the  sum  of  all  the  divisors  of  36o,  itself 
being  considered  as  one  of  them. 


PROP.  IV. 

24.     If  N  =  flr'"ftV&c.,     represent    any    number^ 
tf,  by  c,  &c.,  being  its  prime  factors,  then  will 

a-\      i-1      c-\     „ 

N  X X  — i —  X r-    &c., 

a  b  c 

express  the  number  of  integers  that  are  less  than 
N,  and  also  prime  to  it. 

First,  if  N  be  a  prime  number,  or  n  =  a,  then  we 
know,  that  all  numbers  less  than  a  are  also  prime 

to  it;    and,  consequently,  nx saa— 1    is  the 

real  expression  for  the  number  qf  tbcm   in  this 
case. 


^ 


a-1 

X 
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And  if  N  be  any  power  of  a  prime  number^  or 
X  =  a",  then^  in  the  series  of  numbers 

1,  2,  3,  4,  5,  &c.,  a"*, 

erery  ath  term  is  a  multiple  of  a,  these  forming  of 
themselves  the  series 

a,  2a,  Say  4a,  5a,  &c.,  (f"\  a; 

and,  therefore,  from  the  a*  terms  in  the  first  series, 
we  must  deduct  the  a*"*  terms  in  the  last,  and  the 
remainder  will  be  the  number  of  those  terms  in  the 
first,  that  are  prime  to  n,  or  to  a*;  that  is,  a'^-^a'^'^ 
are  the  number  of  integers  prime  to  n  ;  but  ^inc^ 
>'  =  a"  we  have 

a-l 
a  a   ' 

for  the  number  of  those  integers,  which  is  likewise 
the  form  in  question. 

Again,  if  n  =  a'"6'',  it  is  evident,  from  the  same 
consideration  as  before,  that  we  shall  have 

fl""*6%  terms  divisible  by  a; 
a'"6""* ,  terms  di>dsible  by  b; 
^m-ij»-i^  terms  divisible  by  ah. 

But  as  the  first  expression  includes  all  numbers  di- 
visible by  a,  and  the  second  all  those  divisible  by  6, 
it  follows,  that  the  latter  expression  is  included  in 
each  of  the  former ;  and^  therefore,  we  have 

ii*-»i"  — (]j»->J"->^  terms  divisible  by  a,  only; 
^nj«-i_^ifi-ij«-i^  terms  divisible  by  b  only; 

a"" *6*"*,  terms  divisible  by  aJ: 

and  these,  together,  include  all  those  terms  of  tliQ 
^ries 

1,  2,  3,  4,  5,  &c,,  a'"b\ 
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that  have  any  common  divisor  with  a'*i*,  or  with 
N;  ana,  consequently,  their  sum,  taken  from  N,  will 
he  the  number  of  those  that  are  prime  to  it :  hence, 
then,  we  have 

(o" -  a— ')6" -  (a* -  o"- ')6" '  = 

which  is  again  the  formula  in  question. 

Let,  now,  N  =  a'^b^c^,  then,  on  the  same  principles 
as  above,  we  shall  have 

P  =  a*'  *  JV,  terms  divisible  by  a ; 

a  =  a"6"'  ^c^y  terms  di^asible  by  b ; 

R  =  cTh^c^'  \  terms  divisible  by  c ; 

s  =  a""  *A"'  ^0%  terms  divisible  by  ab ; 

T  zzza!^" *ftV"  *,  terms  divisible  by  ac ; 

V  =  a'*J*'  V "  *,  terms  divisible  by  be ; 
w  =  a*''6""'c'"*,  terms  divisible  by  aic. 

But  since  all  the  terms  w  are  necessarily  included 
in  those  of  s,  t,  and  v ;  and  these  last  again  in 
F,  a,  and  r,  we  shall  have,  by  subtraction, 

s  —  w,  divisible  by  ab  only ; 
T  —  w,  divisible  by  ac  only ; 

V  —  w,  divisible  by  be  only : 

and  then  again> 

p  —  s  —  T  +  2w  —  w ;  or, 
p  —  s  —  T  +  w,  divisible  by  a  only ;. 
a  —  s  —  v  +  w,  divisible  by  b  only; 
R  -  T  —  V  -f  w,  divisible  by  c  only ; 
w,  divisible  by  abc  only, 
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And,  consequently,  the  sum  of  all  these  ex^ 
pressions  will  be  the  number  of  terms  that  have 
a  common  divisor  with  a"i"c'',  or  with  n;  and, 
therefore,  k  ndnas  this  sum  will  be  the  number  of 
integers  prime  to  K,  and  less  than  itself;  which^ 
by  addition  and  subtraction,  will  be  expressed  as 
follows : 

N  —  P  —  Gt— R  +  S  +  T  +  V  —  W. 

And  by  reestablishing  again  the  values  of  p,  a,  r, 
&c.,  it  becomes 

(a'^b^'c^  -  a"-  *6V)  -  (a"'^"- 'c"  -  a"-  'b^^'c^)  -         ^ 
(a"iV*-a'""*i''c''"')  +  (a""*"' 'c'* '-«"'• 'A''" 'c''"^)  = 

a-1      6-1     c-1 

j,j  y^ X  — r —  X , 

a  0  c 

m 

the  same  fonn  as  before. 

And,  exactly  in  the  same  manner,  if  N  was  the 
product  of  a  greater  number  of  factors,  we  should 
still  find,  that  the  number  of  integers  less  than,  and 
prime  to  n,  would  be  repi*esented  by 

a-1      6-1      c-1     rf-1     ^ 

N  X X  — T —  X X  — T~,  &c. 

a  b  c  a 

Where  it  is  only  necessary  to  observe,  that  unity  h 
included  as  one  of  those  integers,  —  a.  £•  D. 

Ex.  1  •  Find  how  many  numbers  there  are  un- 
der 100,  that  are  prime  to  it. 

First,  100  =  2V;  therefore, 

2-1     5-1 

100  X X  -— —  =  40, 

2  5 

the  numl)er  sought:  these  being  as  follows;  viz. 


V  'J 


W^ 


y 


f^<> 
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1  13  s;  39  51  63  77  89 

3  17  29  41  53  67  79  91 

7  19  31  43  57  69  81  93 

9  21  33  47  59  71  83  97 

11  23  37  49  61  73  87  99. 

Ex.  2.  How  many  numbers  are  there  less  thaft 
360,  that  are  also  prime  to  it? 

360=:2'3^5;  therefoif, 

^       2-^1     3-1     6-1        ^ 
360  X  —^  X  -^  X  —^  =  96, 

the  number  sought, 

PROP.  V, 

25.  To  find  ^  perfect  number^  or  such  a  number 
Vy  that  sliall  be  equal  to  tbe  spn^  of  all  its  aliquot 
parts,  or  divisors. 

Find  2*  —  1 ,  a  prime  number,  then  will 
2"-'(2"— l)=N  be  a  perfect  number. 

For,  by  art.  23,  and  its  corollary,  the  sum  of 
the  divisors  of  the  formula  2""* (2"—  1)  will  be  re- 
presented by 

/  2"-l\      /(2'- 1)^-1  \ 
V2-I7     \(2"-l)-l/ 

because  2"— 1  is  a  prime  nmnber  by  hypothesis. 
But,  in  this  expression,  1  is  considered  as  a  divisor, 
and,  consequently,  n  enters  therein  as  an  aliquot 
part  of  itself,  which  is  to  be  excluded  by  the  de- 
finition of  a  ])erfect  number;  and,  theretbi^',  ex- 
chisive  of  n,  the  formula  becomes 


■ 

i 
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(2»-  1)  X  (2"-  1  -f  1)  -  2"-X2*-  1)  = 
2(2"-l)  .  2-'-r-2-'(2"-l)  =  2"-*(2"-l)  =  N; 

tjiat  is,  the  sum  of  all  the  aliquot  parts  of  n  =  n^ 
and,  therefore,  it  is  a  perfect  puinber.  —  ^»  £•  d, 

Cor.    If 

w=    2,  then  2  (2*-l)  =  6; 

n=    3,  then  2*  (2^  -1)  =  28; 

n=    5,  then  2*  (2*  -  l)  =  496; 

n=    7,  then  2*  (2' -1)  =  8128; 

«=  13,  then  2"(2"-  1)  =  33550336; 

«=  17,  then  2*^(2*'- 1)  =  8589869056; 

n=19,  theji  2*'(2**-  l)  =  137438691328; 

«  =  31,  tlien  2'^(2'*-l)  =  23058430081399521 28. 

Which  are  all  perfect  numbers. 

The  difficulty,  therefore,  of  finding  perfect  num- 
bers, arises  from  that  of  finding  prime  numbers,  of 
the  form  2*  —  1 ,  which  is  very  laborious.  Euler  ascer- 
tained, that  2^'  —  1  ^2.147463647  is  a  prime  num- 
ber ;  and  this  is  the  greatest  at  present  known  to  be 
such,  and,  consequently,  the  last  of  the  above  per- 
fect numbers,  which  depends  npon  this,  is  the 
greatest  perfect  number  known  at  present,  and 
probably  tlie  greatest  that  ever  will  be  discovered; 
for,  as  they  are  merely  curious  without  being  use- 
ful, it  is  not  likely  that  any  person  will  attempt 
to  find  one  beyond  it.  It  miy  not  be  amiss  to  ob- 
serve, that  the  reason  fm'  employing  the  powers  of 
2  in  this  research,  to  the  exclusion  of  all  other 
numbci's,  arises  from  this,  that  2  is  the  only  even 
prime ;  and,  therefore,  if  wc  made  use  of  any  other 
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prime,  a»  a,  then  (a"  —  1 )  would  not  be  a  prime 
unmber;  and,  if  Ave  employed  an  even  number, 
then  the  formula  alx)ve  given  would  not  traly  ex- 
pr^s  the  sum  of  the  divisors  of  n. 

PROP.  VI. 

26.  To  find  a  pair  of  amicable  numbers  n  and  m, 
or  such  a  pair  of  numbers,  that  each  shall  be  re- 
spectively equal  to  all  the  divisors  of  the  other. 

Make  n  =  rt^'iV,  &c.,  and  M  =  a^^^y^y  &c. ;  then, 
from  the  definition  of  amicable  numbers,  and  \i  hat 
has  been  demonstrated  (art.  23),  it  follows  that  we 
must  have 

/a"^»-l\     /6»-»-i\      /c''+»-i\ 

{  J  X  (  —J )  X  {  )  =  N  +  M,   and 

Because  these  formula;  include  the  whole  numl)ers 
N  and  M,  as  divisors  of  themselves  { Remark y  art.  23), 
whereas,  in  amicable  numbers,  thjev  are  excluded 
by  the  definition. 

We  see,  therefore,  in  order  that  the  numbers  k 
and  M  may  be  amicable,  that  these  fonnulse  must  be 
equal  to  each  other,  and  each  equal  to  n  +  m.  Now 
this  is  accomplished  by  finding  such  a  power  of  2 
fis  2%  that  3.2' -1,  6.2'- 1,  and  18.2"- 1,  may 
|}e  all  prime  nmubers;  or,  making  2''=ti7,  we 
must  have  3m?—  1  =6,  Gw—  1  =0,  and  13w*—  1  =(/, 
sdl  prime  numbers;  then  will 

N  =  2'+*rf,  and  M  =  2'^'bc, 

be  the  pair  of  amicable  nuitibers  sought. 
For,  if  we  represent       ^N  the  sum  of  the  divi- 


Divisors  and  Figurative  Numhers.         4ii 

sors  of  N,  and  by  <pM  the  sum  of  the  divisors. of  m, 
we  shall  have  (by  cor.  1,  art.  23) 

(4«r-l)x  18zi?*-22£?(l8w*-l)  = 
2  .  i8i<?'-18ti?*+2w?=2«;(32i?-l)(6«;-l)  = 

2'-^'ftc  =  M. 

Therefore  the  sum  of  the  divisors  of  x  is  equal  to 
the  other  number  m. 

And  again^  by  the  same  art.  and  cor.,  we 
have 

(2"*^*-  1)  X  (i+  1)  X  (c-f  l)  -2'-*-*ic  = 

(4u?— l)  X  3WX  6tv  —  2tv{3W''  l)  X  (621;— l)  = 

2u?x  18w*-hl=2'"*^'££=N. 

Therefore,  the  sum  of  the  divisors  of  m  =  N ;  and 
we  have  seen,  that  the  sum  of  the  divisors  of  N  =  M : 
consequently,  n  and  m  are  a  pair  of  amicable  num- 
bers.—  a.  E.  D. 

Scholium.  By  making  r=l,  or  2'.=  m?=5  2, 
we  have  3/(7— 1  =6  =  5,  610— l=c— U,  and 
18«;*—  1  =rf=71 ;  and,  consequently, 

2'^W=4x71=284  =  N, 
2'^+*6c  =  4x5x  11=220  =  M, 

which  are  the  least  pair  of  amicable  numbers^  the 
next  two  pair  being 

17296  and  18416, 
9363583  and  9437056. 
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The  difficnlty,  therefore,  of  findhig  amicable 
mimbers,  is  connected  with  that  of  finding  the 
above  specified  conditions  of  «?,  and  for  which 
no  rule  has  yet  been  discovered.  The  reason  for 
taking  tv  some  power  of  2  is,  that  2  is  the  only  even 
prime ;  for  if  w  was  the  power  of  any  odd  nnmber, 
then  3a?—  1,  6w;—  1,  ISii;*—  1,  would  not  be  primes, 
and  if  w  was  the  power  of  an  even  number,  not  a 
prime,  as  2m,  then 

would  not  be  the  tnie  expression  for  the  sum  of  the 
divisors  of  M :  and,  therefore,  2  is  the  only  numl)er 
that  can  be  employed  for  this  purpose. 


PROP.  vil. 

27.  If  the  nth  term  of  any  order  of  figurate 
numbers  be  added  to  the  71  -h  1  term  of  the  next  in- 
ferior order,  the  sum  will  be  the  n  -h  1  term  of  the 
same  order  as  the  former.  And  the  nth  term  of  any 
order  is  equal  to  the  n  first  terms  of  the  preceding 
order. 

In  our  definition  of  figurate  numbers,  we  have 
given  the  form  of  each  of  the  orders,  because  it  is 
more  simple  to  deduce  the  generation  of  figurate 
numbers  from  the  form  of  them,  than  to  deduce 
their  fonns  from  their  generation.  We  have,  there- 
fore, to  demonstrate,  that  the  numbers  falling  un- 
der the  forms  we  have  given  are  generated  one 
from  another,  as  announced  in  this  proposition; 
and  this  will  be  manifest  immediately,  by  repeating 
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here  again  those  series  of  figarate  numbers,  and 
their  general  terms,    ad   given  at  definition  26; 


VIZ. 


jyat.serieSj  12  3  4  5,  &c. 
Istord.  1  3     6  10  15,  &c. 

2dord.  1   4  10  20  35,  &c. 
3dord.  1   5   15  35  70,  &c. 


I 


General  term, 
n 

w.(w-f  1) 

1   .  2 

y?.(n-H)>(n+2) 
1    .    2     •      3 

n.(7i+l).(ii4-2).(w  +  3) 


mth  order. 


,.2.3.4. 
w.(n+  l).(w-h2).(n+^),  &c.,  (n  +  m) 


1.2.3.4,       &c.,  (m+1)' 

Now  it  is  evident,  that  n  +  1,  which  is  the  w  +  1  th 

w.(n+l) 

term  of  the  natural  series,  being  added  to — , 

1     •  Jt 

which  is  the  nth  term  of  the  first  order,  gives 

«.{n+l)  (n+l).(w+2) 

which  is  the  n-^rXtU  term  of  the  first  order. 

w.(w+l).(w  +  2) 


Again,  to 


1  .  2 


-,  the  nth  term  2d  order. 


adding -^ ^,  the  «+lfA  term  1st  order, 

1.2 

(w+l).(n  +  2).(n  +  3)    .  .,^       ^11 

gives  -^ -^ -^ ^,  the  »  +  1  th  term  2d  order, 

And,  generally,  to 

7i.(n+l).(w-f2).(n4-3)    >    '  ♦-  (^  +  ^^)  _  ^^^^    ^^^^ 
1.2.3.4        -    -    -  (m-f  1) 
7n^A  order^  adding 
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(»-f  l).(w-l-2).(n  +  3).(n  +  4) {»  +  m) 


1.2.3.4       m 

term  m—lth  order,  gives 

(iH-l).(n+2).(«-h3).(w  +  4)  -  -  (w-f  1  +m) 


=  w-hlM 


=  »+l</i 


1.2      .3.4 m-tl 

term  mM  order. 

Hence,  then,  we  have  the  general  law  of  forma- 
tion ;  namely,  to  the  nth  term  of  any  order,  add  the 
w  +  1  tenn  of  the  inferior  order,  and  the  sum  will  be 
the  succeeding  term  of  the  former  order.  And,  there- 
fore, since  the  second  term  of  any  order  is  equal 
to  the  sum  of  the  two  first  terms  of  the  next  in- 
ferior order,  the  third  tenn  will  be  equal  to  the 
sum  of  the  three  nrst  terms  of  the  preceding  order ; 
and,  generally,  the  nth  tenn  of  any  order  is  equal 
to  the  sum  of  the  first  n  terms  of  the  next  inferior 
order.  —  a.  e.  d. 

Scholium.  In  this  proposition  mc  have,  after 
Legendre,  inverted  the  order  of  j)roceeding,  by  de- 
ducing the  law  of  generation  from  the  forms  of  the 
successive  series,  instead  of  ascertaining  the  forms 
of  those  series  from  their  law  of  generation,  which 
has  the  advantage  of  greater  simplicity,  and  leads 
us  at  once  to  the  demonstration  of  one  of  Fermafs 
theorems,  that  he  considered  as  one  of  his  princi- 
pal numerical  propositions,  and  which  is  this : 

If  the  nth  term  of  the  natural  series  be  multiplied 
by  the  /2  +  l^//term  of  any  order  7//,  the  product 
will  be  equal  to  ?n  -r  2  tiinu^  the  7ith  term  of  the  order 
w+  1. 

Thus,  taking  the  fifth  and  sixth  term,  of  the  fore- 
going series,  we  have 
5x6=:2x  15;  5x25=3x35;  5x  $tf  =  4x70,  &C. 


[ 
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This  property  is  deduced  immediately  from  our 
forms,  for 

•  /         V  n.(n+l) 

n(n+l)  =  2x     ^        ^ 

1  •    ^ 

(«+l).(n4-2)     ^     n.(n-f-l).(j^-f  2) 

n  X =  3  X  — — — ^ ; 

1.2  1.2.3' 

$uid  so  on  for  any  otlier  order. 

This  theorem,  which  is  so  remarkable  simple  in 
the  way  that  we  have  considered  these  numbers,  is 
Very  difficult  to  demonstrate  by  any  other  method; 
and  that  Fermat  considered  it  as  one  of  his  most  in- 
teresting propositions  is  evident,  from  what  he  says 
after  the  annunciation  of  it :  '^  Nee  existimo  puU 
chrius  out  gener alius  in  numeris  posse  dari  theorema, 
tntjus  demonstratianem  margini  inserere  nee  vacat 
nee  Ucet^  (Notes  on  Diophantus,  page  16). 


PROP.  VIII. 

28.  Every  polygonal  number  of  the  denomination 
m,  or  eveiy  m-gonal  number,  is  expressed  by  the 
formula 

(m  —  2)n^  —  (m  —  4)n 

2 

For,  by  definition  26,  every  m-gonal  number  is 
a  sum  of  an  arithmetical  progression,  beginning 
with  unity,  the  common  difference  of  which  is  m  —  2 ; 
or,  making  w— 2  =  ^,  it  will  be  the  sum  of  any 
number  n  terms  of  the  sfcrles 

1  +  (1  -h  rf)  +  (1  4-  2^0  +  (1  4-  3rf)>  &c.,  (1  +  (n  -  i)i)  \ 

which,  by  the  common  rules^  is  equal  t© 

VOL.  I.  K 
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2 

itty  since  d^m'^2y  if  we  snbstitatie  for  d^  we  shalit 
have 

(2  +  (»- 1)  •rf)n     2n+  (n*-n)  •(m-  2) 

(m — 3)n' — (m «-  4)ie 

i ^— ~-i ~.  a,  E..  D. 

€ar«  1.  Hence^  by  making  successively  m^SyA^ 
5^  &c.^  we  shall  have  the  following  results.     AU^ 

Triangular  numbers  ^ 

Squares  -   -    -    -     st: — - — =». 


3 

• 

Sn»- 

on 

3 

3«*- 

n 

3 

""  • 

4n*- 

2n 

Pentagonals     -    -     s*5 

Hexagonals      -    -     tfc 

&c.  &c. 

Cor.  2.    By  means  of  the  general  fonn^ 

(m  —  2)»*  —  (m — 4)n 
2  ^ 

any  polygonal  number,  of  which  the  root  n,  and  de- 
nomination //I,  is  given,  may  be  readily  ascertained. 
Thus,  by  making  m=3,  m=4,  m=5,  &c«;  and 
in  each  series  n  =  1 ,  2,  3,  4,  &c.,  we  have 

Series  of  triang.  numb.  13  6101521   28,  &c. 

Series  of  squares  -     -  14  9  l6  25  36  49,  &c. 

Series  of  pentagons    -  15  12  22  3551  7^^  &<^- 

Series  of  hexagons     -  1  6  15  28  45  66  91,  &4. 

&c.  &c. 


Divisors  and  Figurative  Numbers.         61 

Also  any  polygonal  number^  and^  its  denoimna- 
tion  being  given,  the  root  of  the  polygon  is  readily 
obtained.     For  let 

(w — 2  W -^  (m  —  4)n 

p -^  ^         ^  '     -     -  ■  ^ 

2 

represtnt  any  given  piolygonal,  of  whicb  tke  duo^ 
mination  m  is  known:  then, 

(m— 2)w*  — (m— 4)n=2P;  or, 

«* — (  ]n  =2 .     Whence 

\m— 2/       m— 2 

fi= i ^ — i ^, 

whicli  is  a  general  fenti  fbr  the  root  of  atiy  p(H 
lygonal  nomber. 

Remarh.  Fermat  has  given,  At  page  IS,  in  on<^ 
of  his  notes  to  the  ninth  proposition  of  Diophantiis 
OB  Mohangnlar  Numbers,  pairticnlar  roles  for 
finding  the  roots  of  given  polygonals,  ^vcdthont  ttie 
extraction  of  the  square  root,  bat,  as  they  &t'6f 
or  no  use,  we  have  not  inserted  theiti. 
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CHAP.  III. 

On  the  Forms  of  Prime  Numbers,  and  their 
most  simple  Properties. 

PROP.  I. 

29.  If  a  Tiuinber  cannot  be  divided  by  some  other 
number,  which  is  equal  to,  or  less  than,  the  square 
root  of  itself,  that  number  is  a  prime. 

For  every  number  p,  that  is  not  a  prime,  may 
be  represented  by  j» = ah.  Now  if  a = 6,  then  a  and 
h  are  each  equal  to  vp;  and,  consequently,  p, 
which  is  not  a  prime,  is  divisible  by  ^p.  Again, 
if  a  >  vy,  then  will  6  <  vy;  for  otherwise, 
we  should  have  axb^ab>p,  which  is  con- 
trary to  the  supposition;  therefore^  if  a  >  ^p^ 
then  will  b  <  ^/p;  and  if  b  >  vy,  then  will 
a  <  vT' ;  ^^^9  consequently,  since  p  is  divisible 
both  by  a  and  6,  it  is  divisible  by  a  number  less 
than  the  square  root  of  itself:  and  this  is  evidently 
true  of  all  numbers  that  can  be  resolved  into  th^ 
form  ps=ab;  that  is,  of  all  numbers  that  qt6  not 
primes :  therefore,  if  a  nimiber  cannot  be  so  divided^, 
that  number  is  a  prime.  —  a.  E.  D. 

Cor.  Hence,  in  order  to  ascertain  whether  a 
given  number  be  a  prime  number  or  not,  we  must 
attempt  the  division  of  it,  by  all  the  prime  numberr 
less  than  the  square  root  of  itself;  and  if  it  be  nof 
divisible  by  any  of  them,  it  is  a  prime.   It  is  obvious, 


0 

w 
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that  we  need  only  essay  the  djivision  hy  prime  nnm- 
bers^  for  if  it  be  divisible  by  a  composite  number, 
it  is  evidently  also  divisible  by  die  prime  factors  of 
that  divisor.  This  method,  however,  although  it 
admits  of  some  contractions,  is,  notwithstanding, 
extremely  laborious  for  large  numbers;  nor  has 
any  easy,  practical  rule  been  yet  discovered,  for 
ascertaining  whether  a  given  number  be  a  prime  or 
not. 

Scholium.  The  problem  of  finding  prime  numbers, 
wa3  agitated  so  far  bade  as  the  time  of  Eratosthenes, 
who  invented  what  he  called  his  xoscyivov,  or  sieve, 
for  excluding  those  numb^s  that  are  not  prime, 
and,  cpnsequei^tly,  thus  discovering  t^pse  that  are. 
The  principle  of  this  method,  which  is  the  same 
that  has  since  bjeen  employed  by  modem  writers 
for  ascertaining  {those  nunib^srs,  is  as  follows : 

Having  writtep  down  fn  th^ir  proper  order  41 
odd  niimbers,  from  )  to  any  extent,  required ;  as 


1 

3 

8 

7 

9 

11 

13 

15 

17 

19 

•  • 

21 

23 

2*5 

sV 

29 

31 

33 

•  • 

35 

37 

3*9 

41 

43 

•  • 

45 

47 

49 

51 

53 

55 

5*7 

59 

6l 

•  • 

63 

65 

67 

69 

71 

73 

•  • 

74 

77 

79 

81 

83 

85 

87 

89 

91 

93 

9? 

97 

99- 

We  begin  with  the  first  prime  number  3,  and  over 
every  third  number,  from  that  placie,  we  put  a  point, 
because  all  those  numbers  are  divisible  by  3 ;  as  9^ 
15,  21,  &c. 

Then,  from  5,  a  point  is  placed  over  every  fifth 
number,  all  these  being  divisible  by  5 ;  such  afe  1 5, 
?5,  35,  &c. 


L_'« 
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vAgnifi^  from. 7  ^ery  s^yei^^  number  is  pointed 
m  ibe  9ame  maaaer,  snch  as  91^  3d^  49,  &c. 

And,  having  dams  this,  all  the  nnmbenB  that  now 
jliemain  without  points  aro  prime  nnmbers  i  for  there 
jis  no  prime  niunber  between  7  ^^d  vlOO;  and  it 
is  obyioqs^  irom  what  is  said  in  the  preceding 
l^qrolliiry,  that  it  is  useless  trying  any  composite 
linmber;  adding,  therefore,  to  the  above,  the 
prime  number  2,  which  is  the  oply  even  prime,  we 
have 

3   3   5   7  11   13   17   19  23  29 
Al  37  41   43  47  53  59  6l   67  7I 

7»    79    83    89    97, 
which  are  all  the  prime  ntunbers  nnder  100. 

By  this  means,  assisted,  probably,  by  some  me- 
dhanical  contrivance,  Vega  has  oHupnted,  and  pnb^ 
Ushed^  a  table  of  those  nnmbers  ttqm  1  to  400000. 
And  as  it  will  be  sometimes  useful  in  the  following 
part  of  this  wopk,  to  know  whether  a  given  number 
b^  prime  or  not^  without  ihe  trouble  of  computing 
it,  a  table  is  given  at  the  end  of  this  volume,  exhi-r 
biting  all  the  prime  numbers  Irom  2  to  }i)000. 

/ 

f  EOP.  II. 

30.  Every  prime  nnmbfr,  greater  than  2,  is  of 
f^e  of  the  forms  4a|»-f  1,  ov  4l^r- 1  • 

For  ey^xy  nnmher  whatever  is  either  divisible  by  4, 
cr,  when  the  divis^n  by  4  is  cani^d  on  as  far  as  possi- 
ble, there  will  be  a  remainder,  1 ,  2,  or  3  ;  that  is, 
#?^  Anmber  whatever  is  incbid^d  under  one  or 
j^f h^  of  i|ie  four  forms 

4n,  4n-hl,  4fi+2,  4n  +  3. 
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Bat  the  first  and  third  of  these  fcmns  azeevea  nam* 
bers^  being  of  the  form  2n,  and,  therefore,  cannot 
contain  any  prime  number  >  2 ;  and^  consequently,    9 
all  prime  numbers  greater  than  2,  are  contained      ' 
in  the  other  two  forms ;  and,  therefore,  every  prime 

number  is  found  in  one  or  other  of  the  two  forms 

> 

4n  +  1 ,  or  4n  i  3 ;  but  4«  +  3  =  4(«+l)-l,  *4n  -  1 ; 
therefore  every  prime  number  is  of  one  of  the  forms 
4«±  1.  —  a.  E.  D. 

Cor.  1.  Every  prime  number  being  of  one  of 
the  forms  4n-f  1,  or  4«i—  1,  and  as  n,  in  these  forms, 
must  be  eithor  even  or  odd,  we  may  subdivide  them 
into  tihe  four  foUowing  forms : 

1.   If  n  be  even,  or  of  f  4w+  1 5*s8n'-|- 1 ; 


f  4w+l 
X  4«-l 


the  form  2n%  \4n—l  :*i8n'- 1  s*58w"  +  7. 

2.    If  n  be  odd,  or  of  f  4«  +  1  :*58n'  +  6 ; 
the  form  3n'-Fl,        \  4«— 1:*:8«'  +  3. 

Hence  all  prime  numbers,  greater  than  2,  with 
regard  to  8  as  a  modulus,  are  of  one  of  the 
forms 

8n+l,  8n  +  3,  8n  +  5,  orSn  +  f, 

Cor.  2-  The  two  forms  4w+  1,  separate  prime 
numbers  into  two  principal  divisions,  that  are  found 
to  possess  very  distinct  properties,  which  ^11  be  the 
subject  of  pur  future  investigations ;  Ave  shall,  there- 
fore, in  this  place,  only  give  a  few  of  those  numbers, 
under  each  form,  in  order  to  render  this  classifica- 
tion the  more  famifiar  to  the  reader. 

Primes  s*:4n+l,  ar?  1  5  13  17  29  37  41 
53,  &c. 

Primes  %49i-l,  are  3  7  II  19  23  31  43j» 
&c. 

Tile  otber  four  Sonan,  alsp,  which  are  obtained 
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in  the  foregoing  corollary,  and  in  which  the  above 
two  are  necessarily  involved,  lead,  also,  to  another 
principal  classification  of  prime  numbers,  each  class 
posseting  propeities  exclusively  its  own.  Primes 
divided  according  to  this  modulus  are  as  follows : 

8n+l 1   17  41  73  89  97  113. 

8n  +  3 3   11    19  43   59  67     83. 

Sn+S  -  -  -.5   13  29  37   63  61    101. 

8n+7 7  23  31   47   71   79  103. 

Which  are  evidently  numbers  distinct  from  each 
other^  and,  as  we  observed  above,  possess  very  dis- 
tinct properties,  highly  curious  and  interesting, 
many  of  which  a^ e  demonstrated  in  the  following 
chapters. 

PROP.  III. 

31.  Evpry  prime  number,  greater  than  3,  is  of 
pne  of  the  forms  6n  +  1 ,  or  6n  —  1 . 

For  every  number  whatever  is  either  exactly  di- 
visible by  6,  qr  when  the  division  is  carried,  on  as 
far  as  possible,  there  will  be  a  remainder  1 ,  2,  3,  4, 
or  6 ;  that  is,  every  number  whatever  is  of  one  of 
the  forms  6n,  6n  +  1,  6«  4-  2,  6n  -f  3,  6»  +  4,  6«  -h  6. 
But  the  firat,  third,  and  fifth,  of  those  nun^bers,  are 
divisible  by  2,  and  the  fourth  is  divisible  by  3,  and, 
therefore,  no  one  of  these  forms  can  contain  prime 
numbers  greater  than  3;  and,  consequently,  aU 
prime  numbers,  greater  than  3,  must  belong  to  one 
of  the  other  two  forms  6n  +  1 ,  or  6n  +  5 ;  but 
6n  +  5  ^xSri  —  1 ;  therefore,  every  prime  number, 
greater  than  3,  is  of  one  of  the  forms  6n  -f  1 ,  or 
6n— 1.  —  a.  E.  D. 

Cor.   Since  every  priine  number  is  of  one  of  the; 
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forms  6n+  1^  or  6n—  l^  and  as  n^  in  these  forms, 
must  be  either  even  or  odd,  these  may  be  subdivided 
Into  the  four  following  forms : 

1.  If«*2«,  -  -  -  {en-i^i2n'-lU.l2n+.n: 

3.  Ifn*2«'+1,    -if'^\t\T''ll' 

Hence  every  prime  number,  with  regard  to  mo- 
dulus 1 2,  is  of  one  of  the  four  forms 

12«+1,  12w-f5,  12n  +  7,  orl2n+ll: 

or,  which  is  still  the  same,  every  prime  number  is 
of  onex)f  the  forms  12+  1,  or  I2n±  5. 

Scholium.  It  should  be  observed  here,  that  al- 
though all  prime  numbers  are  contained  in  one  or 
other  of  the  foregoing  forms,  derived  from  art.  30 
and  31,  we  nmst  not  conclude  that  the  converse  of 
the  proposition  is  true  also ;  namely,  that  all  num- 
bers contained  in  these  forms  are  prime  numbers: 
this  is  evidently  not  the  case  in  the  form  4n+ 1,  if 
It = 6 ;  nor  in  4n  —  1 ,  if  n  s  4  ^  and  similar  exceptions 
may  be  found  for  every  other  form  that  may  be  de« 
vised :  in  fact,  no  formula  can  be  found  that  shall 
express  prime  numbers  only,  as  appears  from  the 
following  proposition. 

PROP.  IV. 

32.  No  algebraical  formula  can  contain  prime 
numbers  only. 

Let  />-f  ya:  +  nr"  +  Ar^  +  ,  &c.,  represent  any 
general  algebraical  formula,  and  it  is  to  be  demon* 
strated,  that  such  values  maybe  given  to  x,  that 
the  formula  in  question  shall  not  produce  a  prime 
pumber,  whatever  values  are  given  to  p,  y,  r^  Sy  &c. 
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For  snppose^  in  the  first  plaoe^  that,  by  making 
x^m^thefbrmnla 

is  a  prime  namher. 
And,  if  now  we  assume  x  =  /n  -f  ^p,  we  have 

P= ...---;> 

nf^     -    .    ^    .    -    -    -  rm*  +  2rjw4>P  +  r^V 
sa?^     -    .    •    -  «»' +  3^m*^p  +  3*iw4^  V  +  5^  V 
&c. 
Or, 

j?-h5fx  +  rj?*  +  «r'=(p  +  ym4-rw*  +  *w'  +  ,  &c.)  + 
p(j4>  +  2rwi<p  +  2^n^<^)  +  p''(r^*  +  3*7»<p*)  +  ^^  V  = 
P  +  p(9<p  +  2rm^  +  35i»'<p)  +  v\r<p^  +  3Jm<p')  +  5<p^p\ 

But  this  last  quantity  is  divisible  by  p ;  and,  conse* 
qnently,  the  equal  quantity 

.    p  +  9«  +  nT'^  +  ^r'  +  ,  &c., 

is  also  divisible  by  p,  and  cannot,  therefore,  he  a 
prime  number.  Hence,  then,  it  appears,  that,  in 
any  algebraical  formula,  such  a  value  may  be  given 
to  the  indeterminate  quantity,  as  will  render  it  cK- 
visible  by  some  other  number;  and,  therefore,  no 
algebraical  formula  can  be  found  that  contains 
prime  numbers  only.  —  a.  e.  0. 

Scholium.  But  although  no  algebraical  for- 
mula can  be  fotind,  that  contains  prime  numbers 
dnly^  there  are  several  remarkable  ones  that  con- 
tain a  great  many;  thus  a^*  +  J?  +  41,  by  making 
successively  x=0,  1,  2,  3,  4,  &c.,  will  give  a  series 
41,  43,  47,  53,  61,  7l>  &c.,  the  first  forty  terms  of 
which  are  prime  numbers.  The  above  formula  is 
mentioned  by  Euler  in  the  Memoirs  of  Berlin  (1772, 
page  36). 
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We  may  likewise  add  the  two  foUowijig;  tnz., 
A'*  +  X  +  1 7,  and  2a^  +  29,  of  which  the  fornix  has 
seventeen  of  its  first  terms  primes^  and  the  latter 
twenty-nine. 

Fermat  asserted^  that  the  formula  3**  4- 1  was 
always  a  prime^  while  m  was  taken  any  term  in  the 
leries  I,  2^  4,  $,  l6^  &€.$  hut  Eoler  founds  that 
3^*-f.  1  =641  X  6700417  was  not  a  prime.  These 
examples  are  sufficient  for  showings  how  easily  we 
are  led  into  error  from  induction,  and  how  little  it 
is  to  be  depended  npon^  in  mathematical  investi-^ 
gations. 

PROP-  V. 

33.  The  number  of  prime  numbers  is  infinite. 

For  if  not,  let  the  number  of  them  be  represented 
by  n,  and  the  greatest  of  all  those  primes  by  p^  then 
it  is  evident^  that  the  continued  product  of  all  the 
pnrne  puii(ibers>  not  exceedii]^  p^  as 

will  be  divisible  by  each  of  those  numbers,  and^ 
therefore,  if  1  be  added  to  it,  it  will  be  divisible  by  no 
one  of  them ;  and,  consequently,  if  the  formula 

(2  .3  .  5  ,  7  .  n />)  +  l 

be  divisible  by  any  prime  number,  it  must  be  by 
one  greater  than  p ;  and  if  it  be  not  divisible  by  any 
prime  whatever,  it  is  itself  a  prime  number,  which 
is  necessarily  greater  than  p;  therefore,  in  either 
ease,  we  nrast  hare  a  prime  number  greater  than 
p ;  and,  consequently,  p  is  not  the  greatest ; 
neither  is  n  the  greatest  number  of  them,  smd 
jthe  same  is  true  of  all  finite  numbers  p,  wd  m 
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therefore,  the  number  of  prime  numbers  is  in- 
finite ♦.  —  a.  E.  D. 

PROP.  VI. 

SA.  If  a  be  any  number  whatever,  and  b^  b\  6", 
&c.,  all  those  numbers  that  are  less  than  ,2a,  and 
also  prime  to  it ;  then  will  all  prime  numbers  be 
contained  in  one  or  other  of  the  forms 

4an  ±  ft,  4an  ±  ft',  4an  ±  ft'',  &c. 

For  every  number,  when  divided  by  4a,  will 
leave  for  a  remainder  one  of  the  terms  in  the 
series 

O,    1,   2,    3,   4,   &c.^   4a— 1; 

or,  which  is  the  same, 

±0,    ±1,    ±2,    ±3,    ±4,   &c.,   2a. 

But  it  is  evident,  that,  when  any  one  of  these  re- 
mainders has  a  common  divisor  with  4a,  the  num- 
ber contained  under  that  form  is  not  a  prime  num- 
ber, it  having  the.  same  common  divisor  as  the 
remainder  and  modulus;  rejecting,  therefore,  all 
those  remainders  that  have  divisors  common  with 
4a,  and  representing  the  others  by  bj  ft',  ft",  &c.,  it 

"*  It  has  also  been  demonstrated  by  Legendre  (art.  404>,  JE^ai 
sur  la  Th€orie  de^  NomWa),  that  every  arithmetical  progre8sio.n, 
of  which  the  first  term  and  common  diiFerence  are  prime  to  each 
other^  contains  an  infinite  number  of  prime  numbers.    And,  also, 

that  if  N  represent  anv  number,  then  will  ■   ^^^ ;  be  the 

^  "  A./o^N— 1.08366 

number  of  prime  numbers  that  are  less  than  n,  t«ry  nearly.     We 

should  have  added  here  the  demonstration  of  this  very  curious 

theorem,  but  that  it  depends  upon  a  fluxional  consideration, 

which  could  not  be  well  introduced  Into  an  elementary  work  of 

this  kind^ 
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is  manifest^  that  all  prime  numbers  will  be  con- 
tained in  the  forms 

4an±b,  Aan±h\  Aan±l/\  &c., 

at  least  all  those  that  exceed  the  prime  factors 
of  a.  —  a.  £•  D« 

Cor.  1 .  Hence  we  may  dedoce,  generally,  the  fofn^ 
x>btained  at  art.  30  and  31 ;  viz. 

^    If  n=:  1,  all  prime  numbers       545  An±  1 
If  n=±  2,  all  prime  numbei^  <         «   T  o 

If  n = 3,  all  prime  numbers  <       1  o »  +  5 

rtfcl6w±l 
If  11=4^  all  prime  numbers  <   5^516^+  5 

*llie  number  of  forms,  therefore,  to  any  par- 
ticular modulus,  depends  upon  the  number  of  in- 
tegers, that  are  less  than  half  that  modulus,  and 
also  prime  to  it;  and  we  haA'e  shown  (art.  24) 
how  this  number  may  always  be  ascertained.  Sup- 
pose, for  example,  that  2n  was  the  given  modulus : 
make 

K  =  a%*c^,  &c. ;  then 

a—l      i— 1      c— 1     o 

K  X X  — r—  X y  &c,, 

a  0  c   ' 

will  represent  the  number  of  forms. 

Thus,  if  the  modulus  was  60,  then  we  have 

30  ==  2  .  3  .  5 ;  and,  consequently, 

2-1     3-1      5-1 

30  X X  — -—  X  -^ —  =  8, 

2  3  5^ 

f  h«  number  of  forms,  which  are  as  foUowi^ : 
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€on±  1 
6on±  7 
6on±ll 
6011+13 


6on±lT 
6on±  igr 

6o»±23 
6on±29. 

And  hence  it  appears^  that  those  numbers  are  to 
be  preferred  for  moduli,  that  have  the  least  number 
of  integers  less  and  prime  to  themselves ;  as  we  there- 
by exclude  a  greater  number  of  quantities,  that  are 
not  primes ;  or,  which  i$  the  same,  we  have  thus  a 
less  number  of  foiiaulse  for  expressing  those  that 
are  primes.  For  example,  if  instead  of  modulus 
6o,  which  has  only  eight  forms,  we  had  taken  6l, 
as  a  modulus,  we  should  have  had  thirty  forms ; 
and  under  these  thirty  forms,  every  number  what- 
ever, not  divisible  by  6l,  may  be  ea^pi^essed;  and, 
consequently,  with  this  modulus,  no  number  is  ex* 
eluded ;  and,  therefore,,  no  advantage  gained  by  the 
classification. 

SckoUum.  It  may  not  be  amiss,  to  add  here  a  few 
remarks  upon  the  probability  of  any  number,  fallii^ 
under  any  one  of  the  above  forms,  being  a  prime 
number,  when  taken  between  certain  limits.  In 
order  to  which,  it  will  be  proper  to  enumerate  the 
number  of  prime  numbers,  under  certain  periods, 
as  deduced  from  VegcCs  Mathematical  Tables^  in 
which  are  given  all  prime  numbers,  from  2  to 
400000;  and  by  means  of  which  the  following 
tablet  has  been  formed;  which  exhibits,  at  one 
view,  the  number  of  primes  under  and  between  the 
limits  of  every  10000  numbers. 
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€i 


Utder 


^0. 0fprimet.    | 

Ko,  t^prii 

10000 

11230 

Between  1.0000  and  SOOOO 

1033 

20000.' 

'2^63 

20000 

30000 

983 

30000 

3246 

SOOOO 

40000 

958 

4O000 

4204 

40000 

50000 

d30 

50000 

5134 

50000 

60000 

924 

60000 

6058 

60000 

70000 

879 

70900 

6936 

70000 

80000 

901 

soooo 

T837 

80000 

90000 

S76 

96000 

8713 

lOOOQO 

9592 

100000 

150000 

4257 

IJOOOD 

13849 

150000 

200000 

4195. 

200000 

17984 

200000 

25000Q 

4061 

956000 

S2045 

<50000 

30f»00 

3d53 

300000 

25998 

300000 

350000 

3979 

350000 

29977 

350000 

400060 

5864 

400000 

33861 

Now  the  number  of  integers  falling  nnder  one  or 
other  of  the  above  tight  forms  to  modulus  6o^  u^ 

lOOOOx*    "^^^ 


for  overy  loooo. 


66 


43^^  and  out  of  this 


immber,  for  the  first  lOOOO^  theM  are  1230> 

axe  really  primes ;  whence  the  probability  of  a  nnm^ 

ber  being  a  prime  that  falls^nder  one  <]^  the  above 

forms  is  ttttt,  tf  it  be  under  10000.     -  --^^ 

1033 


Jf  the  number  be  between  lOOOQ  and  20000^ 
If  the  number  be  between  20000  and  30000^ 


^■■*> 


1333 
1333 
1333 


If  the  nmnber  be  between  30000  and  40000, 

&c. 

This  calcodation  is  made  upon  a  supposition^ 
that  the  number  of  primes,  in  the  above  eight  forms, 
are  equal  to  each  other,  which  is  not  strictly  true ; 
«ttch  an  hypothesis,  however,  may  be  assumed,  in 
a  rough  estimation  of  this  kind,  without  aflfecting, 
in  any  great  degree,  the  truth  of  the  result 
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PROP.  VII. 


35.  Three  prime  numbers  cannot  be  in  arith- 
metical progression,  unless  the  common  difference 
of  them  be  divisible  by  2x3=6;  except  3  be  the 
first  of  the  prime  numbers,  in  whijch  case  there 
may  be  three  prime  numbers  in  arithmetical  pro- 
gression, whose  common  difference  is  not  divisible 
by  6,  but  there  can  be  only  three. 

For  all  prime  numbers  greater  than  3  are  of  one 
of  the  forms  6w+  1,  or  6w+  5.  Also,  if  the  com- 
mon diffe]:ence  be  not  divisible  by  6,  it  must  be  of 
one  of  the  forms  6m  -h  1,  6m  +  2,  6m  +  3,  6m  +  4,  or 
6m  +  3 ;  or  it  may  be  otherwise  represented  by 
6m  +  r,  r  being  any  one  of  the  numbers  1,2,3,  4, 
or  5.  And,  therefore,  three  numben^^  in  arithmetical 
progression  will  be,  either 

1st,  6«+l,  6(n-f  m)  +  r+l,  6(w  +  2w)  +  2r+ I;  or 

2d,    6»  +  5,  6(n  +  m)  +  r  +  5,  6(w-f  2in)-|-2r-|-6. 

And  it  is  to  be  proved,  that  some  one  of  these 
terms,  in  both  series,  is  divisible  by  2,  3,  or  6;  and, 
consequently,  that  they  are  not  all  primes. 

First,  let  r  =  1,  2,  3,  4,  or  5  ;  then  we  have,  in 
the  first  series, 


{ 


r  -h  1  =  2,  3,   4,   5,   or  6 ; 
2r+l=3,  5,   7,  9,  or  11. 


And  here  it  is  evident,  that  either  r  -h  1 ,  or  the 
corresponding  term  2r  +  1,  is  divisible  by  2,  3,  or  6; 
and,  consequently,  one  of  the  three  terms  in  the 
first  series  is  also  divisible  by  the  same ;  and,  there- 
fare,  they  are  not  all  three  primes.     And  we  are 


I 


{ 
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led  to  the  same  result  in  the  second  series ;   for^  by 

mdkingr=l,  2,  3  4^  5, 

r  +  5=6,  7i     Sy     9,  or  10; 
2r+5  =  7,  9,   11^   13,  or  15. 

Where^  also>  one  or  other  of  the  two  corre- 
sponding terms  has  a  common  measure  with  6; 
and,  therefore,  these  three  terms  are  not  all  primes; 
Consequently  there  cannot  be  three  prime  numbers 
in  arithmetical  progression,  unless  their  common 
diflerence  be  divisible  by  6,  if  we  except  the 
case  where  the  first  term  of  the  progression  is 
3*  And  in  this  case  there  can  be  only  three^  for 
othei-wise,  by  taking  away  the  first,  there  would 
still  remain  three  prime  numbers  in  arithmetical 
progression^  of  which  the  common  difference  is  not 
divisible  by  6,  which  is  contrary  to  what  has  been 
demonstrated  above.  —  a.  e.  d. 

PROP.  viii. 

36.  Tiiere  cannot  be  five  prime  numbers  in 
arithmetical  progression,  unless  their  common 
difference  be  divisible  by  2  x  3  x  5  =  30 ;  except 
when  the  first  term  df  the  progression  is  6,  in 
which  case  there  may  be  five  prime  numbers  in 
arithmetical  progression,  whose  Common  difference 
is  not  divisible  by  ^0,  but  there  can  be  no  morel 
than  five. 

For  all  prime  ntinibers  greater  than  5  to  modului 
30,  are  of  one  of  the  fofUowing  forms : 

30n+    1,  30/14-    7,  3071+11,  30n+13, 
30w  +17,  30n  +19,  30w  +  23,  30n  -h  29, 

And  since,  by  the  fqregoing  proposition^  three 
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prime  numbers  cannot  be  in  arithmetical  pro- 
gression^  unless  their  common  difference  be  divisible 
by  6,  it  follows  a  fortiori^  that  5  cannot  be  so  un- 
less the  common  difference  be  also  divisible  by  6; 
therefore,  the  common  difference,  in  this  case,  as 
compared  with  modulus  30,  must  be  of  one  of  the 
forms30w  +  6,  30iii+12,  30m +18,  or  30m +34, 
all  other  forms  being  rejected  as  not  being  divisible 
by  6,  which  we  have  seen  is  a  necessary  condition. 
Assuming,  therefore,  30n  +  r  for  a  general  ex- 
pression for  prime  numbers,  and  30m-\-6p  a  ge«» 
Beral  expression  for  the  common  difference^  our 
five  terms  of  the  progression  will  be 

30n-i-r, 

30(n  +  m)  +  r  +  6p, 
30(n  +  2m)  +  r  +  12p, 
30(n  +  37n)  +  r  +  1 8jfi,  and 
30(n  +  4m)  +  r  +  24p. 

Now  it  readily  appears,  that  whatever  value  is 
given  to  r,  of  the  above;  viz.  1,  7^  11?  13^  17> 
19,  23,  or  29;  and  to  p  of  those  which  it  repre- 
sents; viz.  1,  2,  3,  or  4;  one  or  other  of  the  ex- 
pressions r-^-Qpy  r  +  12p,  r  +  18/>,  or  r-\-2Apj  is  di- 
visible by  one  of  the  numbers,  2,  3,  or  6.    Thus, 

Ifr=l,  and/>=l,  then  r-f24pM-*5. 
lfr=l,  andj9=2,  thenr+12pM^  6. 
Ifr=l,  andjp5=3,  thenr+18p*+'  6. 
Ifr=l,  and/^=4,  thenr+  6p^  5. 
And  so  on  of  any  other  values  oip  and  r. 

*  This  character  signifies  dividhle  by,  and  is  only  employed 
to  save  theltftietition  of  those  words. 


prime  Numbers;  6/ 

lence  it  follows,  \hat  these  five  numbers  can- 
hot  be  all  prime  numbers ;  that  is^  five  prime  num- 
bers cannot  be  in  aiithmetical  progression,  unless 
their  common  difference  be  divisible  by  3Cf,  if  we 
texcept  the  case  in  which  the  first  term  of  the  pro- 
gressioii  is  5 ;  which  evidently  is  excepted  in  the 
demonstration,  as  our  forms  are  for  primes  greater 
than  5.  The  ttro.  primes,  2  add  3,  arc  also  excepted ; 
and,  with  regard  to  the  first,  it  is  fevident  it  cannot 
form  the  first  teim  of  Such  a  progression,  becahSe  it 
is  an  even  number ;  but  3  may  be  taken  for  a  first 
term,  and,  by  giving  to  r  this  value,  the  slame  im- 
{>ossibility  will  appear.    There  eaiinot,  therefore, 
be  fire  prime  numbers  iii  arithmetical  progression, 
tmless    their  commcin    difference  be  divisible  by 
5x3x5,  Excepting  only  thd  case  where  the  first 
term  is  5,  aiidinthis  case  there  can  be  only  five ;  for  if 
there  were  six,  by  taking  away  the  first,  there  would 
still  remain  five  prime  numbers  in  arithmetical  pro- 
gression, ivhose  common  difference  would  not  1^ 
divisible  by  30,  which  is  contrary  to  what  has  been 
shown  hbove.  —  a^  e.  d. 

Cor.  In  the  saxBe  muiinei-  it  may  U  demon- 
strated  that  seven  prime  numbers  cannot  be  in 
arithmetical  progression,  unless  their  common  dif- 
ference be  divisible  by  2  x  3  x  5  x  7»  210 ;  except 
the  .first  of  those  prime  numbers  be  7^  iu  which 
case  there  may  be  •  seven  prime  liiimbers  in  arith- 
metical progression,  of  which  the  common  dif- 
ference is  not  divisible  by  210,  but  there  cannot  b? 
more  than  seven.  And,  generally,  there  cannot 
be  n  prime  numb^s  in  arithmetical  progression, 
tmless  tbeir  common    difference  be  4ivi$iUe   by 
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2x3x5x7x11,  &C-,  n ;  except  the  case  in  which 
n  is  the  first  term  of  the  progression,  in  which 
case  tliere  may  be  n  such  numbers,  but  not  more. 


PROP.  IX.     I 

37-  The  sum  of  any  number  of  prime  num- 
bers in  arithmetical  progression  is  a  composite 
number. 

This  is  evidently  tru^,  if  the  number  of  terms 
in  the  progression  be  an  even  number,  because  then 
their  sum  will  be  even,  and,  therefore,  composite* 
We  have,  therefore,  only  to  consider  the  case,  in 
which  the  number  of  terms  in  the  progression  is  odd. 
Let,  then,  p  be  the  first  prime  number,  and  d  the 
common  difference  of  the  progression;  then,  if 
we  consider  at  first  only  three  terms,  they  will  be 

/I  +  (/^  +  rf)  +  (jt?  +  2rf)  =  3j9 -h  3rf, 

which  is  evidently  divisible  by  3,  and,  therefore,  a 
composite  number.  If  we  take  five  terms,  they 
will  be 

/?+(;?  + ^)  +  (j?-|-2rf)  +  (;>  +  3rf)-t-(p  4- 4rf)  = 

bp  +  lOrf, 

which  is  evidently  divisible  by  5 ;  and,  generally,, 
we  may  assume 

;p+(;H-rf)  +  (/>-h2rf)  +  ,  &c.,  {p^-^nd) 

for  any  progression,  the  sum  of  which  is 

(l  +  2n)rfx2n     ,  .        ,  .     . 

<2n  +  1 )/?  +  ^ -^ =  (2n  +  1 );?  -h  (2n  +  1  )nrf ; 

it  will  be  divisible  by  2/^+1,  and  i9>  therefore,  a 
composite  number.  —  a.  £•  d. 
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PROP.    X. 

38.  If  a  taxd  h  be  any  two  numbers  prime  to 
each  other^  and  each  of  the  terms  of  the  series 

A,  2h,  3b,.  4b, {a-l)b, 

be  divided  by  a,  they  will  each  leave  a  diflerent 
positive  remainder. 

For  if  any  two  of  these  terms^  when  divided  by 
a,  leave  the  same  remainder^  let  them  be  repre- 
sented by  xb  and  j/b,  and  their  common  remainder 
byr;  so  that  d:fc  =  na  +  r,  andy6=wia  +  r;  then  it 
is  evident,  that 

xb^yb^nU'-ma 

will  be  divisible  by  a.  But  this  is  impossible,  for 
xb—yb^b  y.  {x—y)  \  in  which  product  the  factor 
b  is  prime  to  a,  and  (x— y)<a;  because  both 
X  and  y  are  less  than  a,  by  the  hypothesis ;  con- 
sequently, their  difference  must  be  so ;  but  if,  of  two 
factors,  one  be  prime  and  the  other  less  than  a  third 
number,  the  product  is  not  divisible  by  this  number 
(cor.  6,  art.  11);  therefore,  by.{x—y)  is  not  di- 
visible by  a;  and,  therefore,  xb=^na-^r,  and 
yb^ma  +  r,  are  impossible ;  that  is,  no  two  of  those 
terms  can  leave  the  same  remainder,  when  both  are 
divided  by  a.  —  a.  e.  d. 

Cor.  1 .  Since,  then,  the  remainders  arising  frpm 
the  division  of  each  of  the  terms  in  the  series 

ft,  2ft,  3ft,  4ft,  -  -  -  («-l)ft, 

by  a,  are  different  from  each  other  and  a  —  1  in 
number,  also  all  of  them  necessarily  less  than  a ; 
it  follows,  that  these  remainders  include  all  num^ 
bers  from  1  to  a—  1. 
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Gpr.  3.  Hence^  again^  it  appears,  that  eom^ 
one  of  the  above  teiine  will  leave  a  remainder  1 ; 
Und  that^  therefore^  if  b  and  ft  be  any  twp  number^ 
prime  to  ^ach  pther^  a  number  x  <  a  may  be  found, 
that  will  render  bx-^l  divisible  by  a ;  or^  the  eqnan 
tion  &r— 4^=s }  i^  always  ppsaiUe,  if  a  aoji  b  are 
|iumber$  prime  to  each  other. 

And  it  is  always  impossible  if  a  and  b  have  any 
pommon  mfsasure^  as  h  evident  \  because  one  side 
pf  the  equation,  b^—aif^l,  would  be  divisible  by 
this  common  measure;  but  the  other  side,  I,  would 
not  be  so :  therefore,  in  this  case^  the  ec|uation  i$ 
impossible. 

Cor.  3.  We  have  seen,  in  the  foregoing  corollary, 
that  the  equation  fco?— fly=l  is  always  possible, 
when  ^  and  b  are  prime  to  each  other ;  and  the 
same  is  evidently  true  of  tlie  equation  bx  —  ay^  —  1, 
for  a  —  1  is  one  of  th6^  reiriainders  in  the  above 
series,  so  that  a  yalue  of  a;  <  a  may  be  found,  that 
renders  io?—  (a—  1)  divisible  by  a ;  or  the  equation 
bx^ay^c(>—\  is  ajways  possible ;  but  this  is  the 
same  as  bx—q{y'-  l)=  —  1 ;  or,  makingy—  |  =y, 
bx  —  ay'  =  —  1  is  always  possible :  aiid,  consequent- 
ly, the  equation  ax  —  by^  ±  1  is  always  possible, 
when  a  and  li  are  prini^  to  each  other. 

PROP.  XI. 

39-    If  a  b^  any  j3rime  number,  then  will 

1   .2.3.4.5 (a-l)-hl 

]ac  divisible  by  a. 

For,  in  cor.  2  of  the  foregoing  proposition,  it  is 
Remonstrated,  that  if  a  and  b  be  any  two  numbers 
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jjprime  to  each  other^  another  nttmber  x  may  be 
found  <  a,  that  renders  the  piiodact  bx-^l^a;  or, 
which  is  the  same  things  bx  ^ya  +  1 ;  and  that  there 
is  only  one  such  value  of  x  <  a  may  be  shown  as 
follows : 
The  foregoing  equation  gives^  by  transposition, 

Jo?  — fly=l; 

and,  if  it  be  possible,  let  also 

and  make  sf^x±my  and  j/^y±n,  where  m  il 
necessarily  less  than  a,  because  both  x  and  of  are  so 
by  the  supposition.  Now,  by  this  substitution,  we 
have 

{bx±  bm)  —  {ay  ±  an)  =  1 ;  but 
6a?  —  ay  =  1 ; 

therefore  ±im=  +an,  or  bm^a\  but  this  is  im- 
possible, since  b  is  prime  to  a,  and  m<a  (cor.  6, 
art.  11). 

There  cannot,  therefore,  be  two  values  of  x  less 
than  a,  that  renders  the  equation  &c  —  a^  =  1  pos* 
^ble. 

But  in  the  series  of  integers 

1,  2,  3,  4,  6,  -  -  -^  fl— 1, 

every  term  is  prime  to  a,  except  the  first,  a  being 
itself  a  prime ;  if,  therefore,  we  write  successively, 
J  =2,  6' =3,  &'''=4,  &c,  a  corresponding  term  x, 
in  the  same .  series,  may  be  found  for  each  distinct 
value  of  i,  that  renders  the  product  xb^ay-\-\, 
jJ'i'tfcfly+  1,  sfV^^ay-^- 1,  &c.j  and  it  is  evident, 
that  no  one  of  these  values  of  a?  can  be  equal  either 
to  1,  or  a—  1 ;  for,  in  the  first  case,  we  should  have 
1  x6=siiy-f  1,  which  is  impossible,  because  i<aj 


7fl  Prime  Numbers. 

and  the  second  would  give  (a— l)i  =  ay+l,  or' 
a{b  '-'ff)  =  bi-l;  that  is,  b-^l^a;  which  can  only 
be  when  i  =  a—  1,  or  when  J  =  x,  which  case  is  ex- 
cepted^ because  we  s  appose  two  different  terms  of 
the  series.  In  fact,  since  (a— l)'s*:<iy+ 1,  there 
canr  be  no  other  term,  in  th^  same  series,  that  is  of 
this  form ;  for  if  x^tfeoy'  +  1,  then  (a  —  1  )*  —  or^  would 
be  divisible  by  a,  or  (a— 1 +x)  x  (a— 1.— a:)*-»-a, 
which  is  impossible,  since  each  of  these  factors  is 
prime  to  a,  as  is  evident,  because  j?  <  a,  and  a  i$  a 
prime  number. 

Hence,  then,  our  product 

1.2.3.4.5 (a—l),  becomes 

1   .  Jj? .  b^x' .  b'^x^'  -  -  -  a  -^  1 ; 

but  each  of  the§e  products,  bx,  Vsf^  b"3!\  &c,,  is, 
a3  we  have  seen,  of  the  form  ay  +  1 ;  therefore, 
their  continued  product  will  have  the  same  form, 
and  the  whole  product,  including  1  and  a  —  1,  ^idll  be 

t*:(ay-h  1)  X  (a— l)5*ia'*y  +  fly-ha— 1, 

to  which,  if  unity  be  added,  the  result  mil  be 
evidently  divisible  by  a,  that  is,  the  formula 

1.2.3.4,& (a-l)  +  l 

is  always  divisible  by  fl,  when  a  is*  a  prime  num^ 
ber,  —  ft.  E,  p. 

Cor.  1 .    The  product, 

1   .2,3.  4.  5t--  (a-l), 

is  the  same  as 

l(a-l)2(fl-2)3(a-3),  &c.,  f^Y 

^nd  this  product,  with  regard  to  its  reiquiuder, 
when  divided  by  a,  is  the  same  as 
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±  1*.  2^  3".  4*  -  -  •  \~J  ' 

die  ambigaous  sign  being  plus  ( + )  when  a  —  1  is 
even^  and  minus  (  —  )  when  a  —  1  is  odd ;  that  is, 
-f  when  a  is  a  prime  number  of  the  form  4n+  1, 
and  —  when  a  is  a  prime  number  of  the  form  4n  —  1 ; 
also  this  product^ 

±l^f2^3^4*  —  C^T^")*' 

t 

is  the  same  as 

±f  1.2.3:4 —J; 

and,  consequently,  irom  what  is  said  above  relating 
to  the  ambiguous  sign,  we  shall  have 

1^1.2.3.4 ^^J+l}^«. 

when  a5te4n+  1 ;  and 

{(1   .3.3.4.--^)'-l}-«, 

whena*4;i— Ir  ' 

Whence  it  follows,  that  every  prime  number  of 
the  form  4n  + 1  is  a  divisor  of  the  sum  of  two 
squares. 

Again,  the  latter  form  niay  be  resolved  inta  the 
two  factors 

{(1   .3.3.4---^)+l},x 

{(l.2.3.4-.-^).l}, 
which  product,  being  divisible  by  a,  it  follows^ 
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that  a  is  a  divisor  of  one  or  other  of  these  factors, 
when  it  is  a  prime  number  of  the  form  4n  -  1 . 

Cor.  2.   From  the  first  product,  which  we  havfc 
demonstrated  to  be  divisible  by  a,  viz. 

1.2.3.  4,  &c.,  (a-l)-hl 


I » ■  «  I 


a 

we  may  derive  a  great  many  others ;  as 
1'.  2*.  3.4.5,  &c.,  (a-3)(a-  1)  +  1 


?::  e,  an  mteger, 


a 
l\  2^  3\  4  ,  5,  &c.,  (fl-  4)(a-  1)  -f  1 


e,  an  integer ; 


=  e,  an  integer ; 


and  80  on,  till  we  arrive  at  the  same  form  as  that 
in  con  1. 

Scholium.  The  theorem  above  demonstrated 
was  invented  by  sir  John  Wilson,  as  we  are  in- 
formed by  Waring,  in  his  Mfditationes  Alge- 
hraicoe^  P^g^  380;  but,  notwithstanding  the  sim- 
ple principles  on  which  its  demonstration  is  founded, 
it  escaped  the  observation  of  these  two  celebrated 
mathematicians ;  the  latter  of  whom  speaks  of  it, 
at  the  place  above  quoted,  as  an  extremely  difficult 
proposition  to  demonsti'ate,  on  account  of  our 
having  no  formula  for  expressing  prime  numbers. 
Lagrange  was  the  first  who  demonstrated  this 
tlieorem,  in  the  New  Memoirs  of  the  Academy  of 
Berlhiy  1771  (which  demonstration  is,  as  might  be 
expected  from  the  celebrity  of  its  author,  very  in- 
genious) ;  and,  aftcr%vards,  Euler  gave  a  different  de- 
monstration of  the  same  proposition,  in  his  Opu.sc. 
Juahft,  torn.  i.  page  329,  which  is  upon  a  similar 
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nindple  as  the  foregoing;  and,  finally,  Gauss,  in 
ids  DisqidsHiones  ArithmetkcBy  extended  the  theo- 
^m  hy  demonstrating,  that  ^^  The  product  of  all 
those  minibers  less  than,  and  prime  to  a  given  mim" 
her  c^±\  is  divisible  hy  q.\^^  the  ambiguous  sign 
being  -^  when  fi  is  of  the  fonp  //*,  or  2/)%  p  being 
any  prime  nnmhpr  greater  than  2 ;  and,  also,  when 
/I  =  4;  but  poiiitive  in  all  pther  cases  (Recherches 
Arithmetiques,  page  67)- 

The  theorem  of  sir  John  Wilson  furnishes  us 
with  an  infallible  rule,  in  ahstracto,  for  ascertaining 
whether  a  given  number  be  a  prime  or  not ;  for  it 
evidently  belongs  exclusively  to  those  numbers,  as 
it  fails  in  all  other  cases,  but  is  of  no  use  in  a 
practical  point  of  view,  on  account  of  the  great 
ipagi^itude  pf  the  product  even  fpr  a  few  terms. 

PROP.  XII. 

40.  If  a  and  h  be  any  two  numbers  prime  to 
eai^h  other,  the  equation    - 

qa:—hy^±c 

is  always  possible ;  and  an  infinite  number  of  dif- 
ferent values  may  be  given  to  x  and  y,  that  answers 
the  condition  of  the  equation,  in  integer  numbers. 
For,  by  (cpr.  3,  ait,  38)  the  equation, 

ax—hy^  ±  1 

is  always  possible,  while  a  and  h  are  prime  to  each 
pther ;  and,  consequently, 

acx  —  hcy^  ±  c,  or  ax'  —  hy'^  ±  c;  by  making 

ex  s=  J?',  and  cy  =y : 

ax^d  we  have  evidently  the  same  result  if  we  write 


/ 
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a{x'±^)  for  oaf,  QXid 
h{y'±ma)  for  hf\  for  these  still  give 
a{sf  ±  mb)  —  i(y'  ±  ma)  =  ±  c. 
Or,  again,  making 

af±mb^Xy  andy±ma=y, 
our  equation  becomes 

which  is,  therefore,  always  possible.     , 

And  it  is  evident,  that  by  means  of  the  am- 
biguoas  sign  ± ,  and  the  indeterminate  quantity  m, 
tht  formulae 

j/  +  mb = Xy 

y/±wfl=y, 

will  fiimish  an  infinite  number  of  values  of  x 
and  y,  that  answers  the  condition  of  the  equation 

aX'-by^i  +'c,  in  integers, 

a  and  b  being  prime  to  each  other.  —  o..  e.  d. 

It  is  also  obvious,  that  m  may  be  so  assumed, 
that  X  shall  be  less  than  byOry<  a. 

Cor.  Hence,  in  any  of  our  future  investigations, 
if  we  have  two  quantities,  t  and  w,  prime  to  each 
other,  we  may  always  substitute  tx—uy^c^  c  being 
any  number  whatever,  when  the  state  of  the 
question'  requires  such  a  substitution,  without  con- 
sidering the  particular  values  of  x  and  y,  it  being 
sufficient  for  our  purpose,  in  many  cases,  to  know 
that  the  equation  is  possible. 

But  if  t  and  u  have  any  common  measure,  then 
such  a  substitution  cannot  be  made,  unless  c  have 
the  same  common  measure. 
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PROP.  XIII, 

41.    The  equation  ax-^by^c  is  always  possible, 
if  a  and  b  be  prime  to  each  other,  and 

c>{ah  —  a--b). 

For  let  c = {ab  —  a  —  4)  +  r^  then  the  equation  be- 
comes 

fltr  +  &y  =  (fl  A  —  a  —  i)  +  r ; 

the  possibility  of  which  depends  upon 

^  ab  —  a  '-b  —  by^r 

being  an  integer.    Now  this  equation  is  the  same  as . 

a 

« 
and,  therefore,  it  depends  upon  the  possibility  of 

^ =x  bemg  an  integer ; 

or,  which  is  still  the  same,  by  calling  y  -f  1  =y ', 
upon  the  possibility  of  the  equation  y'b  —  ax'  =  ;• ; 
which  we  have  seen  may  always  be  established,  so 
that  j/'<ay  yr  y  +  l<a;  by  the  foregoing  pro- 
position. 

Since,  then,  in  the  equation 

a  ^ 

y  +  1  is  less  than  a,  of  must  necessarily  be  less  than 
6,  and,  consequently, 

a 
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and,  since  ^  <  ft,  therefore  a?  =  ft  —  1  —  j/ = o,  or  some 
integer  nninber :  whence  the  equation 

is  always  possible,  when  a  and  ft  are  prime  to  each 
other,  and  c  >  {ah  —  a-^b).  —  a.  £.  d. 

Cor.  The  two  foregoing  propositions  are  very 
nsefiil  in  judging  of  the  possibility,  or  impossiblity, 
of  indeterminate  equations  of  this  kind ;  and,  con%i 
sequently,  also,  in  proposing  them,  so  that  they 
may  be  within  possible  limits. 
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CHAP.  IV. 

Oh  the  possible  and  impossible  Forms  of  Square 
Numbers,  and  their  Application  to  Nu- 
merical Propositions, 

PROP.  i. 

42.    Eveiy  square  iramber  is  of  one  of  the  forms 

* 

4m,  or  4w  -f  1 . 

For  every  number,  being  either  even  or  odd,  is 
of  one  of  the  fonns  2ii,  or  2n  + 1 ;  and,  con$e> 
^uently>  every  square  number  is  of  one  of  the  forms 

4n%  »  (4n*-h4n-M);  but 
4n*itiin,  and 

(4«*  4-411 4-l)  =  4(ll*  +  n)-fl  *  4/?  +  1 . 

a.  £.  D. 

Oor.  1.    Every  square  of  the  form  4n  is   ne- 
cessarily even ;  and  every  square  of  the  form  4n  +  1 
is  evidently  odd ;  therefore,  every  even  square  is  of 
the  form  4n,  and  every  odd  square  of  the  form 
4n+l. 

Cor.  2.  By  the  foregoing  proposition  it  appears, 
that  every  odd  square  is  of  the  form  4(n*  +  w)  -M  ; 
and  hence  it  follows,  tliat  it  is  also  of  the  form 
8«  -fl :  for  if  n  be  odd,  n*  is  odd,  and  if  Ji  be  even, 
n*  is  even  also ;  therefore,  in  both  cases,  n^-^-nis 
even;  and,  consequently,  4(n*  +  w)4-l5*58«  +  l; 
that  is,  avery  odd  square  is  of  the  form  Sn+l.    If, 


^  «.  •■ 


80  Pbrms  of  Square  NumAer^i 

therefore^  a  number  be  of  the  form  4n4"  1,  bnt  Hot 
of  the  form  8«+  1,  that  number  is  not  a  square. 

Cor.  3.  No  numbers  of  the  fbnns  4n  4-  2,  or  An  +  3, 
can  be  square  numbers.  Nor  can  any  numbers  of 
the  forms  Sn  4-2,  8/i  4-  3,  8n  4-9,  Sw  4-  6,  or  Bn  4-  7, 
be  square  numbers. 

Cor  4.  The  sum  of  two  odd  squares  cannot  fonri 
a  square,  for  (4n 4-1)4-  (4n'  4- 1 )  *4«  4-  2,  which 
cannot  be  a  square  (cor.  3). 

Cor.  5.  An  odd  square,  subtracted  from  an  even 
square,  cannot  leave  a  square  remainder.     For 

4/1- (4n' +  1)  =  4(»-n')  -  1  !4::4n  4-3, 

which  cannot  be  a  square.  Therefore,  if  the  dif- 
ference of  an  even  and  odd  square  be  a  square,  the 
odd  square  must  be  the  greatest. 

Cor.  6.  If  the  sum  of  an  even  and  odd  square 
be  a  square,  the  even  square  must  be  di^asible  by 
1 6,  or  be  of  the  form  4 V.  For  all  odd  squares 
are  of  the  form  8n  4- 1  (cor.  2) ;  and,  therefore,  if 
the  even  square  had  only  the  form  4/1^*,  w'*  beine 
odd,  the  sum  of  the  two  would  be 

4/1'*  4- 8n  4- 1  =  4(71^*  4- 2n)  4- 1 ; 

and  since  n^  is  odd,  (w'*4-2w)  is  odd  also;  and, 
therefore,  4(w'*  4-  2n)  4- 1  is  not  of  the  form  8w  4- 1 ; 
and,  consequently,  it  is  not  a  square  (cor.  2). 

PROP.  n. 

43.    Every  square  number  is  of  one  of  the  forms 

5n,  or  5n±  1. 

For  all  numbers,  compared  by  modulus  5,  are 
of  one  of  the  forms  9»,  6w±  1,  5n±  2;  that  is,  every 
number  is  either  divisible  by  5^  or  will  leave  for  a 
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remainder  1,  2,.  3,  or  4;  or^  which  is  the  same> 
±  1,  or  ±2:  and,  consequently,  all  sqtiare  niim^ 
bers  are  of  one  of  the  following  forms : 

Nwfibcrs,  Squares,  Fornu, 

5«,  25n'         :<?  6n 

bn±  1,     25n*±  ion  +  1  i*5  3n+  1 

6n±2,     25n*±20>i  +4  tfe  5«  +  4tte5n-i. 

Consequently,  iall  square  numbers  are  of  one  of 
the  foriti^  5n,  or  6w±  1.  —  4.  E.  b. 

Cor.  1 .  If  a  square  number  be  divisible  by  5,  it 
is  also  divisible  by  25 ;  and,  if  a  liumber  be  di^' 
visible  by  5,  and  not  by  26,  it  is  hot  a  squall. 

Cor.  2.  No  number  of  the  forni  5n  +  2,  or  bn  -f  3, 
is  a  square  number. 

Cork  3.  If  the  sum  of  two  squares  be  a  square^ 
one  of  the  three  is  divisible  by  6  j  and,  consequently, 
also  by  25.  For  all  the  possible  combinations  of 
the  three  forms  5n,  5n+l,  and  5n~l,  are  a* 
follows : 

(5n+  l)-f(6n'-|-l)5*:5n  +  23 
(5rt-  1)  +  (5w'-  l)^5n— 22*s5n-f  8, 
5n         +  bnf        tftSn, 

5«  +(5n'-f-l)i*:5n+ 1, 

6n         -l-(5/i'-l)**:5w-l^ 
(6n -h  1)  +  (5n^  - 1)  5*:5n. 

Now  of  these  six  forms,  the  latter  four  have  one 
of  the  squares  divisible  by  5,  and,  thei*efore,  also  by 
35  (cor.  1).  And  the  two  first  are  each  impossible 
forms  for  square  numbers ;  that  is,  neither  of  these 
two  combinations  can  produce  squares :  therefore^ 
if  the  sum  of  two  squares  be  a  square,  one  of  ihfl 
three  squares  is  divisible  by  25. 

VOL.  i«  6 
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Car.  4.  By  means  of  the  two  foregoing  prd- 
positions^  and  their  corollaries^  it  s^peaas^  that  no 
number  contained  uncbr  a  repetend  digit  can  be  a 
square  number. 

For  every  number  expressed  by  a  repetend  digit 
is  equal  to  the  same  number  of  repetend  units, 
multiplied  by  the  particular  digit  under  the  repetend 
of  which  the  numl>er  is  contained. 

But  every  repetend  of  units  is  of  the  form 

and  it  is  only  necessary  to  show,  that  no  number  of 
the  form  4»  4-  3,  or  $n  +  1,  multiplied  by  any  ope  of 
the  nine  digits,  can  be  a  square.  Now  the  following 
products, 

(4m  +  3)x  1, 
(4w  +  3)x4, 
(4n-h3)x9, 

cannot  produce  squares,  because  one  of  the  factors 
is  a  square,  and  the  other  not;  and,  consequently, 
the  product  cannot  be  a  square  (art.  16). 
Again, 

(4«  +  3)  X  2^4n'  -\-2, 
(4nH-3)  X  5^4%'-f  3, 
(4«  +  3)  X  6^4n'  -\-  2  ; 

which  are  all  impossible  forms  for  squares  (cor.  3, 
art.  42).  And  since  a  repetend  unit  is  likewise  of 
ths  form  3n  -*- 1,  we  have 

(5n+l)x3J:fe6<  +  3, 
(5«-M)  x7«55»'^-2, 
(5n-f  l)x8:^6n'  +  3, 

each  of  which  is  an  impossible  fonn  (cor.  2,  art.  43)  ; 
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and,  consequently,  no  repetpnd  digit  <:an  be  a  square 
numbjer.  —  a.  £.  d. 

Cor.  5.  Every  squ^e  nimpiber  being  of  one  of 
of  the  forms  6«,  or  5w±  I  j  or,  wl^ch  is  th<^  &ame 
thing,  of  ope  of  the  three  forms  5|i,  69-1- 1,  or 
5n  +  4;  we  may  farther  divide  them  into  thei 
follpwipg  cla^$es,  according  tq  modn](us  10^  by 
t^^rig  n  even  or  add : 

6m       !:fe  j  o^fy        when  n  is  eyen ; 
5/1       :*  lOr?'  +  5 J  when  n  is  odd ; 
6n  +  1  tfc lOn' -h  1,  when  n  is  even; 
5n  +  1  i^lOn^  +  6,  when  n  is  odd ; 
fin  +  4  ^  10»'  +  4j  when  n  is  even ; 
5n  +  4?^ lOfj-  +  9,  when  » is  odd^ 

Therefqrp,  pvery  square  number^  cqnipai;ed  \)j 
modulus  10,  is  of  one  of  the  form9 

10»,  lOn+1,  10n-h4,  ipn-h6,  lOn  +  6,  lOn-hg. 

And  hence  it  folloyi'^s^  that  all  square  numbers 
are  terminated,  on  the  right  hand,  by  one  of  the 
digits  O,  1,  4,  5,  6j  or  9.  Andj  consequently,  no 
number,  whose  last  digit  is  2,  3>  7^  or  8,-  ik  a 
square  number. 

C9r.  6.  ]^y  an  examination  of  th^  first  fifty 
square  numbers  to  modulus  100,  the  following 
properties  of  the  terminations  of  all  squares  wiH 
be  readily  deduced^ 

1 .  A  square  number  cannot  termintate  with  an 
odd  number  of  ciphers. 

2.  If  a  square  number  terminate  with  a  4,  tlicf 
last  figure  but  one  will  be  an  even  number. 

3.  If  a  square  number  terminate  with  5,  it  will 
terminate  with  35. 
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4.  If  a  square  number  terminate  with  an  odd 
digit,  the  last  figure  but  one  will  be  even ;  and,  if 
it  terminate  with  any  even  digit,  except  4,  the 
last  figure  but  one  will  be  odd. 

5.  No  square  number  can  terminate  with  two 
equal  digits,  except  two  Os  or  two  4s. 

6.  A  square  number  cannot  terminate  with 
more  than  three  equal  digits,  unless  they  be  Os; 
neither  can  it  terminate  in  three,  unless  they  be 
three  4s*. 

PROP.  III. 

44.  All  square  numbers  are  of  the  same  fonnr 
with  regard  to  any  modulus  a,  as  the  squares 

O*,  1*,  2*,  3%  &c., (Tfl)%  when  a  is  even; 

and  as  the  squares 

O^  1%  2%  «^%  &c., ( j ,  when  a  is  odd. 

For  every  number  may  be  represented  by  the 
formula  an  ±  r,  in  which  r  never  exceeds  ^  (cor.  2, 
art.  10).     Now 

{an  ±  r)*  =  a  V  ±  2anr  ^-r^^  a{an*  ±  2nr)  -f  r* ; 

and,  since  the  first  part  of  this  formula  is  divisible 
by  flf,  the  whole  formula  will  leave  the  same  re- 
mainder, when  divided  by  a,  as  the  part  r' ;  that  is, 
it  will  be  of  the  same  form,  with  regard  to  the 


*  By  meajps  of  these,  and  similar  observations  on  the  forms 
and  terminatioDS  of  square  numbers,  we  may  frequently  ascer- 
tain, from  inspection,  whether  a  given  number  be  a  square  or 
not,  without  the  trouble  of  extraction. 
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modulns  a,  as  the  square  r*;  but  r  never  exceeds  4-fl> 
therefore,  all  square  numbers,  as  referred  to  niodu* 
lus  a,  being  of  the  same  forms  as  the  squares 

O',  l\  2\  3\  &c., r*, 

in  which  r  is  limited  not  to  exceed  4^;  it  follows, 
that  all  square  numbers,  to  modulus  a,  are  of  th^ 
same  form  as  the  squares 

O*,  1*,  2*,  3',  &c.,  -  -  -  (ifl)',  when  a  is  even; 
and  to  the  squares 

0\  l\  2\  3\  &c.,  -  -  -  (~^  y  ^^^^  ^  ^s  o^^- 

a.  E.  D, 
Cor.    When  a  is  even,  the  general  formula 

a V  ±  2anr  +  r*,  becomes 
Aa'^n^  ±  Aa'nr  +  r^ 
5*5  Aa\a'n^  ±  nr)  +  r' ; 

therefore,  all  square  numbers  are  of  the  same  form, 
to  modulus  4a,  as  the  squares 

0*,  1',  2^  3^  &c., a^ 

And  hence  we  see,  immediately,  that  all  squares, 
to  modulus  8,  are  of  the  forms  8w,  8/i  4- 1,  or  8w  +  4, 
being  all  of  the  same  form  as  the  three  squares 

0*,  \\  and  2*. 

45.  Scholium  1 .  In  order  to  ascertain  the  fonns 
under  which  all  square  numbers  are  CQUtained, 
with  regard  to  any  particular  number  a,  as 
a  modulus,  -we  need  only  find  the  forms  of  all 
squares  from  0*  to  (-Ta)^  when  a  is  even;   or  to 

f j  ,   when  a  is  odd ;    and   the   results  will 

necessarily  include  the  forms  under  which  every 
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equire  ii\ii¥iB%r  iS^hatfever  iS  cbnlairied :  aiid  thus  the 
following  iable  is  very  readily  comjpAled,  ^hich  fex-^ 
hibits  all  the  possible  formd  of  square  numbers^  fbt 
every  modulus  from  2  to  20,  and  which  may  be 
continued  to  any  length  at  pleasure, 

Tabk  of  the  Forms  under  which  gll  Square 
Numbers  are  contained^  for  every  Modulus 

from  2  to  20. 


oUuli. 

ForinuliE. 

' 

% 

1 

2 

2n 

2»+   1 

-^ 

3 

3» 

3n+   I 

4 

4n 

^n+   1 

i 

5n 

5n±   1 

6 

6n 

^n+   1 

6h+  i 

6»+  4 

7 

In 

7n-|-  1 

7»+  2 

7»+  4 

3 

8» 

8n+   \ 

8n4-  4 

9 

9ii 

Qn+  I 

9»+  4 

9n+  7 

10 

107) 

10n±    1 

IOn±  4. 

10»±  5 

V 

f  lln 

Hn+   1 

ll«+  3 

lln+  4 

1  171+   5. 

12 

I2n 

12n+   1 

I2n+  4 

1271+  9 

13 

I3n 

nn±^  \ 

13n±  3 

\3n±  4 

^^ 

CU?r 

14n+  8 

1471+  2 
14n+  9 

1471+  4 

1471+11 

I47J+  7 

15 

n5ii 

15n+    I 

i5»4-io 

15w+  4 

1571+  6 

1571+  9 

i6 

16)^ 

Ii6«+   I 

I«n+  4 

1671+  9 

- 

17 

17n    - 

nn±  1 

17n±  2 

177l±    * 

177i±  8 

18 

Cl8» 

I8n+   I 
]8n4-l3 

I8n4.  4 
18»+16 

1871+  7 

1 871+ 10 

Cl9» 

lPn+   1 

19?i+  4 

1977+    5 

IQ7Z+  6 

19 

1 

19n+  7 
J9»+17 

]9n+  9 

1971+11 

i97i+io 

20 

(20» 

20n+   1 
2'0n+16 

20/?+  4 

«07i+  5 

2071+  9 
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46.  Scholium  2.  Hence,  by  way  of  exclusion, 
arises  the  following  table,  which  exhibits  all  those 
forms^  referred  to  the  same  moduli,  that  can  never  be- 
come squares,  and  by  means  of  which  we  may  fiequent- 
ly  ascertain  whetlier  a  given  number  be  a  square  or 
not,  without  absolutely  performing  the  extraction. 

Tuile  of  impossible  Forms  for  Square  Numbers 
for  every  Modulus/ from  5  to  20. 


Modaiu 

s 

4 

5 

6 

7 

8 

9 
10 
11 

J2 

15 

H 

15 

10 
17 
18 

19 

•20 


471+  2  4w+  3 
5«+  2  5n+  3 
6»+  ^         671+  5 


Impomhk  Formula. 

■»■■        I    ^W  Ai     I  I       I  ■lo^— 1» 


■**< 


771+  3  771+  5  7/1+  « 

8»±  2  6ii±   3  8n+  7 

9»+  2  9»i  3  9ii+  5  9»+  8 

IOw±  2  '  \0n±  3 

lln+  2  I]7t+  6  1171+  7  II7I+  8     lU+lO 

{I2rt±  2  1271+  3  12n±  5  12w+  6     1271+  8 
1271+10 

I3ii±  2  I37i±  5  13»±   <5 

f  1471+  3  1471+3  14»+  6  14/1+10     14«+I2 

I  1471+13 

Cl.5«+  2  1571+  3  1.571+  5  1571+  7      1571+  8 

\  1571+11  1571+12  I5n+13     15ii+r4 

Jl6«±  2  1671+  3  I67»±  5  16/1+  6     \6n+ 7 

I  1671+  8  1671+12  16/7+15 

1771+  3  17/1+  5  1771+  6  17/1+  7 

n87i+  2  1871+   3  18/1+  5  1871+   6     1871+  8 

I  |gn+  9  187i+n  I8ii+14     1891+17 

19JI+  2  a9n+  3  1971+  8  19/1+10     19/1+12 

19/1+13  1971+14  19/1+15     19/1+18 

(20w±  2  20/1+   3  20/1+  6  20/i±  7     2t)7i±  8 

I  20/1+10  20/1+11  20/1+15     2071+ 1  a 


{ 
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Letntnu. 

47.  In  order  to  simplify  and  abridge  the  de^ 
monstration  in  the  following  propositions,  it  will 
be  proper  to  make  a  few  general  observations  on 
equations  of  the  form  af  -f  hu^  =  11;*. 

And,  first,  we  may  always  consider  a  and  b  as 
quantities  that  have  no  square  factor,  or  divisor ; 
for,  if  a  =  o^^^  and  h  =  fe'fl*,  our  equation  becomes 
a'^'^*  ±  M V = w* ;  or,  making  ^/=r,  andfl?/  =  M', 
we  have  a7'*±iV*  =  w';  and,  consequently,  if  the 
ahove  equation  phfain  whpn  the  quantities  a  and  i, 
or  either  of  them,  have  a  square  divisor,  it  may 
always  be  put  in  another  form,  aT^  ±  ft V^  =  ii;',  in 
which  the  similar  quantities  a!  and  V  have  not  a 
square  divisor;  and,  therefore,  in  what  follows, 
with  regard  to  t^e  possibility  or  impossibility  of 
equations  of  the  foriri  af±bu',  we  may  always 
consider  a  and  b  as  not  having  a  square  divisor. 

Again,  if  the  equation  at^±  bu^  =  w^  be  possible, 
when  <*,  w*,  and  m;',  have  a  common  square  divisor 
^',  it  is  also  possible  when  divided  by  it ;  thus,  if 

«<P^''*±  ft<pV*s=  ^'u?'^  be  possible,  so  also  is 

at''±bu'^^w'% 
which  is  a  similar  equation  to  the  first,  and  11^ 
which  f^y  te'%  and  w',  have  now  no  common  square 
divisor.  And  it  is  evident,  that  no  t^vo  of  th?se 
squares  can  have  a  common  divisor,  unless  the 
third  square  has  the  same.  For,  if  it  be  possible, 
let  t'=rr'<p\  and  u'  =  mV;  then,  ar<p'±  h(''^'  =  tv\ 
where  the  first  side  of  the  equation  is  divisible  by  ^% 
but  the  second  is  not,  by  the  suppositiou,  imd  yet  it 
is  equal  to  the  first,  which  is  ah'iiurd  :  and  the  same 


I 


f4 
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niay  be  demonstrated  if  any  other  two  of  thosci 
squares  are  supposed  to  contain  a  square  divisor, 
not  common  with  the  third;  a  and  b,  having  no 
square  divisor,  as  is  shown  above. 

Hence,  then,  we  may  draw  this  conclusion,  in 
any  case  where  we  are  investigating  the  possibility 
of  an  equation,  of  the  form  af  ±  bu^ = mj*,  the  quan- 
tities a  and  b  may  be  considered  as  not  containing 
a  square  divisor ;  and  also  the  three  quantities  ?,  v, 
and  w,  as  being  prime  to  each  other :  for  if  the 
equation  be  possible  under  these  conditions,  it  is 
possible  when  those  cpiantities  have  a  common 
measure ;  and  if  it  be  impossible  under  the  former 
case,  it  is  also  impossible  under  the  latter. 

And  it  may  be  farther  observed,  that  if  any 
equation  of  the  form  af±bu^^u>^he  impossiUe  in 
integers,  it  is  so  likewise  in  fractions ;  for  make 

t:=i-^u  =^,  and  ti;  =  -,  then  it  becomes 
*  i;  y 

(i-^  ±  u^  ==  -Y ;  which  reduces  it  to  this, 


V      z 


^'t;V* 


ar^v'^±bs'^i/^= — 5-;  or,  making 


^'vV       ^ 


^V=#*,  ^y  =  tt*,  and — ~^tv 

which  last  must  evidently  be  an  integral  square,  we 
have  again  af±bu'^^w^\  so  that  the  possibility  of 
any  fractional  equation  of  this  kind  depends  upon 
a  similar  integral  equation ,  and  if,  therefore,  an 
equation  be  impossible,  in  integers,  with  any  spe- 
cified value  of  a  and  ft,  it  is  also  impossible  iq 
fractions. 


'# 


9d  Form  6f  &qmiTt  Numherk. 

ithx.  Tbe  mdk^  lliat  has  beeb  proT^  t6f  tin) 
eq¥iaiidii^f^  +  ^^:3:ti;^  is  aled  trae  of  the  equation 
^ ±\kt xstxjd^ ^  atidj  l^en^ally,  6f  the  equation 
fl/"±iw*=«;";  it  being  always  understood,  that 
fieith^f  ft  tm  h  Contain  any  fector  that  is  not  a 

PROP.  IV. 

46.  Hie  equation  8f *  ±  S^**' = «<;*  is  diways  im- 
ptussible^  eithet  in  integers  or  fractions^  if  ^  be 
taken  prim^  to  8. 

We  have  seen>  in  the  £E>regoing  lemma,  that  it 
will  bk  fiiiffident  t6  txHisid^r  t  and  n  as  integers ; 
and  that  we  may  ^Iw^ys  'Su{)^ose  f^  »*,  and  w\  to 
he  piiine  to  eath  other.  NoW^  since  3^^  is  always 
©Fthfe  fbrm  3n,  ^hatevtr  tnay  be  the  form  nf  w*; 
fffid  since  t*  nmst  be  of  due  of  the  fonns  3i7>  or 
3n  +  1  (art,  45),  we  shall  have,  either, 

1st,   (3>+?)3n±3^rt*=w?S  or 
2d,    (3/>  +  2) (3n  +  1 )  ±  Squ!"  =  M>^ 

But  iTi  the  first  equatioti^  where  \ve  suppose 
f*5*:3n,  we  have  the  first  side  of  the  equation  di- 
visible by  3 ;  and,  consequently,  the  other  side  tv^^ 
is  also  divisible  by  3 ;  that  is,  both  f  and  tv^  are  of 
the  form  3n;  whereas  we  haVe  sfeen  that  they  are 
prime  to  each  other,  which  is  absurd;  therefore,, 
the  equatioil  is  impossible,  wheh  /is  of  the  form  Sn. 
AgaiYi,  in  the  second  equation,  in  which  We  have 
feu'pposed  i?'£4::3>n- 1,  we  haVe 

{3p  -f  2)  X  {3n  +  1)  ±  3qu'=^w\  or 
9j!)w-f  67?4^3/>  +  2±3^*  =  W7*,  or 
3  {3pn  +  2w  +  jp  ±  qu")  +  2  =  m^'  ;  that  is^ 

M?-t*:3w'  +  2, 


_. :; =     «' 


w      • .    ■  ^    •>     w  i 


wldch  is  impcRsiibte  (Ali.^S) ;  thbrtfbi^^  tbe  equation 
is  always  iiUpidfMiblti,  nAtier  tbe  abbVe  limitation 
of  q.  —  «L.  te;  b. 

Remark.  If  ^  had  not  been  taken  under  tbe  abbve 
restriction^  on)r  demonstratidn  would  necessarily 
have  failed ;  because,  in  th At  tase>  if  we  put  q = 3f  \  \lie 
shduld  have  had  3qU^  =^  ^  •  9»* ;  or^  mcddng  9K**=:  ti^^ 
3qu^==q'u^;  which  would  evidlently  hate  alterfedihe 
form  of  the  equation.  But>  under  this  aboTb  re* 
striction,  we  are  ted  to  several  impossible  ctees^  by 
taking  j7  =:=  0,  or  an  integer  number,  and  q  any  num* 
ber  not  divisible  by  3  :  thus 

p^O,  then  2/*±3u*=ti?'; 
p^l^  then  6<*±3tt'=aM;*j 
jp  =  2,  then  8/*±3w*=ii;*; 
&c.  &c,  &c, 

^re  all  impossible  equations,  which  may  be  carried 
on  at  pleasure. 

In  the  above,  we  have  takeA  J  =  1 ;  but  if  q=i2 

»  =  0,  then  Sf±6u^  =  w^; 

/?=1,  then  b^±6u^—w^; 

p=2,  tkeh  8^*±6A*=ii)*i 
i&c.  4;c.  &c. 

are  alsd  irttj)os^ifbIe  equ'ationis ;   and  thus  \ve  may 

proceed  to  Bdd  impossible  equations,  to  any  length, 

at  plfeasur^f 

FROP.  V. 

49.  The  equation  (5p±2)fdipi5qu'=^w^  is  im- 
possible, when  q  is  prim^to  5. 

For  #'  must  be  of  one  of  the  three  forms,  5n, 
6n+  1,  5n—  1 ;  which  fiimish  the  three  following 
.equations : 


■••- 
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1st,  {bp±  3)  X  6««H69W*  =  tt;*; 
2d,  {bp±ti)x(bn^\)d^bqu''^iv\ 
3d,   {bp±  2)  X  (6»-  1)!+; 55^1**  =  «£)*. 

Ifi  the  first  equation,  in  which  we  suppose 
^'fiteSn,  we  have  evidently  w*^bn*  also;  that  is, 
i*  and  tv*  are  both  divisible  by  5,  whereas,  by  the 
preceding  lemmUy  they  are  prime  to  each  other, 
which  is  absurd;  therefore,  the  e<)nation  is  im- 
possible, when  /*tfc5». 

In  the  second  equation,  in  which  we  suppose 

t*^bn-\'  1,  we  have 

(bp±2)  X  (5n+  l)=^5y^^^  =  ^l?^  or 

2bpn.±  \0n^bp±2^bqi^^w^y  or 

b{bpn±2n-¥p^qu^)±  2=0^*; 

that  is,  w^^bn±2j  which  is  impossible  (cor,  2, 
furt.  43), 

In  the  third  equation,  we  suppose 
^tfe5»—  1,  whi^h  gives 

(5/?±  2)  X  (5/^—  \)d^qu^=^td^y  or 
2bpn±  lOn  —  bpT2^qu^  =  w\  or 
5(5/>n±2»— />«+;aK*)T2=3u;'; 

that  is,  to*^5/2  +  2,  which  is  also  impossible;  and, 
consequently,  as  t^  must  b^  of  one  of  those  forms,  it 
follows,  that  the  equation  {bp±2)f^bqu^^w^  is 
always  impossible,  when  q  is  prime  to  5. 

Cor.  By  means  of  this  proposition,  we  arrive  at 
the  following  set  of  impossible  forms  to  modulus  5j| 
which  may  be  carried  to  any  length. 


2i^z^!ri^  =  U'^j 
Sf'd^bu^-td', 

7ed^bu^^w\ 
sed^bu^=^tv\ 

&c.  &c.  &c. 


3***10w'  =  ?r, 
7^4^  101/-  =  It  S 
8^*4;  10m*  =  11;', 
&c.    &c.      &C. 
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PROP.  VI. 

50.  Every  equation  that  falls  under  any  of  the 
following  forms  is  impossible ;  vit. 

{7j>  +  5y*±7}W=ii?% 

{7P'^6)f±7qu'=^w% 
h  being  always  understood  that  q  is  not  divisible 
by  7. 

For  every  square  number  is  of  one  of  the  fonns 
Jfiy  7w+lj  7^  +  2j    or  7^  +  4  (art.  45). 

But  /"  cannot  be  of  the  form  7^^  ii^  any  of  the 
equations^  because  then  w*  would  be  of  the  same 
form ;  that  is^  both  t^  and  ti;^  would  be  divisible  by 
7,  which  is  contrary  to  the  supposition^  since  they 
are  prime  to  each  other ;  therefore,  f  must  be  of 
one  of  the  other  forms,  if  there  be  any  case  in  which 
these  equations  are  possible. 

Now  in  the  first  equation,  if  we  suppose 
i"fifc7w+  1,  we  have 

(7p4-3)x  (7n+l)±7yM*=ti;*,  or 
49pn  -h  21/7 -h  7p  +  3  ±  7qu^  =  tv^^  or 
7(7pJt  +  3»  +  j»  ±  qu^)  +  3  =  M?*,  or 
Zi;'£r:7n'  +  3; 

an  impossible  form  for  squares  (art.  4^}. 
Again,  suppose  fiXi7n  +  2;  then 

{7p  +  3)  X  (77i  +  2)±75rM*=w*,  or 
4^pn4'2ln+  14p-f6±7}u*=SM;*,  or 
7(7pw  +  3ii  +  2/>±  jw*)-f  6=a?*,  or 

an  impossible  form,  by  the  same  article. 
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If  ^*s*t7w  +  4,  we  have 

7(7/wt  +  3n  +  4i?  +  5w*)+  12  t=u?%  or 

an  impossible  form. 

Tfaerefors,  the  first  eqaation  is  impoasible  uBde# 
every  form  of  /*,  q  being  prime  to  7* 

In  the  second  equation^ 

by  assuming  <^  successively  of  the  three  famtB 

7n  +  1 ,  7^  ^  ^9  7^ -^^9  ^^  ^^  ^^d  ^<^  ^^^  following 
le^ults. 

l»*f»+3,  then  (  ^7/'  +  ^)  X  (7n  +  2)±r?«'=«'** 


I  7»+3; 


=  io'm 


/«*7«  +  4,  then  I  ^7?  +  6)  x  (7n  +  4)  ±  7|p' 

'  '  t  7/1  -fO; 

all  of  wh}^  are  impossible  forms;   and^  conse* 
quently^  the  second  equatipqi, 

is  always  impossible,  g  being  prime  to  7« 
In  the  third  equation, 

(7p^6)f±7qu^  =  w\ 

by    assuming,  as  before,  f  of  the  forms  7^+1, 
7«  +  2,  7^+3^  we  have 


FaFrn^  of  SqucfTB  Ifu]^}ber9.  g^ 


I 


7n'  -r  6 ; 


which  are  likewise  impossible  forms :  and,  conse- 
quently, the  three  given  equations  are  all  impossible^ 
when  q  is  prime  to  7-  —  gl.  e.  d. 

Cor.  This  proposition  fijmishes  us  with  the 
following  particular  cases,  which,  like  the  fore- 
going, may  be  extended  to  any  length. 


,2 


,« 


3r±72£^==?i; 

6f±7u 
iot'±7u^ 
\2f±7y 

13#'±7«* 

&c.      &c. 


=  «;•, 
&c. 


3f±Uu^ 

6f±14w' 
10^  ±141/* 

13#«±14m* 
&c.        &c. 


=  !£?% 

&c. 


ScJioKum.  If  we  examine  the  impossible  forms 
of  the  foregoing  propositions,  it  will  be  readily 
observed,  that  the  multipliers  of  f  are  all  impossible 
forms,  with  regard  to  that  particular  prime  mo- 
dulas  to  which  they  are  referred :  thuS;, 

3p  +  2,      to  moduli^s  3 ; 
5p  ±  3,      to  mpdifli)s  5  3 


7P 
7p 
7P 


+  3,  ^ 


ijiodujus  7- 


And  henee  we  are  le4  to  an  ififdi^eiqiee,  th%t  th^  $%n>e 
is  true  for  any  Qther  priw#  wodttlw  i  th*t  i§,  t}|i| 


J 
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Equations 

(ll;>+   G)f±\\qu*=suf, 

\\\p+\0)e±  ll^'=w*, 
are  all  impossible,  while  q  is  taken  prime  to  1 1 . 
Also, 

(l3/>+    2)/*4:13^«*  =  a?*, 
(I3p±    5)<*«+:13^U»  =  tt'», 
(13p±    6)f*=|::13?J/'  =  W*, 
vhen  9  is  taken  prime  to  the  modulus  13 ; 

And 

{17P±   3)f'=f!l77M''  =  a;*, 

(l7/>±   6y*#;I79M»=a;', 

(17^  ±  6)<*4:l7?a'=a)% 

(17P±    7)<'=f:l79M''=r«% 
when  9  is  taken  prime  to  the  modulus  17; 

Likewise, 

(19;>+  2)^±l99u»=a;% 
(19P+  3)*'±l99/f'=< 
(19P+  8)^±l9?a*=a>% 
(ig!P+lo)/'±19^M*=a)*, 
( 1  S!p  + 1 2)**  ±  1 9v«' = a;% 
(19P+ 13)/'±  19ja'=a;% 
{19;>+  14)<*±  19?«'=w% 
(19;>+l5)^±l99M*=a)% 
(19P+  18)/^±  199M''=a»», 

when  q  is  prime  to  1 9 ;  are  all  impossible  forms  of 
equations  in  rational  numbers. 

These  latter  forms  are  only  deduced  from  ob- 
servation, upon  tlie  supposition  that  the  product  oi^ 
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1  possible  and  impossible  form  is  also  of  an  im- 
podsiUe  form ;  which  property  is,  however,  ri- 
gorously demonstrated  in  the  two  following  pro- 
positions. 

With  regard  to  Such  moduli  as  are  not  prime 
numljers^  they  are  evidently  reducible  to  others 
that  are  prime,  by  means  of  the  indeterminate 
letter  qi 

l»R0l».  vit, 

5 1 .  Let  a  be  a  prime  number,  and  ^  any  numbet 
prime  to  a ;  thein,  if  the  series  of  square  numbers^ 

<p%  2V,  3'(P^  4V,  &C..      -  -  (^)V> 

be  divided  by  a,  they  will  each  leave  a  different 
positive  remainder. 

For  if  it  be  possible,  thfet  any  two  of  these 
Squares,  when  divided  by  tt,  can  leave  the  same  re- 
maiilder,  let  them  be  represented  by  w*<p',  and  «*4J* ; 
that  is,  let  m*^*5*:ap-t-r,  and  n*<p't»:a^  +  r,  r  being 
the  common  remainder  of  each ;  then,  it  is  fevident^ 
that  the  difierence  of  those  squares, 

m*<p*-nV  =  {ap  +  r)  -  (a^  +  *•)==  op-  05^, 
will  be  divisible  by  a ;  but  this  is  impossible,  for 

^V-^ '**<?*  =  <P*  X  (m  +  n)  X  (m-  n) ; 
and  since  both  m  and  n  are  less  than  -^a,  their  sum 
{m-^-v^K  a,  and,  consequently,  prime  to  it,  because 
a  is  a  prime  number,  and  the  same  is  evidently  true 
of  the  factor  ( w  —  «) ;  also  ^*  is  prime  to  a,  by  the 
hypothesis;  and,  therefore,  the  three  factors,  ^% 
(/w  +  n),  and  (m-n),  are  each  prime  to  a;  and, 
consequently,  their  product  $^(m*  —  w*)  is  so  like* 
wise  (cor.  1,  art.  1 1) :  hence,  then,  the  squares  wV* 
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and  Wi'^i*,  caQi^Qit  l?e  Qjf  the  fonm  pa  4-  r,  and  ya  +  r ;, 
that  k,  tb^y  c^not  ha^ve  th^  same  common  re- 
iQ^n(ie];.  Siojce^  tb^refore^  no  two  of  thoae  sqnares^ 
to  modulus  tty  can  have  a  common  remaind^i?,  these 
remw^ders  axe  all  diflft^r^nt  ixQm  each  other: 

a.  £.  Pv 
Cq^.  1 .    The  saiii^.  is  also  tru^e  of  tlpy^  negative  re- 
mainders^ of  the  same  series^  to  the  same  modcilufiy 
by  taking  the  quotient  in  excess;  that  is^  if  the 
series  of  squar€|6, 

<P%  2'<p«,  3V,  4V,  -  -  -  (^)V, 

be  divided  by  Qr^  and  the  quotient  be  taken  in  excess, 
so  th^-  thfi  r^m^n^qrs.  may  become  negative^ ;  the^n. 
will  these  negative  remainders  be  all  diffarent  ffjomr 
«ach  otl^n  Th^.  demonstration  of  which  ia  ena^ctly 
th^  same  as  that  of  the  fw^going  prppo^iiticm^  by* 
m^ipg  w^'c>*i*i/H».-rj  wA»?cJ>f*5r<i--r;.  ~r  being- 
supposed,  the  common  i^ative  remaind^Fi 

Cor.  2.  Since^  in  the  ahov^  demonstratiop^  it  is> 
only  necessary  that  <fe*  diould  be  prime  to  a^  there- 
fore, all  thftt.  hfis  been  proved  of  the  seiies  of 
squares, 

4»«,  3'4>%  3*4>',  4>^  -  -  -  (^)V, 
is  equally  true  of  any  other  series  of  squares, 
^,  3V,  3V,   4'ir?,    -  -  -  (^)'»*. 

providing  tt*  be  prime  to  a ;  and  the  remainder  of 
this  la^t  series  will  be  exactly  the  same  as  the  re^ 
mainders  in  the  former  series,  except  that  their 
order,  may  be  chang^.      For   it   has   beeA  de<- 
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tttoti^frated  (art.  44),  that  the  forms  of  all  squard 
liumbers^  to  any  modulus  o^  are  the  same  as  thosiA 
of  the  squares 

l^  2%  3%  4S  &c.,  ...Q^J;         - 

fhe  iitiiiAei*  6f  fbttfi^  ar^,  th^refbre,  fimited  rieVef  id 
exceed — — ;    and^   consequeatl]^^   the    dasM    j^ 

Mamdbrs  fdll  rectv  iii  atty  serieis,  aiid  only  the 
Wdei*  of  th6m  will  bfe  changed :  and  h^iice  it  fdtows, 
tfrat,  whatever'  retnainder  any  sqttere  ^*  may  feave, 
another  srquare  7>iV*  may  be  fotind^  that  Will  leave 
fhe  samiB  rfena'aiiidler;  and,  therefore,  if  snf  —  ^^  lie 
divisi^k  liy  a,  then\j/^*  -  #iV*  =  m*  x  {s-x")  is  also 
ffivigible  fiy  a,  and  litewis^  *— w*,  beciausc  wi*  is 
supposed  prime  to  a* 

l>kOP.  vilL 

53.  The  mtiltiplicatioii  of  a  possible  afld  impbs'-' 
fibte  fomi  of  squai'e  numbers,  to  the  same  modulusf^ 
always  prodtices  an  impossible  form. 

Let  a  be  any  piime  number^  aiid  let 

^l>       ^8>       ^3>       ^«        etc., 

•  < 

be  the  remainders  arising  from  dividing  the  series 
of  squares^ 

4>%  2•4>^  3*4>',  4«4>%  &c.,  (^)V, 
by  the  modulus  a,  then  will 

represent  all  the  possible  forms  of  square  liumbers^ 
to  modultis  a  (art.  44) ;  and,  since  the  ntunb^  of 

B2 
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these  I'emainders  r,,  r^,  r,,    &c.,    never  exceearf' 

3  it  follows,  that  there  are  the  same  nnmber  of 

impossible  forms  ;  which  may  be  represented  by 

aq  +  Si,  aq  +  Si,  frqi-s^y  &c.; 

and  it  is  to  be.  demonstrated,  that  any  one  of  these 
impossible  forms,  being  multiplied  by  any  of  the  aboT« ' 
possible  forms^  wilt  produce  an  impossible  form. 

For  let  w'<^*  ^ap  -i-  r^  represent  any  possible  form^ 
and  aq  +  s^  any  one  of  the  impossible  forms ;  then^ 
if  (ap  -\-  r«)  X  {aq  +  s^)  produce  a  possible  form> 
OT*4>*  X  (aq  +  ^,)  =  aqm^4>^  -f  j.aw'(^*  will  be  the  same ; 
or,  s^m^^^y  because  the  first  part  aqm^^^  is  divisible 
by  a;  but  if  this  be  a  possible  form,^  that  is,  if, 
when  divided  by  a,  the  remainder  be  found  in  th«' 
series  of  possible  remainders, 

r»   r,,    r„    r„  &c., 

let  it  be  represented  by  r,.,  then  it  is  evident,  that 
the  square  y*^*,  whence  this  remainder  is'  derived^ 
being  of  the  fonn  ap  +  r,,  and  sjn!^^^  being  supposed 
also  of  the  form  op'  +  r^,  we  sliould  have 

^^m'4>*  -  t?'<p"  =  (ap'  +•  r,)  -  {gp  +  r,).  = 
(ap^  —  f//>)  divisible  by  a ; 
and,  consequently, 

(V'l*^^' —  v*<^*)  =  ^^( V**^  «^^)  divisible  by  a^ 
but  ^*  is  prime  to  a,  therefore  it  must  be 

{sjn^'-'V^)-^a. 

But,  whatever  remainder  the  square  v*  may  give  t<f 
modulus  a,  another  square,  mV*,  may  be  found, 
that  will  have  the  same  remainder  (cor.  2,  art-  51);, 
and,  consequently,  if  {sjn^-v^)  be  *^a,  then  will 
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(sjn^  -  mV*)  be  *+-  a ;  but  (^,?»*  —  mV)  =  m*(^. — t*), 
And  m  is  less  than  a,  and,  therefore^  prime  to  it ;  con- 
sequently, if  m*(s^  —  T*)  be  divisible  by  a,  (s^ — at') 
must  be  so  13cewise;  that  is,  t*  divided  by  a  must 
have  a  remainder  s^,  or  T^^^ap  +  s^;  but  this  is  an 
impossible  form  of  squares  by  the  hypothesis,  there- 
fore, (Sn — t')  is  not  divisible  by  a ;  that  is,  tibe 
product  (ap  +  r,«)  x  (a^j  +  5«)  cannot,  when  divided 
by  a,  leave  for  a  remainder  any  number  in  the  series 
of  possible  remainders. 


^19     ^2^     ^SJ     ^4> 


&c. ; 


and,  therefore,  the  remainder  of  this  product  must 
fall  in  the  other  ^ries 

^i9    ■*S5    '"^45     "^fcCr  9 


•IJ     •«>    *S3 


and,  consequently,  (a/^  -I-  r„)  x  (ay  +  *„)  is  always 
an  impossible  form;  that  is,  the  product  arising 
from  a  possible  and  impossible  form,  is  itself 
Also  an  impossible  form.  —  a.  £.  D. 

Henee  we  have  demonstrated  the  truth  of  what 
was  deduced  from  ^observation  in  jthe  scholiurfi, 
^art  50). 

P«LOP.  IX, 

53.  To  ascertain  the  possibility  or  impossibility 
of  every  equation  of  the  form 

The  rule  for  this  purpose  is  deduced  immediately 
from  the  foregoing  proposition ;  viz.  that  a  possible 
form  multiplied  by  an  impossible  form  always  pro- 
vinces the  latter:  for  from  hence  it  follows,  that 
ax^  is  always  of  the  same  form  as  a,  with  regard  to 
possible  or  impossible ;  and,^  in  the  same  manner,  hj^ 


i^  of  th^  j^i^Q  iojm  a^  i^  aod  c;s^  pf  jthe  s^iwe  fori^^ 
a*  f^*  NffV  (i^^nUf  tberi^fpfe  c:^^  —  hy^  must  ba 
^sp  of  ;th€  fiopii^  1^ ;  aajt)^  conseqij^ently,  ^z^  must 
iMj^e  io^e  sain«  r^Hxai^d^r,  when  d^iijed  ))]r  a,  ^ 
llj^  doea  wb^n  dl vi(}^d  by  t|ie  same :  it  is  e vid^t^ 
t^l»fpre^  th;?^  ^b^^i^  r^paai^^rs  ipjQSt  b^  both  of 
^§  class  nf  pos^ibl^  ri^maiad^rs^  pr  both  impp^siblfs, 
for  otherwia^  they  cpuld  not  be  ^q^al  ^  but  the$i^ 
i^f»9^iic}^r$  wil^  b^  of  tb^  spqfie  clasps  sfs  c  find  6  ar^  j 
and  hence  it  follow^,  that^  if  c  apd  6  ar^  both  fp^nd 
among  the  remaipdiers  to  modulus  (7^  or  neither  of 
them  are  found  there,  tbe  ecpatipn  may  be  possible, 
but  if  one  of  them  is  found  thpre,  and  the  other  not, 
the  equation  is  certainly  impossible.  And,  in  the 
same  manner,  if  a  and  p  be  both  found  among  the 
remainders  to  mpdulus  hy  op  if  i^eitfa^  of  them  be 
found  there,  the  equation  may  b^  possible ;  but  if 
one  is  found  there,  and  fhe  other  iiot,  the  equadoi^ 
is  certainly  impossible.  And,  fpr  the  s^n^e  reason^ 
m  and  —  ^,  or,  which  is  equivalent,  a  and  c  —  i,  must 
be  either  both  found  among  the  remainders  of  modur 
lus  c,  or  neither  of  them,  if  the  equation  be  possible. 
Having  thus  shown  the  principle  of  the  rule,  it  may 
be  delivered  more  briefly  thus : 

Find  the  forms  of  all  squares  to  modulus  «,  or^ 
which  is  the  same,  the  remainders  arising  from  di- 
viding the  squares, 

1%  2%  3%  4\  &c.,  (+«)«,  by  a ; 

and,  if  h  and  c  are  both  found  ill  this  ^.erU^  of  rar 
mainders,  or  if  neither  of  them  be  fovmd  thea^e,  tho 
equation  may  obtain ;  but  if  one  of  tU^in  \m  foui^d 
there,  and  the  other  not,  the  equ^tiai^  is  cert^nl  j 


impossible,  and  it  will  be  needless  to  proceed  any 
farther  in  the  investigation.  But  if  one  of  the  two  first 
conditions  have  place,  then  fincl  the  remainders  of 

1*,  2%  3*,  4%  8cc.,  (^)',  di^dded  by  J; 
and  these  remainders  must  be  submitted  te  the  ^ame 
test,  with  regard  to  a  and  c ;  and  if  one  of  thehi  be 
found  there,  and  the  other  not,  the  equation  is  im- 
possible, and  we  need  proceed  no  faither  in  the  in- 
vestigation. But  if  this  be  not  the  casfe,  find  the  re- 
mainders of 

1*,  2*,  3%  4%  &c.,  (4^)%  divided  by  €; 
and  if  a  and  (c  —  6)  be  both  found  iii  this  series,  or  if 
neither  of  them  be  found  there,  the  equatidn  is 
possible,  supposing  the  same  td  have  had  plate  in 
the  other  two  series ;  but  otherVvise  the  equation  is 
certainly  impossible. 

It  is  to  be  observed,  that,  when  any  one  of  those 
three  quantities  is  gteater  than  the  modulus,  with 
the  remainders  of  which  it  is  compared,  it  must  be 
divided  by  the  modulus  and  remainder  used,  instead 
of  the  quantity  itself.  It  may  be  also  farthet  ob- 
served, that,  if  any  one  of  the  three  quantities,  a^  J, 
or  Cj  be  miity,  only  two  trials  will  bfe  necessary,  and, 
if  two  of  th^m  be  unity,  but  one. 

These  operations  will  be  considierably  abridged 
by  means  of  the  following  table,  wbich  exhibits  the 
remainders  to  every  modulus,  firoih  i  tU  51^  ex- 
cepting only  those  numbers  that  contain  sc^uare 
factors,  because  a,  6,  and  r,  cohtain  no  scjuare 
factors  (by  art.  4^) ;  and  hence  the  possibility 
or  impossibility  of  any  equation,  in  which  the  co- 
efficients do  not  exceed  66,  may  be  ascertained  l)y 
inspection. 
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Table  of  the  Remainders  of  Squares  to  eve^y 
Modulus,  from  2  to  51. 


McdMU, 

St 

3 

5 

6 

7 
10 
11 
13 
14 
15 
17 
19 
91 
82 
83 
526 
39 
30 
31 
33 

34 

35 

37 

38 
39 
41 
49 
43 

46 

^^ 
91 


Remainders, 


4 
3 
3 
4 
3 
3 
2 
4 
2 
4 
4 
3 
2 
3 
4 
4 
2 
3 
2 


4 
4 
5 
4 
4 
4 
6 
4 
5 
7 
4 
3 
4 
5 
6 
4 
4 


6 
5 
9 
7 
9 
8 
6 
9 
7 
4 
9 

6 
9 
5 
9 
8 


9 
9 

10  12 


9  U 


8 
10 
9 

15  Id  18 

11  12  14  15  16  20 
8   9  12  13  16  18 


13  15  16 
9  11  16  17 


9 
6 


10  12  14  16  17  22  23  25 

7  9  13  16  20  22  23  24  25  28 

10  15  16  19  21  24  25 

7  6  9  10  14  16  18  19  20  25  2^ 

12  15  16  22  25  27  31 

9  ^3  15  16  17  18  19  21  25  26  30 


32 

33 

4 

9 

11 

14 

15 

16 

21 

25 

29 

30 

3 

33 

4 
34 

7 

36 

9 

10 

11 

13 

16 

21 

25 

26 

27 

28 

30 

4 
88 

5 
30 

6 
35 

7 
36 

9 

11 

16 

17 

19 

20 

23 

24 

25 

26 

3 

4 

9 

10 

12 

13 

16 

32 

25 

27 

30 

36 

3 

33 

4 
36 

5 

37 

8 
39 

9 

40 

10 

16 

18 

20 

21 

23 

25 

51 

33 

4 

7 

9 

15 

16 

18 

21 

22 

25 

28 

SO 

•36 

37 

39 

4 
31 

6 

a5 

9 
36 

10 
38 

11 
40 

13 
41 

14 

15 

16 

17 

21 

23 

24 

3^ 

2 
27 

3 
29 

4 
31 

6 
32 

8 
35 

9 
36 

12 
39 

13 
41 

16 

18 

23 

24 

25 

26 

2 
25 

3 
27 

4 
28 

6 
32 

7 
34 

8 
36 

9 

37. 

12 
42 

14 

16 

17 

18 

21 

24  ^ 

4 
43 

9 
49 

13 

15 

16 

18 

19 

21 

23 

25 

• 

30 

34 

36 

4<3        ^ 
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Ex.  1 .    It  is  required  to  ascertain,  whether  the 
equation  Jx^  4- 1  ly*  =  132®  be  possible  or  impossible. 

llate7n+4,  and  13ete7n  +  6. 

Now  4  is  found  iu  the  table  to  belong  to  modnlas  7r 
hut  €  is  not  found  there,  whence  the  equation  is 
impossible. 

j^x.  2.    Find  whether  the  equation 
7^'  -f  1  ly'  =  23  5;*  be  possible  or  impossible. 

ll:*:7»  +  4,  a»d  $3 ;:t: 7n  +  2. 

And  4  and  Q  being  both  found  to  belong  to  mo- 
dulus 7 J  the  equation  may  be  possible^ 
Again, 

7*lln  +  7,  and234::lln+l. 

'Now  one  of  these  remainders,  1,  belongs  to  mo- 
dulus 11,  but  7  does  not,  therefore  the  equation  is 
impossible. 

£x.  3.    Find  whether  the  equation 

1  4j^  +  6y'  =  i7«*  be  possible  or  impossible. 
6firil4n  +  6,  l7t*:14n  +  3. 

And  neither  6  nor  3  belongs  to  modulus  14,  there- 
fore the  equation  may  be  possible* 
Again, 

14s*i6»+2,  l7;*:6n  +  5. 

And  neither  2  nor  5  belongs  to  modulus  6,  the 
equation,  therefore,  may  still  be  possible. 
Also, 

14tto7n+14,  and  17-6ifel7n+ 11. 

*  And  neither  11  nor  14  belongs  to  modulus  17f 
therefore  the  equation  is  possible.     In  fact, 

14•l.l•  +  6.1*=17.10^ 
These  examples  wil)  be  quite  sufficient  for  exr 
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plaimxig  cmr  operation ;  it  ttk^j  not,  however,  be 
BUperfliKMifi  to  add,  that,,  when  an  ecjnation  appears 
under  the  $ona  a**— ^*s=c«%  it  is  immediately 
traniiform^d  to  the  sort  of  equation  we  have  been  in- 
vestigating, by  writing  it  c«*  +  iy*  =  aa^.  The  cases, 
in  which  one  or  two  of  the  coefficients  become 
unity,  are  evidently  involved  in  the  general  form 
above  given,  and^  therefore,  need  no  examples  *. 

PROP*   2fC, 

64,  The  equadoii  4^^  *^y  ss  g,^^  is  always  possible 
in  integers, 

For,  if  we  resolve  x*— y*  into  its  factors  x+y, 
and  0?— y  (which. are  the  only  two  litaeral  factors 
that  the  formula  admits  of ),  and  also  az^  into  any 
two  factors  am^^  and  nm^,  we  have,  by  comparison^ 

^— y=ifw* ,  J  X  x—i/=amf, 

which,  by  multiplication,  becomes  x*— y^  =  am'#V^ 
or  x*-y*  =  as%  by  making  z^mtu. 
Now  these  equations  give, 

1st,  x= -,  and  ws= ; 

2d,   x  = ,  andyss . 

On  making  m  =  2,  in  order  to  clear .  the  ex-. 
pressions  of  fractions,  they  become, 

IwSt,  x  =  a<*  +  w*,  andys=a<*r-«*; 
2d,  x=tt*4-a<*,  andy  =  M*  — «^: 

therefore,  the  equation  is  always  possible  in  inr« 
tegers.  —  a.  £•  d. 

^  See  PAST  It.  chap.  iii.  prop.  5. 


Rxnus  cf  Square  IVtimka^s.  tOf 

We  may  also  take  m^l,  or'  any  odd  nnmber, 
pnly  observing,  jtbftt  if  a  be  odd,  ue  must  have  # 
end  u  both  odd ;  for,  otherwise,  :f  aad  y  would 
not  be  integer3.  And  if  a  b^  ^vea^  tlwen  u  must  be 
even  likewise. 

Cor.  J.  If  a  be  a  prime  number,  the  solution 
above  given  is  the  only  one  the  equation  admits  of 
in  integers,  for  x-^y  and  x—y  are  the  only  literal 
factoi's  of  X*— 3^*^;  and  amf  and  mu^  are  the  only 
factors  of  lyx*,  with  regard  to  form;  and,  conse- 
quently, one  of  the  two  equalities  must  obtain ;  but 
the  quantities  t  and  u  being  indeterminate,  they 
will  furnish  an  infinite  number  of  numerical  solu- 
tions. But  if  a  be  a  composite  number,  then  the 
lequation  may  have,  beside  the  two  solutions  given 
above,  as  many  diflerent  literal  solutions  as  there  are 
different  ways  of  producing  a  by  two  factors ;  thus^ 
jf  a  sc  Ac,  we  may  have 


2d,  {^^y^^^i   \    or  |^  +  y  = 
i  JP-y  =  Cl/lM^  J  |j:-.y  = 


=  cmtt^. 


bmt\ 


Cor.  2.  The  equation  j?— y*  =  a:i^  includes  the 
two  forms  x^  —  az^:=sy^\  and  j:"  +  az"  =  ?/;  for,  by 
transposition,  the  first  of  these  l^ecomes  .r*  —  ;/  =  ox*, 
and  the  latter  1/*  —  jr' =  rt::;^  which  are  evidently  both 
pf  the  same  form. 

Therefore,  if  it  be  required  to  make  ,v'*  -\  az^^y^ 
a  square,  we  may  have  x^at^  —  u\  or  =u'  —  at\ 
and   z^2iu;   whence  x'^ -^ at' ^ {at' +  u^Y ;    or  we 

.may  have  x=— ^^ ,  and  ^  =  ^//,  which  give 
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x'  +  az' 


And  to  make  a:*  — fl2;*=y*   a  square^   we  mar 
assnme  x^^af^-u^^  and  2  =  2/tt,  which  give 
jr*-a2«  =  (flf^-M')%  or  =(tt'-af')'j 
or  we  may  take 

XTisi —    ana2  =  fw. 

2      ' 

Cor.  3.  But  if  a=  1^  and  the  equation  becomes 
4;^  4-  s^ = y*^  then  we  may  have  indifferently  x^f^u^, 
and z  =  2tu,  or  j?  :=  2tu,  and z  =  f  —  u^,  unless  there  be 
any  thing  in  the  nature  of  the  equation  that  }imits 
these  forms :  as,  for  example,  if  it  be  necessaiy 
that  one  of  the  quantities,  x  or  z,  be  even ;  then  i( 
is  obvious,  that  the  even  quantity  must  have  the 
form  2tu. 

With  regard  to  the  equation  j?  — 2*=y^  it  give^ 
cither  x=^f  +  u*y  and  z^2tUy  or  z  —  f  —  u^y  both 
of  which  valws  of  z  answer  the  required  condition^ 
of  the  equation. 

Ex.  Find  the  values  of  x^  y,  and  2,  in  the  equa- 
tion a;*  — y*  =  302*. 

Here  the  following  sv^b^titutions  may  be  made, 

f  X  -hy  =     me,         r  X  -hy = 30m*% 
*    1^— y=30;/m',       1  J?— y=^     w^w*. 


2mu^. 


4     r«+y=  5»*'',  orl^"^^^  ^^^' 
And  making,  in  each  of  these,  m^2,  in  order  tq 
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tvoid  fractions,  we  have  the  following  general  in- 
tegral values  of  x  and  j/ : 

(  x=   f*  +  30w%        fa'=30f+   u\ 

^      f  X-  3f*  +  I0u\        f  jr=:  10<"  +  3u\ 
"'    t  y  =  3/*-  10w%  ^^  \  y=  10/*'-3rt*; 

.      far=5<*+    6u\        ( x=   6f+5u\ 

In  which  fonnulee,  /  alid  u  may  be  any  integer 
numbers  whatever. 

PROP.  XI. 

55.    The  two  indeterminate  equations, 

cannot  both  obtain^  with  the  same  values  of  x  and  ff. 

For,  in  the  first  place,  x  and  y  may  be  con- 
sidered prime  to  each  other  (art.  47),  and,  there- 
fore, X  and  J/  both  odd,  or  one  even  and  one 
odd;  and  we  see,  immediately,  that  it  is  j/  that 
must  be  even:  for  if  j:*:454w-f  1,  and  y5i:4n+l, 
then  jp*+y^:*:4u  +  2,  which  cannot  be  a  square; 
and  if  j:'tfc4/i,  andy**4n+  1>  thena:*— 3/*;*;4n  +  3, 
which  is  also  an  impossible  form ;  therefore  x  is 
4Mld  and  ^  even. 

Henoe,  then  (cor.  3,  art.  54)^  we  must  have. 

Which  furnish  the  following  equation*: 

r'~j»=  <»  +  ««, 


{ 
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Now^  in  these  equations,  r  is  prime  to  s,  ancl 
t  prime  to  u ;  for  otlien^^ae,  x  and  y  wonM  faav^ 
a  common  measure,  which  is  contrary  to  the 
supposition ;  and,  ferther,  as  x  =  r*  —  **  is  odd,  one 
of  these  quantities,  r  or  s,  is  even,  and  the  other 
odd ;  and  the  same  is  also  true  of  t  and  u,  because 
f  +  u^=xis  an  odd  number^ 

Again,  since  — = m  is  an  integer,  either  r  or  s, 

or  bothj  must  contain  the  factors  of  t ;  for  other- 
wise the  quotient  would  not  be  an  integer :  we  may, 
therefore,  make  t  =  a5,  supposing  a,  i,  to  be  its  two 
factors,  which  may  always  be  done,  because,  in  the 
case  of  t  being  a  prime^  we  have  only  to  make  one 
of  these  two  factors  equal  to  unity :  anil^  since  th.  se 
factors  are  also  contained  in  rs,  we  may  write  r  =  ar', 
and*  =  fc/,  whence  w  =  /<*';  and  now,  substituting 
these  values  for  r,  j,  #,  and*  w,  the  above  equation' 
becolnes . 

And  here,  since  r  is  prime  to^y,  and  t  tou;  r^y  s',  a^ 
and  ft>  are  all  prime  among  themselves,  tts  is  evident; 
fibr  if  we  suppose  any  two  of  the  quantities  to  have 
a  common  measure,  as,  ibr  example,  a  and  ft,  liien^ 
since  a  and  b  enter,  either  separately  or  (Connectedly, 
into  three  of  the  above  quantities,  the  fourth,  r'/^ 
must  have  the  same  common  measure,  that  is,  t^dby 
andw=ir'/,  would  have  a  common  measure,  whereas 
we  have  seen  that  they  are  prime  to  each  other; 
and,  consequently^  r\  ^,  o^,  and  6,  are  all  prime  to 
one  another. 

Now,  by  transposition,  this  equation  becomes 
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aV«-^'*r^=ra*J'  +  y*i%  or 

a^^^'^  br 

And  here,  sinee  a^  is  prime  to  /•,  (f  +  s^  is  prime 

to  tt^-T*'*,  or  they  hav^^  only  the  common  measure 

2  (art.  8) ;  and  we  have,  therefore,  these  two  cases 

t»  coBsider  sepsu'ately.     First,  -suppose  €^  +  s^  and 

a*  —  /*  to  he  prime  to  each  other,  then  the  fractiou 

a'  +  y*.    .    .  .  r'* 

-z — ::;;  is  in  its  lowest  terms,  as  is  also  tt-,  because 

r'  is  prime  to  h ;  and  hence,  the  t>vo  fractions  being 
equal  tOi  each  other,  and  in  their  lowest  terms,  we 
must  have,  as  resulting  from  the  first  suppositLon, 

Again,  let  a*  +  *'*  and  a*  — ^  have  a  common, 
measure  2,  then 

« 

the  first  and  last  of  which  fractions  are  in  their 
lowest  terms,  and,  consequently, 

^(a»-0=i%  j  ^^  1  a*-^  =  26*; 
the  last  of  which  gives 

Now  these  two  results  in  both  cases  are  exactly 
similar  to  the  originied  equations,  only  here  the 
quantities  are  mtich  smaller  than  in  that,  at  least  r^, 
^^  and  i,  a,  are  less  than  y^  because  y^t^^iJb. 


{ 


{ 
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Hence,  then,  it  follows,  that,  if  the  equatiomt 


/«'  + 


+y=2% 


%  I 

i 


{ 


it&K  both  possible,  with  the  ^ame  values  of  x  ana 
yy  it  woald  also  be  possible  to  find  similar  eqtiati<ms> 

a/* -/'=«*",• 

'trhich  would  Silso  be  possibley  and  in  which  y  <  ^> 
And,  in  the  same  mannet ,  if  these  last  Were  possible, 
we  might  still  find  others,- 

t 

where  y"^  <  y,  and  so  oh  of  others,  ad  infinitum. 
But  it  IS  impossible  for  a  series  of  positive  integers, 

f,  r>  y",  y"\  &c., 

f 
to  go  on  decreasing  to  infinity,  without  becoming^ 

:^ero ;  in  which  case  our  equations  ar^ 


{ 


9  ft 

X^  =^  W'^i 


And,  consequently,  the  two  proposed  eqtiations  can 
ilcv^r  obtain,  ivith  the  sam^  values  of  x  anrf  y,  ex- 
cept when  y  3=0;  that  is,  the  double  equality 


{ 


4 ^« 


x'^  —  T/^^w^j 


U  impossible.  —  a.  e.  d. 

Cor.  1.    Hence,  also,  it  appears,  that  the  tw6' 
equations, 

x*-^f-2z\ 

are  impossible,  with  the  same  values  of  x  and  y, 
for  these  may  be  reduced  to 


{ 


{ 


{ 
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and  the  two  last  being  impossible^  the  former  ar» 
impossible  also. 

Cor.  2.    The  two  equations 

are  both  impossible^  with  the  same  values  of  x 
and^. 

For  we  may  consider  x  and  y  as  prime  to  each 
other;  and^  therefore,  both  odd,  or  one  even  and 
one  odd ;  but  they  cannot  be  both  odd,  for  then 

3a? +y  =  3(4n-f  1)  +  (4n' +  1)  !*:4n  +  3, 

which  cannot  be  a  square.    Neither  can  x  be  even 
and  y  odd,  for  then 

-la;* -y«  as  3(4n)  -  (4«' + 1 )  5*54n  +  3, 

which  is  an  impossible  form.     And  if  y  were  even 
and  X  odd,  then 

21?*  +y*  ==  2(4n  +  1)  +  4n':*;4»  +  2, 

which  is  also  impossible ;  and^  therefore,  the  two 
given  equations  cannot  both  obtain. 
,  Cor.  3.    And  this  again  shows  the  impossibility 
of  the  two  equations 

x*  +  2y*  =  2«% 

for,  by  doubling  these,  we  have 

2j?'+(2y)»=s(2a;)*, 
{2yr^(2w)\ 

tvhich  we  have  seen  are  impossible* 

VOL.  I.  I 


{ 

he 
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PROP%  XII. 

56.    Tbe  two  indeterminate  eqnatioHs, 


are  impossible,  with  the  same  yahies  of  x  and  y. 

As,  in  the  foregoiiig  proposition,  we  may  con- 
sider X  and  y  as  numbers  prime  to  each  other,  also^ 
as  in  that,  x  must  be  odd  and  y  even ;  and,  there- 
fore, we  must  have  (cor.  3,  art.  54), 

1st,  (^='''-«'''|«r|^»^-''' 


'^'{IZ^I^!'}  •"•«*«> 


{ 


rs  =     tu% 

and  it  is  to  be  demoofitrated,  that  diese  two  equali- 
ties caiiAot  obtain  at  the  same  time. 

Now,  for  the  same  reason  as  in  the  foregoing 
proposition,  r  is  prime  to  s,  and  ^  to  ti ;  also,  as  in 
that,  we  may  make  r^a/^  s^hs\  t^qb,  and 
nasr^^;  which  four  quantities  are  all  prime  to  each 
other,  for  the  same  reason  as  in  the  foregoti^  pro^ 
positaMi;  and  these  values,  being  substituted  fer  r, 
Sy  t,  and  u,  give, 

1st,  r^c^  -2*'*6»=fl»iV2r^jr 
2d,   S^'^i^-r^a*  =  a'**  +  sr^*'* : 

whichj  by  transposition,  &c.,  become 
and,  by  division^ 
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a^  +  2s^_r^  2^^-q^    ^ 

Now,  since  «*  is  prime  to  a\  the  ntunerators  of 
th^se  two  first  fractions  are  prime  to  their  re-^ 
spective  denominators,  or  they  have  only  the 
common  measure  2;  for  if  a' +  2*^,  and  a*— 2^, 
have  any  common  measare,  their  sum  2a^  will  have 
the  same ;  but  2a^^  and  a*  +  2^^  can  have  no  other 
common  measure  than  2,  and  this  can  only  be 
when  a  is  even ;  for,  if  a®  be  odd,  a*  +  2**  is  odd, 
and  is,  therefore,  not  di\nisible  by  2;  and,  if  a  be 
even,  s  must  be  odd,  because  they  are  prime  to 
each  other:  c^o  in  this  case  we  may  make  a=  2af, 
whence  our  two  expressions  become     • 

8ff'*,  and  4a* +  2^*; 

an  J,  after  dividing^  by  2,  we  have 

4a'',  and2a''  +  /*, 

one  of  which  is  even  and  the  other  odd,  and  they 
are,  therefore,  in  this  state,  prime  to  each  other ; 
hecaue  ^  is  prime  to  c^.  There  are,  therefoce,  two 
eased  to  consider  si^arately:  first,  when  the  miiae- 
ratM«  and  denominators  are  prime  to  each  other; 
and,  secondly,  when  they  have  the  common  mea- 
Mre  2. 

In  the  first  case,  we  must  have, 

The  second  supposition  ^ives, 

-,.     f«*+2y*  =  2r«,        -.      f2y»  +  a*  =  2**, 
*"*   1  <f-a/»=36';         ^^'    t  2^-a'  =  3r^. 

Now  the  second  and  third  of  these  forms  .afjeim- 

i2 


L 
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possible  (corollaries  2  and  3  of  the  foregoing  pro- 
position) ;  and  the  fourth,  being  doubled^  is  similar 
to  the  first,  being 

-      (2^*  -f  2fl*  =  {2by, 

{2sy^fkv=:{2r'y. 

And,  therefore,  if  the  original  equation, 

x^  —  2y = a?*, 

be  possible,  it  is  also  possible  to  find  a  similar 
equation, 

in  which  s  ox  r^ <y',  hecanse  y — abrs. 

And,  in  the  same  manner,  if  this  last  were  pos- 
sible, we  might  and  another  stiU  less. 


{ 


{ 


a?''^  +  2y^  =  5;'^ 


in  which  ^  <  ^ ;  and  so  on  of  others  still  less,  ad 
infinitum :  whence  we  conclude,  the  same  as  in  the 
foregoing  proposition,  that  the  two  given  equations, 

j^+2/=;2;% 
X*  —  2y  *  =  W*, 

are  impossible,  with  the  same  values  of  x  and  y. 

a.  £.  D. 
Cor.    Hence  again,  the  two  equations. 


{ 


X  2x*  — i/*  =  2a;*. 


are  impossible ;  for,  if  we  multiply  these  by  2,  they 
become 
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f  (2x)*  +  2y=(2a!)», 
l(2ar)*-2/  =  (3a;)*; 

and  this  being  impossible,  the  first  is  so  likewise. 

SchoBum.  As,  in  the  following  propositions, 
we  shall  have  occasion  to  refer  to  ^he  several  im- 
possible cases  demonstrated  in  the  two  foregoing 
articles  and  their  corollaries,  it  will  not  be 
amiss  to  collect  them  together  under  one  point  of 
view,  as  follows;  viz, 

r    J^+  y'=  z\  r   x'+  y  =  2a;', 

,      ('2x'+  y=   z\         .      (    x'  +  2y  =  2««, 


^2z\ 
2'W*. 


/   aj'  +  2y'=  z\       g     r2a^+  f^ 

All  of  which  are  impossible  forms  when  taken  in 
pairs,  and  similar  impossible  forms  in  pairs  might 
be  deduced  from  like  investigations;  such  are  the 
following,  the  demonstrations  of  which  may  be 
made  to  ser\'e  for  practical  exercises  for  the 
^tadent. 

*•    |a;«  +  2/  =  a)«.  \x*-2y*  =  u)*. 

ra^+  f  =  z\  (3^-  /=«% 

,      fx»  +  2/  =  ««,  g      (x'-2f  =  z', 

'•    ta?  +  2/=ttJ?.  lic»-2y=si«*. 

fa?+  3^'  =  «%  JO      fx»-  y  =  z*. 
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And,  generally,  the  pair  of  equations. 


{ 


are  impossible^  if  the  two  equations, 

m*±cn*=(c— 1)/?% 

be  impossible ;  aod^  conversely,  if  these  last  two  be 
possible,  so  also  are  the  former;  the  possibility 
or  impossibility  of  which  two  last  equations  may 
be  ascertained  by  inspection^  from  the  table  at 
page  104, 

PROP.  XIII. 

57-  The  difference  of  two  biqnadrates  cannot  be 
equal  to  a  square,  or  the  equation  A?*— ^  =  ji*  is 
impossible. 

For  X*  —  y  =»  (j:^ + y*)(^  —  y') ;  and  since  we  may 
suppose  X  and  j/  to  be  prime  to  each  other  (art,  47), 
it^  follows,  that  a?*-f  y*  and  a:*— y*  are  either  prime 
to  each  other,  or  they  have  only  the  common 
measure  3  (art.  8);  und,  therefore,  since  their 
product  is  a  square,  we  must  have  either 

for  otherwise  their  product  would  not  be  a  square, 
or  the  factors  would  have  a  greater  common  mea- 
sure than  Q. 
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But  each  of  these  pair  of  forms  are  impossible^ 
being  the  same  as  the  forms  1  and  2  of  the  fore- 
going scholium  i  andj  consequently,  the  equation 
whence  they  were  derived  is  imposjjible  also. 

a.  £.  D. 

Cor.  1 .  In  a  similar  way  it  may  be  demonstrated^ 
that  the  equation  j^  -f  4y*  =  x*  is  impossible. 

For,  in  this  case,  we  must  have  (cor.  2,  art.  64) 


f    x'T^r'-^s^ 

\  2y*=   2rs,    ory*  =  r*. 


conse- 


And|  since  x  is  jHime  to  ^,  r  is  also  prime  to  s  \ 
and,  therefore,  because  rs^y^y  r  and  s  mn^t  be 
both  squares;  or  r=sar^,  an4  ^^iT^  vid  these 
values,  being  substituted  for  r  and  s^  become 

which  form  we  h^ve  shown  to  be  impossible  in  the 
above  preposition. 

Cor.  2.    Hence  again  the  equation  a?*  -f-y*  =  2^'^  is 
impossible. 

For  z'=^—~,  or  z'=.(—JL\.  and, 

quently,  z^  —  a/^y^  =  f  s2-  j  .  that  is,  the  difference 

of  two  biquadrdtes  is  equal  to  a  square,  which  is  im- 
possible (art.  67). 

PROP.   XIV. 

58.  The  sum  of  two  biquadrates  cannot  be  equal 
to  a  square,    or  the   equation  a:*+y  =  2*  is  im- 

r 

possible. 

For,  first,  if  j?*  +  y*  be  a  square,  we  must  have 
(cor.  3,  art.  54) 
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y-    2tu,    J     ®^     |j!*=    2tu, 

which  are  two  similar  expressions;  and  it  will^ 
therefore,  be  sufficient  for  our  purpose  to  consider 
either ;  and  as  we  may  suppose  x.  and  y  as  being 
prime  to  each  other  (art.  47),  it  follows,  that  / 
and  u  are  also  prime  to  each  other;  and,  conse- 
quently, since  2tu  =y*,  one  of  these  quantities  must 
be  a  square,  and  the  other  double  a  square  (cor.  4, 
art.  17)-  let,  then,  t  =  2x^^  and  u^y^y  whence 
/•— tt*  =  4a?'*— y*;  that  is,  J?^  =  4x'*— y'*:  or,  mak- 
ing f=x'*,  and  u^2y^y  the  equation  becomes 
a^ssx'*  —  4y* ;  and  we  have,  therefore,  to  inrestigAte 
the  two  expressions. 


{ 


or'*  -4y*=a:', 


one  of  which  conditions  must  obtain,  if  the  original 
equation  be  possible. 

Now  these  are  resolvible  into  the  factors 

1st,    a:'*-4/*  =  (  x'*  +  5y'^(  ar^-2y^). 

2d,    4X'*-   y*  =  (2a:''+   y^K^^"^-  y^). 

And,  since  x  is  prime  to  y,  and  t  to  u,  it  follows, 
also,  that  x/"  is  prime  to  1/' ;  and,  therefore,  these 
factors  are  either  prime  to  each  other,  or  have  only 
the  common  measure  2  (art.  8) ;  and,  consequently, 
since  their  product  is  a  square,  we  most  have 
(as  in  art.  67)  either 

x-  +  2y-  =  r'%  I  ^(x'^^^y'^^^r^, 
0^-2^'*  =  A  J   ^'^  1  a:''^2y'«=2/, 

in  the  first  case ;  and 
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2a^*-y*  =  ^,  J  ^^1  ?a;^-y*  =  2^'*, 
m  the  second. 

Btit  each  of  these  forms,  taken  in  pairs,  has  been 
demonstrated  to  be  impossible  [scholium^  art.  56); 
and,  consequently,  the  original  equation  whence 
they  were  derived  is  impossible  also. 

Cor.  1  •   Hence  it  follows,  that  the  two  equations^ 

are  impossible,  as  is  evident  from  the  foregoing  de- 
jnonstration* 


{ 


PROP.  XV. 

59.  The  area  of  a  rational  right  angled  triangle 
cannot  b€  equal  to  a  square. 

For  if  it  were  possible,  and  Xy  y,  and  «,  were  made 
to  represent  the  two  sides  and  the  hypothenuse  of 
such  a  triangle^  we  should  have 

1     ^  =«^*- 
Or, 

i!*+2:cy-fy  =  »*  +  4ti?*,  anda^— '2jy-l-y*  =  «*  — 4ti?'; 

that  is^ 

2*  +  4w* = (a? + y)*, 
%'-4w*=(x--yf. 

Bat  these  expressions  cannot  be  both  squares  at 
the  same  time  (art.  55);  and,  consequently,  the 
area  of  a  rational  right  angled  triangle,  cannot  b^ 
equal  to  a  square. —  ct.  E.  D. 

Cor.  1 .  Since,  in  order  to  have  a  rational  right 
angled  triangle,  we  must  have  a?*  -fy'  =  «*;  it  follows 
(from  art.  54),  that 


{ 
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{ 


y^  2rs. 

r'  —  ^ 

And,  consequently,   if  in  the  fraction  — — ,  or 

j»rs 

2rs 
-^ — ^  the  numerator  and  dejiominator  he  taken  for 

r^  —  s^ 

the  sides  of  a  right  angled  triangle,  it  will  he  a 
rational  one ;  and  in  these  expressions  we  may  give 
any  values  at  pleasure  to  r  and  s.   If,  in  the  second 

fraction  -5 — ^  we  make  r=^+  1,  it  becomes 

2^  +  2*  S 

=  *-!- 


2^+1  2*+l 

and  in  this  expression,   hy  making  successively 

5=1,  2,  3,  4,  &c., 
we  have  the  following  remarkable  series, 

^+2171  =  ^3'  V  ^f  %'  ^Tr  ^li'  ^'- 

each  of  which  expressions,  reduced  to  an  improper 
fraction,  gives  the  sides  of  a  rational  right  au^ed 

triangle.     And  if  in  the  fraction we  make 

°  2rs 

s^\y  and  r=  2n  +  2,  our  expression  becomes 

4n'  +  8ii  +  3  4n  +  3 

4W-I-4  4n  +  4' 

and  here,   making  n=l,  2,  3,  4,  &c.,  we  have 
this  other  series, 

4w  +  3       7        11        15        19       23     „ 

«+-; 7=1;:^   2—,   3-^,   4—,   5—,  &c., 

411+4        8^       12'       16'      20'       24'         ^ 

which  has  the  same  property  as  the  former. 


N 


1^ 


CHAP.  V, 


On  the  possible  and  impossible  Forms  of  Cubes 

and  Higher  Powers. 

PROP.  I. 

€o.     All  cube  numbers  are  of  one  of  the  forms 

4n,  or  4n±  1. 
1P6T  every  number  is  of  one  of  the  forms 

4n,  4n±  1,  or  4n±  2.  . 
Aiid  the  cubes  of  these  formulae  are 

(4ny       =6411'  *4», 

(4n±  l)'-64n'±48n'  +  l2n±  l5^4»±  I, 
(4n  ±  S)'  ^  64ff  ±  g6n^  -f  48n  ±  8  :*t4n. 

Thei^re^  all  cubes  are  of  on^  of  the  forms 

4n,  or  4n±  1.  a.  £.  d. 

Cor.  1.  No  number  c^  the  form  4n4-i2  is  a 
cube. 

Cot.  2.  As  m  these  forms  n  must  be  either  eren 
or  odd,  that  is,  of  o&e  of  the  forms  2n\  or  fin'^ly 
the  above  formuke  maybe  i^ain  subdivided  into 
the  following : 

Tr-^.^A  /  f  4ll        5*5  S'W', 

Ifn*2»,         {4„+i^8»'Vl. 

But,  siace  9h  +  4  ia  Visible  by  4,  and  not  by  8, 
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this  form  cannot  contain  a  cube;  and^  therefore^  aU 
cubes  to  modulus  8  are  of  one  of  the  forms 

8n,  8n±  1,  or  8n±3. 

Cor.  3.  No  numbers  of  the  form  8n  +  2,  8n  +  4, 
or  8n  +  6,  are  cubes, 

PROP.  II. 

6l.    All  cube  numbers  are  of  one  of  the  forms 

7n,  or  7n±  1. 
For  every  number  is  of  one  of  the  forms 
7n,  7n±l,  7n±2,7n±3. 

And  the  cubes  of  these  formulae  take  the  fol- 
lowing forms;  viz^ 

(7»      )' -    -    .     ^Irti 

(7n±l)'  =  7V±3.  7V  +  3.  7»±  li*t7n±l, 
(7n±2)'  =  7V±3,2.7V  +  3.2'  7n±  %^7n±\, 
(7n±3)'=7V±3,3,7V  +  3.3'.7n±27!^7w±l. 

Therefore,  all  cube  numbers  are  of  the  forms 

7w,  or  7n±\^  a.  e.  d, 

Qor.  1 .  No  numbers  of  the  forms  7^+2,  *Jn  +  3, 
7«  -h  4,  7^  +  ^>  cai*  ^c  cubes. 

Cor.  2.  If  a  cube  number  be  divisible  by  7j  it  is 
iilso  divisible  by  7'-  And,  conversely,  if  a  number 
be  divisible  by  7>  and  not  also  divisible  by  7S  that 
number  is  not  a  cube. 

Cor.  3.  As  n,  in  the  above  forms,  must  be  either 
even  or  odd,  we  may  subdivide  these  into  the 
following: 

I  7«±i^i4«  ±  1. 


::i 
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Therefore,  all  cnbes  to  modulus  1 4  are  of  one  of 
the  forms,  14w,  14n±l,  14n±7,  14»±6.  And, 
conversely,  no  numbers  of  the  form  14n  +  2,  14  +  3, 
14n  +  4,  14n  +  5,  14n  +  9,  14n+lO,  14n-l-ll, 
14n+  12,  can  be  cube  numbers. 


PROP.  HI. 

« 

63.    All  cube  numbers  are  of  one  of  tbe  forihs 

9«,  or  9«±  1- 

For  all  numbers  to- modulus  9  must  fall  under 
one  or  other  of  the  following  forms,  viz.  ^n^ 
9»±^>  9«±2,  9n  +  3,  9n±4;  the  cubes  of  which 
give 


(9» 

(9«±2 
(9n±3 
(9»±4 


i*=9V±3.'  9V  +  3.   9w±  iJ^9«±i, 

i'  =  9V  ±3.2.  9V  +  3  .  2*.9n±  8^9w ±  1, 
i'  =  9V ±3  . 3  .  9V  +  3  . 3*. 9w± 27:^:9;?, 

l'  =  9V±3.4.9V-f  3.4'.9w±64^9w±V. 

Therefore,  all  cubes  are  of  one  of  the  forms 

9w,  or  9n±  1.  a.  £.  d.  ' 

Cor.  1 .  No  numbers  of  the  form  9n  -f  2,  9/1  +  3, 
9n  +  4,  9w  +  5,  9w  +  6,  9/1  +  7  can  be  cubes. 

Cor.  2.  By  applying  here  the  same  reasoning  as 
ia  the  corollary  above,  we  shall  find,  that  all  cube 
numbers  to  modulus  18  are  of  one  of  the  forms 
18n,  18n+l,  18n±8,  18«+9;  and,  therefore, 
conversely,  no  nnmber  in  any  of  the  forms  18/t  +  2, 
18n  +  3,      18n  +  4,      18/i  +  5^     18n  +  6,      18/t  +  7, 


T-rr— .  _r^:i*-a- 
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18n+ll^  I8fr-hi2,  18n^l9,  18n+14^    18n+15^ 
18n+  l6f  can  be  a  cvtbe. 

PROP-  IV. 

63.    All  cube  immbens  hx»  af  the  sfuae  fann  to 
any  modnliui  a,  a8  tihe  cubes 

O',  1',  ^,  3^  &c.,  (a-1)'. 

For  every  nnmber  n  may  be  represented  by  the 
formula  an  +  r,  ia  which  r<a  (art*  11).     Bnt 

(a»  +  r)*  =  a^fi' +  3a*nV  +  3^iw*  +  r^  a 
a(aV  -h  3a»V  +  3«r*)  +  r*, 

and  is^  therefore,  of  the  same,  when  compared  by 
modulus  a,  as  the  cube  r' ;  because  all  the  other 
part  of  the  formula  is  divisible  by  a;  but  since  r<a, 
it  must  be  one  of  the  terms  in  the  series 

1,  2,  3,  4,  &c.,  (a—  1); 

and^  consequently,  all  cubes  are  of  the  same  form 
to  any  particular  modulus  a,  as  the  cubes 

(f,  1^  2%  3',  &c.,  (a-iy.  a.  E.  D- 

Cor.  1 .  Hence,  in  order  to  ascertain  tlie  forms 
of  cube  numbers  to  any  given  modulus  a,  we  need 
jonly  find  those  of  nU  the  cubes  less  than  a ;  that  is, 
of  th^  siQries 

0',  l^  2%  3',  &c.,  (a-1)': 

and  hence  a  taUe  of  those  forms  might  be  readily 
constructed ;  bat  as,  in  many  cases,  the  number  of 
fonns  would  be  equal  to  the  number  expressis^ 
die  modulus,  no  advantage  could  be  derivad  frooi 
die  classification,  because  no  nmnbers  ace  ip  these 
cases  excluded;  thus,  to  modulus  10  w«  should 
have  die  ten  fi^ms  106^  lOn+l^  ia»  +  2^  lOn  +  d^ 
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10111-4)  1011  +  S3  ion+6,  loit+7,  lOn^Sy 
1011  +  9;  so  that  no  Bomfaer  m  exclnded  with- this 
modulus;  and  hence  it  appeals,  that  cube  niim* 
bers  ma|^  ternunate  with  any  of  ihe  digits^  whereas 
in  squares  we  have  seen  (cor.  d,  art.  43)^  that  they 
always  terminate  in  O,  1^  4,  5,  6,  or  9* 

PROP.  V. 

64.  All  cube  numbers,  MTth  regard 'to  modulus  6, 
are  of  tbe  same  forms  as  their  voois. 

For  all  numbers  are  a(  one  of  the  forms  6n, 
6n-¥  1, 6n  +  2,  6n  +  3,  6»  +  4,  6n  +  5 ;  and  the  cubes 
of  these  formulae  will  evidently  take  the  following 
forms: 


(6n-fO)% 
(6n+l)', 
(6w  +  2)% 

(^  +  4)% 
(6n  +  5)%J 


>■  the  same  fonn  as 


fO'*6n  +  0; 
l'i*56/l+l; 

3'5:te6«  +  3; 
4'ste6n-f-4; 
6*ste6fi-f  6:: 


which  are  manifestly  the  same  forms  as  the  cubes 

that  they  represent.  di.^^^  ^^ 

Cor.    Hence  tbe  difference  between.any  Integral 
cube  and  its  root,  is  always  divisible  by '6. 


PROP.  VI. 

fo.  Tbe  equation  (4p  +  2)i?  ±  4^  »  u^  is  always 
impossible  in  integers,  while  9  is  prime  to  4* 

For  (cor.  art  47)  the  three  cubes  fy  ti*,  and 
vfy  magr  be  cooMdered  as  prime  to  eadb  other. 
Also  aU  todies  are^ofi  one  of  the  foims  An^  or  4n  ±  1 
(art.  •6o| ;  Md^  sisM  4jtiMs  always  of  the  £»m  4n, 


1 28      Forms  of  Cubes,  and  Higher  Powers. 

whatever  may  be  the  form  of  u^,  we  shall  haye>  in 
the  first  place j  by  making  fi^4n, 

(4p  +  2)4n  ±  4qi^  =  ii;*  fin4«' ; 

that  is,  f  and  iiP  both  of  the  form  4n,  which  is 
absurd,  because  they  are  prime  to  each  other  by 
hypothesis. 

Again,  if  fiti4n±  1,  we  have 

(4p-h2)(4«±  l)  +  4yii'  =w*,  or 
l6p  +  8n±4p±2±4qt^^ti:Py  or 
4{4p-\'2n±p±qi^)±2  =«?';  that  is, 

M;'5*s4n'+2, 

which  is  an  impossible  form  for  cubes  (cor.  I, 
art.  6o) ;  and,  consequently,  the  equation 

(4p  +  2)f  ±  4qii  =  m;', 

is  impossible,  while  q  is  prime  to  4.  —  a.  E.  D, 

The  condition  of  q  being  prime  to  4  is  evidently 
necessary ;  for  if  q  had  the  form  25^,  then  the  equa-- 
tion  would  become  (4/?  +  2)<'±^. (2M)'  =  a;',  and 
the  possibility  or  impossibility  would  depend  upon 
the  form  of  9',  and  would,  therefore,  require  a  dif- 
ferent mode  of  demonstration;  hence,  in  this, 
and  also  in  the  following  propositions,  q  must 
always  be  taken  prime  to  the  respective  modulus 
with  which  it  enters. 

Cor.  1 .  By  means  of  the  general  formula  above 
given,  we  derive  the  following  particular  cases, 
which  are  all  impossible  in  integ<iirs,  q  being  taken 
^rime  to  4.  i  *'    -    '■ 


2^  ±  4%j?  =  ib', 

\0f±4v^-v^y 
&c.      &c.    &c. 


2f  i:  1 2w'  =  v?, 

10/*±12i«*=ti;', 
&c.  -  &c.     &c. 


a-y 
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And  it  is  dbvious  how  these  may  be  extended  to 
any  length  at  pleasure ;  and  others  may  be  found 
by  taking  q^^b,  7,  9,  kd 

PROP.  vn. 
66.    Tte  two  geiieral  equations^ 

f  (7p±2)f±7qii'=^uf, 

are  impossible  in  integers^  while  q  is  prune  to  f. 

For  we  may^  as  before,  consider  f,  v?,  and  ii;% 
as  prime  to  each  other.  And  since  it  has  been  shown 
(art.  6l),  that  all  cube  liumbers  are  6f  one  of  the 
forms  *lny  or  7^  ±  1 ;  ^^^9  because  7 jw'  is  always 
of  the  form  7^>  we  need  only  give  to  t^  the  two 
forms  7w,  or  7^±  1^  to  ascertain  the  possibility  or 
impossibility  of  the  above  equations.  But  in  the 
case  of /^t*57'^i  i^  is  evident,  that  ti;' would  then 
have  the  same  form  fn;  so  that  f  and  yfj  being 
both  of  the  form  7^j  ^ould  not  be  prime  to 
6ach  other,  which  is  contrary  to  the  hypothesis ;; 
and^  therefore,  if  the  equations  be  possible,  it 
must  be  when  f'5*j7n±l:  let  us,  therefore, 'in- 
vestigate the  equations  upon  this  supposition. 

Suppose^  then,  f^7^i,^9  whence  the  first  equa- 
tion becomes 

(7p±2){7n±l)±fqu?  —vfy  or 
49/?w±  147?±7j9±2±7jw'  =  ti;',  or 
7{7pn±2n±p±qy?)±2    =u;',  or 

vf^n±2; 

which  wc  have  seen  (cor.  1,  art*  6l)  is  an  impossible 
form  for  cubes ;  and,  consequently,  the  first  equa- 
tion is  impossible. 

VOL.  I.  K 
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la  the  second  equation^  bj  gmng  f  the  saiQt 
fona^wehave 

i7p±S)e±7qu'  -w%  or 

(7p±3)(7n±l)±7yM'        ^uf,  or 
49p»±2ln±7/^±3±75fi«'  =  tt^%  or 

7{7P'^±^^±P±9u^)±^     =»',  or 

ttr**7n±3, 

which  is  an  impossible  form  (cor.  1,  art.  6l);  and, 
therefore,  both  the  original  equations  ai'e  impos- 
sible. —  &.  E.  D. 

Cor.  I.    By  means  of  these  general  formnlse  are 
readily  deduced  the  following  particular  cases : 


Hf±7i£'=^w'j 
3e±7tt'^iv\ 
4f±7i/=^w', 
5f±7u'^w\ 
9f±7f^^tif, 

\oe±7u':=^tif, 

&c.     &c.    &c. 


9<*±14«'=*M^, 

&c.     &c.     &c. 


Which  are  impossible  forms  for  cubes,  and  they 
Qiay  be  farther  extended  by  giving  other  values  to 
p  and  9,  observing  to  take  q  prime  to  7« 


PROP.  VIII. 

67*    The  three  general  equations, 

({9P±^)f±9q^^w\ 
<  {9P±^)f±9gt^'=^y 

l(9;>±4K±9?w'  =  «^> 
are  all  impossible  in  integers,  q  being  taken  prime 
to  the  modulus  9. 

For  here  again  we  may  suppose  f,  t^,  and  w^,  as 
being  prime  to  each  other ;  also,  9^  is  always  of 
the  form  9n,  whatever  be  the  form  of  «' :  it  is,  there- 
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fore,  only  necessary  to  inve^gate  tiie  possibility  or 
impossibility  of  the  thfe^  ^veti  eqofltiotis,  under 
the  different  forfxxs  of  f\  vi^H:  when  f^iiQn,  and 

Now,  with  t^gard  to  the  first,  viz.  <*%9*,  we 
see  immediately^  that  in  all  the  equations,  tt^  would 
have  the  same  form  Qn  -,  and,  therefore,  f  and  uif 
would  thtte  have  a  common  divisor,  which  is  con- 
trary to  the  hypothesis,  as  all  the  three  cubes  are 
prime  to  eacfr  otlier;  and,  conseqtifently,  if  th^ 
equations  be  possible,  it  must  be  wh6n  fi*iQn±l. 

Now,  this  form  being  substituted  for  f,  we  have^ 

First  equatiotr, 

{9P±^){9n±\)±9qu^  ^uf^  at 
etpn±16ri±9p±i±9qtf=^uf,  or 
9(^±^fi±p±qi^)±f^   ^Uf\  or 

wiiich  is  an  Impossil^e  form  for  cubes  (cdr.  tj 
art.  62)  r  and,  th^refore^  the  first  eqiDation  iB  iaf 
possible; 

The  second  equation  ^ves 

{9p±8)f±9qi^  =tt^,  or 

(S!P±3)(9»±i)±d$2^       =«^,  «r 
81jpn±27«±Sj;>±3±9^itM?*,  olr 

9{9pn±3n±p±qu')±»    ^uj^y  of 

vf^Qn±3y 

wiiich  is  likewise  an  impossible  form  for  cubes 
(cor.  1,  art;  62) ;  and,  therefore  the  second  equff^ 
tion  is  impossible. 

In  the  third  equation,  we  have> 

K  3 
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(9P±^)^±9qu'  =ti^,  or 

(9P±^)(9n±l)±9q^  =«?',  or 
8lpn±36n±gp±4±Qqt^=^u^,  or 
9(9!pw±4»±/?±  j'«')±4    ^uj^f  or 

u)'£te9n±4, 

which  is* also  an  impossible  form  for  cubes  (cor.  I, 
art.  62) ;  and^  consequently^  the  third  equation,  as 
Well  as  the  first  and  second,  is  impossible. — a.  e.  d. 
Cor.  The  above  three  general  equations  furnish 
the  following  particular  cases  of  impossible  forms 
of  cubes : 


2f  ±9M*=io', 

2/'±I8tt'=to*, 

3f±Qu'  =  w', 

3^±18«'=to', 

4^  +  9m's=jp', 

4/»±18tt'=M;', 

6^±9«'=u;', 

bf±lSu'=v}', 

6f±9tt'=u^, 

6^4:18a»=io*, 

7f±9u?=w', 

7<'±l8«'=ic*, 

n''±9«'=tt^. 

l\f±lStf=uf, 

&c.    &c.  &c. 

&c.      &c.    &c. 

Which,  like  the  other  tables  of  impossible  forms, 
may  be  carried  to  any  length  at  pleasure,  by  giving 
different  values  to  p  and  q ;  observing  always,  that 
q  is  prime  to  modulus  9« 


PROP.  IX. 

68.  If  there  be  any  case  In  which  the  equation 
x^'-j/^^s^  be  possible,  the  following  conditions 
must  obtain;  viz, 

or  two  of  these  quantities  will  be  of  the  form  bert 
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given,  and  the  other  of  the  form  9^%  which  resolre 
into  the  foar  following  cases ;  viz. 

1st,  ^  a?— «;*s  J*,  2d,    <  a?— «sfe  ^, 


3d,    ^  a?-xtfe9^,  4th,  <  x-2J5*5  ^, 

y^-z^t^  f.  Ly  +  ^^5''* 

And  it  is  to  be  demonstrated,  that  one  of  these  four 
conditions  must  obtain,  if  the  equation  x'  —  y*  =  «'  be 
possible ;  where  r*,  ^,  and  ^,  may  be  any  numbers 
whatever,  indicating  only  that  x—y,  x—z,  y-^z, 
are  complete  cubes,  or  that  they  are  of  the  forms 
there  given. 

In  the  first  place,  we  may  consider  x^  y,  and  z, 
as  being  prime  to  each  other  (cor.  art.  47) ;  and 
since  x>y,  put  x=^y  +  d;  then,  because  x  is  prime 
to  y,  d  is  prime  both  to  x  and  y,  for  if  y  and  d  had 
a  common  measure,  x  would  have  the  same,  because 
x=y-\'d;  and  if  x  and  d  had  a  common  measure, 
y  would  have  the  same,  because  y  =  x—d;  and, 
therefore,  since  ^  and  y  have  no  common  measure, 
d  is  prime  both  to  x  and  y. 

Now,  substituting  y-td  instead  of  x,  in  the  given 
equation^  it  becomes 

(y+^)'-/        ««%  or 

3yV  +3y^  +  cf  =«^,  or 
rf(3/  +  3yd  H-  rf*)  5=  «". 

And  here,  since  d  is  prime  to  y,  it  follow^,  that  the 
first  side  of  this  equation  is  divisible  by  d  once,  and 
after  that,  neither  by  d  nor  by  any  factor  of  rf, 
unless  3  be  one  of  its  factors,  in  which  case  it  is 
divisible  by  3d  once,  and  after  that,  neither  by  4 
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pior  by  any  fa.ctQr  oS  d.  For  qi  th^  three  ternui 
(3y*  +  3yrf+<f),  wKich  form  th^  qi^ptiept,  too  of 

them  hav^  d  ei^ter  into  their  cpmpoaition,  and  are 
therefore  divisible  by  d ;  but  ip  the  other  term,  y*  is 
prime  to  dy  and,  consequently,  the  whqle  qnantity 
taken  collectively  is  also  prime  to  d^  upless  3  be 
pne  of  the  factors  of  rf,  in  which  case,  a^  we  have 
^aid  above,  the  first  side  will  have  3d  for  a  divisor, 
but  after  that,  the  quotient  will  be  prime  to  d ;  and 
whatever  is  true  of  the  first  side  of  the  equation  is 
evidently  so  of  the  other  side  2*,  because  they  are 
equal  quantities ;  and,  consequently,  «^  is  divisible 
by  d  oncCy  and  after  that  neither  by  d  nor  by  any 
factor  of  dy  unless  3  be  one  of  its  factors ;  in  which 
case,  it  is  divisible  by  3d  onc^y  and  after  that  neither 
by  d  nor  by  any  factor  of  d :  and,  therefore,  d  in  the 
first  case,  and  3d  in  the  second,  must  be  complete 
cubes  (cor.  1,  art.  ifi) ;  that  is,  we  must  have  either 
eZt*:r',  or  rf^^^^r*,  in  order  that  3rfi=t;3V:  or,  since 
rf=a?— y,  it  follows  that  x—y^^r^^  or  9^. 

Now  if  the  equation  ar*  — y^=yS^  be  possible,  so 
likewise  \^  a?  —  n?  ^jf ,  and  it  is  evident^  that,  were 
we  to  consider  the  equation  pnder  this  form,  the 
result  would  be  exactly  similar  to  that  obtained 
above;  viz.  x  —  z  must  be  of  one  of  the  forms  ^V 
or  95^. 

Again,  the  same  equation,  by  transposition,  be- 
comes 

And  making  y  +  x ?=  m,  ot  y^rn  —  Zy  we  have 

[m  —  zY  -h  ^r*  =  3?y 
where  m  is  prime  both  to  z  and  y ;  for,  if  m  and  2  had 
a  common  measure,  y  would  have  tiie  same,  because 
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m  —  z = y ;  and^  if  m  and  y  had  a  common  measure^ 
z  must  have  the  same,  because  w— y  =  «;  and^  con- 
sequently, since  t/  and  z  are  prime  to  each  other, 
it  follows^  that  m  is  prime  both  to  y  and  z.  Now, 
by  cubing  (m  —  z)  in  the  above  equation,  it  be- 
comes 

m', — 3m*2 -h  3 /»«'  =0^*,  or 
m(m*  —  3mz  +  3^')  =  j?'. 

Aad  hence,  by  exactly  the  same  chain  of  rea- 
soning as  that  employed  in  the  foregoing  part  of 
the  proposition,  it  follows,  that  ?n  is  of  one  of  the 
forms  f,  or  9^;  or,  since  m=^y  +  Zy  We  have 
f/-^z^f,  or  Qf.  And  hence  it  follows,  that,  if 
there  be  any  case  in  which  the  equation 

be  possible,    the   folloAving    conditions   must  ob- 
tain; viz, 

x—y^r^j  or  9^'; 
07—2  2*;^,  or  9^; 

But  since  ^— y,  j?  — »,  and  y +  «,  are  respectively 
the  divisors  of  the  three  cubes  «',  y,  and  a::',  and 
these  quantities  being  prfme  to  each  other,  their 
divisors  are  also  necessarily  prime  tq  each  other ; 
and,  therefore,  only  ott&  of  these  qsantities  can  be 
of  the  latter  forma  above  given,  for  if  two  of  them 
were  of  the  second  forms,  they  would  have  a  com- 
mon measure  3,  which  is  impossible,  since  they  are 
prime  to  each  other.    Consequently,  if  the  equation 

b^  possible,  we  must  have. 
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y  +  Zt*:^. 

Or  two  of  these  quantities  must  have  this  form, 
and  the  third  the  form  9^%  which  evidently  resolves 
into  the  foiir  following  cases,  one  of  which  con- 
ditions must  necessarily  obtain,  if  the  equatioii 

be  possible;  viz. 

1st,  ^  x  —  z^^  s^j  2d,    ^  x  —  z^  ^, 

7  +  «tt:    f. 


—  z^Qs^,  4th,  <  x  —  z^  ^, 


^t  ¥•  l>^ 
We  have  only  considered  the  equation  x^—y^^z^, 
but  this  evidently  includes  the  more  general  form 
•«'±y  =  «*;  for  if  the  ambiguous  sign  be  taken  +^ 
it  becomes  a^+y^==z^f  or  «^— y'=x',  which  is  the 
fomi  that  has  been  investigated,  the  only  difference 
being  th^  change  of  the  letter  z  for  x. 

PROP.    X, 

69*    The  sum  or  difference  of  two  cubes  cannot 
be  equal  to  a  cube,  or  die^^uation 

is  always  impossible,  either  in  integers  or  fractions. 
First,  from  what  has  been  observed  above,  it  will 
be  sufficient  to  consider  the  equation  under  the 
form  af  —  y'=x%  which  involves  the  two  forms 
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except  in  the  change  of  one  letter  for  another ;  we 
shall,  therefore,  only  investigate  the  equation  under 
the  limited  form  a^  —  if^^y  which,  being  proved 
impossible,  will  necessarily  involve  the  impossibility 
of  the  general  equation  a:^±y^  =  z^.  Now  by 
the  foregoing  proposition,  if  the  equation  be 
possible,  one  of  the  four  following  conditions  must 
obtain  *  ;  viz^  ^ 

Ist^   <  x  —  z^  s^,  Qdy    <  a?  — «=  ^, 

,    <  x—z^Qs^,  4th,  <  JP  — «=  ^, 


3d 


But  at  present  it  will  be  sufficient  to  consider  one  of 
those  cases ;  for  example,  the  first ;  and  in  our  r^ 
suit,  by  substituting  Qr^  for  r*,  9^  for  s^,  or  gf  for 
f;  we  shall  evidently  have  the  results  in  each  of 
the  four  cases. 

First,  then,  let  us  endeavour  to  ascertain^ 
whether  the  equation  be  possible,  uppn  the  sup- 
position that 

i/  +  z  =  f. 

Nqw  fVom  these  three  equations  we  obtain  the 
three  following  ones ;  viz. 

And^  consequently,  since 

jif  -.y  =:^^  or  x*  =y  +  «^,  we  hav« 

*  Since  the  above  quantities  are  of  these  forms  they  may  be 
made  =  r*,  #^,  &c. 
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/<»  +  (<^  +  r*)  V  ^  /<'  +  (/-r')Y     /f-(^-r')V 

Or, 

Again, 


{ 


And  subtFacting  the  first  equation  from  the  snn^ 
of  the  two  latter,  to  which  it  is  equal,  we  have 

\       (5^  +  1^)' 5=0;  or 

24f^r^^  because 

2(jr' -  r^)*  +  8^V  =  2(1'  -f  1^)%  whence 

And  here  the  impossibility  of  the  equation  \% 
manifest,  under  the  pi*eset^t  supposition;  because 
we  have  got  an  integral  cube,  equal  to  three  times 
another  integral  cube,  which  is  absurd.  But  by 
substituting  gr*  for  1^,  9^  for  ^,  and  Qt?  for  #*,  the. 
impossibility  is  not  so  immediately  obvious;  for,  in 
these  cases,  by  putting  gr*  for  r^,  we  have 

Again,  writing  9^  for  .y^,  we  obtain 

ft 

And  9^  for  f  gives 

{ 9^  -  (j'  +  r') }'  =  2 1  e^^r"  =  {6tsr)\ 


■0^ 
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An(}  it  h^erp  remsdns  to  be  shQwa,  that  tfaesA 
fefjnalities  cannot  subsist. 

Now  thjsse  equations,  by  fixtraction,  become, 
>st,     f-  ^^Qt^  =  6fsr, 

34,     t-9f-^   r'^et^r, 
3d,  9^-  ^-  r^-Gtsr. 

Whence,  again,  by  division,  we  liavp 

^'^*  vrTr-Tr^' 

fr      tr      st 

^r      /r      ,s* 

And  qne  of  these  equations  must  l^e  possible,  if 
tfa^  ^qpi^tiPYI  whence  they  w^r^  derived  h^  so. 

But,  «ip(!e  r,  ^,  ftud  /,  are  priin^  to  eftch  other, 
^Qch  of  t}ie  above  fractions  is  in  its  simplest 
form ;  and  they  e^h  contain  a  factor  in  their  de- 
nominator, that  is  not  comnion  with  the  other  de- 
nominators ;  and,  therefore,  these  fractions  cannot 
any  how  combined  be  ^qual  tg  ^n  integer  (cor.  2, 
art-  13). 

Having  therefore  shown,  that  if  the  equation 
x*—y^  =  z^  were  possible,  one  of  the  above  ex- 
pressions must  he  equal  to  the  integer  6;  and 
having  also  demonstrated,  that  these  fractions  can- 
not be  equal  to  any  integer  wh^itever,  or  that  the 
above  equalities  are  impossible;  it  therefore  ne- 
cessarily follows,  that  the  equation  whence  tlicy 
were  derived  is  so  likewise ;  that  is,  the  equation 
jp'— ^=2*  is  impossible:  but  the  impoi»sibility  of 
the  equation  jp*— y^ssx^  involves  in  it  the  inipos- 
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sibility  of  the  general  equation  x^±2^^z^;  and, 
consequently,  the  equation 

is  impossible  in  integral  numbers.  —  a.  £.  d. 
Cor.    Since  x*  ±y  =  »*  is  impossible,  so  likewise 

S^        7/        S!? 

is  3*  ±  ^  =  3"*  for  this  Di^y  l>^  reduced  to 

where  the  latter  cube  must  be  an  integer,  which  we 
have  seen  is  impossible;  therefore,  the  equation 
cannot  obtain,  either  in  integers  or  frt^ctiops, 

PROP.  XI. 

70.  The  third  differences  of  consecutive  cube 
numbers  are  constant,  and  equal  to  1  .  !2  .  3  ^  6. 

For  let  (j:-1)%  x^i  {-^+1)%  (Jr-h2)%  represent 
any  four  consecutive  cubes,  then 

(x~l)'  =  a;'-3xV   3j:-1, 
(x+l)'  =  x'4-3a;*+    3x+l, 

r3a?*-3x+l, 
1  st  differences,  <  3x*  +  3 x  +  1 , 

2d  differences,   |  g^'^  g 

3d  difference,     =6=1  .  2  ,  3.     a.  £.  D^ 

Cor.  1 .  In  the  same  manner  it  may  be  shown, 
that  the  third  differences  of  cubes,  the  roots  of 
which  are  in  arithmetical  progression,  are  equal  to 
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1  .  2  .  3  .  £f ,  where  d  is  the  cdmmon  difference  of 
the  roots. 

Cor.  2.  The  second  differences  of  consecutive 
squares  are  equal  to  2;  or  to  fid^,  if  their  roots 
form  an  arithmetical  series,  whose  common  dif* 
ference  is  d ;  which  is  readily  demonstrated  on  the 
same  principles  as  those  employed  above. 

PROP.   XII. 

7 1 .  Every  complete  biquadrate^  or  4th  powder, 
is  of  one  of  the  forms  5n,  or  6n+  1. 

This  is  evident,  for  every  square  number  is  of 
one  of  the  forms  &n,  or  5n+  1 ;  and  a  4th  power 
being  the  square  of  a  ai^uare^  we  have 

{5n      )"  =  5V  5*:5n, 

(5n±  1)*  =  5V±  10n+  1 5^5n+  1 ; 

therefore,  every  4th  power  is  of  one  of  the  forms 
5n,  or  5»+  1. —  ql.  e.  d. 

Cor.  1 .  If  a  4th  power  be  divisible  by  5,  it  is 
also  divisible  by  5*.  And,  conversely,  if  a  number 
be  divisible  by  5,  and  not  by  5*,  that  number  is  not 
a  4th  power. 

Cor.  2.  No  number  of  the  form  5n  +  2,  or  5n  +  3, 
or  5n  +  4,  is  a  biquadrate. 

Cor.  3.  Every  4th  power  being  of  one  of  the  forms 
bUy  or  5n  +  1,  ^^  have,  by  supposing  n  even  and  odd, 
the  four  following  forms  to  modulus  10 ;  viz. 

1  5ii+  ItfclOw  +6; 
and  hence  every  4th  power  terminates  with  otie  of 
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the  cHgiisi^  0,  1,  5,  or  Gi  And,  conversely,  n* 
hnmber  terminating  in  2,  3,  Ay  7^  8,  or  9,  in  a 
biqnadrate. 

Cor.  4.  Since  it  18  demoristntted  (cor;  2>  arti  42),' 
tbst  all  eren  squares  are  of  tbe  form  4n^  and  all 
odd  squares  of  th^  fMm  8ii+  1,  we  hare  for  tbe' 
squares  of  these 

{An      y:=^\6re  ^i6n\ 

(8^+  l)*=64n*+  i6/i+  i  :*:l6n'+  1. 

And,  Consequently,  ev^  complete  4th  power  is  of 
one  of  tte  forms  1 6ii,  or  1 6n  + 1 ;  that  is,  every 
even  4th  power  is  of  the  form  l6ii,  and  every  odd 
4th  power  of  the  form  l6n  Hi  1  .* 

PROP^  xtfi- 

^2.  An  4th  powers  are  of  the  same  form  witli 
i-egard  to  tnj  number  a  as  a  modulus,  as  the  4th 
powers 

0*,   \\   2\  3*,  &c.,   {\a)\ 

when  a  is  eiren  \  and  as 


^)' 


when  a  is  odd. 

For  every  number  whatevtt-  niay  be  represented 
by  the  formula  em±r^  where  t  neve#  eifceeds  \a 
(art.  10).    Btit 

[an  ±  r)*  =»  (ffi^  ±  A^n^r  +  Sa^n^r^  ±  Aanr^  +  r*, 

and  all  the  terms,  btlt  the  last,  of  this  expression^ 
being  divisible  by 'at,  the  whole  quantity  is  evidently 
of  the  same  form,  iVith  regard  to  a  as  a  modulus,  as 
th*  laist  tefsik  f^ ;  but  r  never  exceeds  -^^  therefore^ 
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every  4th  power  to  modulus  a  is  of  the  same  form 
as  the  4th  powers 

0*,  1%  2%  3%  &c.,  [^aY,  when  a  is  even;  and  as 

0%   1%  2*^  3%  &c.,  { j  ,  when  a  is  odd. 

a.  £»  D. 
Scholium.    By  means  of  this  proposition^  we 
readily  compute  the  following  table  for  4tb  powers^ 
which  exhibits  all  the  possible  fi>rms  to  every  mo- 
dmks^  from  2  to  19. 


Table  of  the  Fornix  under  whieh  all  4th  Powers 
are.  contained^  to  every  Modulus,  from 

2  to  12. 


MwUH. 

r 

V^mu. 

> 

2 

2n 

2n+l 

3 

%n 

3n+l 

4 

4n 

4»+l 

a 

5 

5fi 

5n+l 

6 

an 

6n+l 

^n^% 

6u-f4 

7 

7n 

7n+l 

7n+2 

7n+4 

8 

8» 

8n+l 

9 

On 

&n-Hl 

9n+4 

9»+7 

10 

lOn 

lOn+l 

lOn+5 

]0n4*6 

11 

lln. 

Un+l 

ll»+3 

lln+4 

Wn-^-^ 

lln449 

12 

12n 

I2n+1 

12n+4 

J2»+9 

•      X 

And  hence^  by  way  of   exclusion^    aiises  th« 
following 
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Table  of  impossible  Forms  for  Biquadrates,  or 

4th  Powers. 


ModnU, 

J 

Impossible 

Forms, 

3 

Sn+2 

4 

471+2 

4n+3 

5 

5n+2 

5n4-3 

$n+4^ 

6 

(J«+2 

6«4-5 

7 

7«+S 

7»+5 

7fi+6 

8 

8n+2 

8n4-3 

8n+4 

Bii+5 

Sn+5     871+7 

9 

9n+2 

9»+3 

On+5 

9714-6 

97»+8 

W 

lOn+2 

lOn+3 

1071 4.4 

101147 

1071+8  1071+9 

n 

lln+2 

]ln-f4 

II714-6 

llJi+7 

lU+8   lln+lOf 

tQ 

f  12114-2 

12»+3 

12114.5 

\2n+0 

I27i+r  1271+8 

M  Si 

12n+IO  i2n+li 

These  tables  are  sometimes  useful  in  ascertaining 
the  possibility  of  equations  of  the  form  x*  ±  ay^  =  2** 


{ 


PROP.   XIV. 

73.    The  two  indeterminate  equations 

x^  ±  ay  =  ^i 
are  both  impossible^ 

For  we  have  seen  (arts.  5^  and  58),  that  the 
equation  acf*  ±  y = «*  is  impossible  in  integers  ;  and, 
therefore,  a  fortiori,  the  equation  x*  ±  y*  =  z*  is  also 
impossible. 

Again,  we  have,  by  transposition,  in  the  second 
equation, 

x^^z'^{ayy, 

which  is  also  impossible  (art.  57);  arid,  conse-- 
quently,  the  two  given  equations  are  impossible  ia 
integers.^ —  a.  e.  d. 
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Cor.    Hence  it  follows,  that  the  equation 

IS  impossibk,  t)ecaase  we  have  demonstrated  (cor.  1^ 
arts.  57  and  68),  that  a?*±4^  =  x*  is  impossible. 
Also  the  equation  x*  +y  =  23s*  is  impossible  (cor.  2> 
art.  57). 

On  similar  principles  it  is  evideiit^  that  both  the 
^equations 

are  impossible;  hj  the  same  arts,  and  corsi 

PROP.  XVi 

74.    The  three  general  equations 

<  lbp^-3)fd^bqu^^w\ 
t  {bp  -h  4)r  +  6^*  ^w\ 

Kte  impossible,  q  b^ing  taken  prime  to  5. 

For,  in  the  first  place,  we  may  always  considef 
/*,  w%  and  «!>*,  as  prime  to  each  other  (cor.,  art.  47). 

And  since  all  4th  powers  are  of  one  of  the  forms 
dn,  or  5n  +  1  j  we  shall  have,  by  giving  to  f  these 
forms,  the  following  equations : 

If  f**6n5 

r  (5/?  +  2)  X  bnd^bqUl^^uH^^bn'^ 

1.  <  (5/1  +  3)  X  6iicjn5yi**  =  ii?*5*s6n', 

t  (5/?4-4)  X  bn-\-bqu^^uf^*ibn\ 

And  if  <*5fc6n+  1> 

r(5/>+2)x(5n+l)4;5yM*atl^s*6n±d, 

2.  <  (5/^  +  3)x(5n+l)=f:5yi^  =  «;*5ft6ii±3, 

t  (5J9-I-4)  x  (5n+l)  +  3<jrii^ssio^«^5n-h4. 
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Now>  m  the  first  set  of  these  e((iiations,  in  wlikh 
it  is  supposed  that  f^^bn,  we  have  evidently,  also, 
w^  ^  5w/,  whereas  it  has  been  seen;  that  t\  «^*,  and 
ttfy  are  prime  to  each  other ;  therefore,  the  equations 
are  impossible,  when  ^5=1:^5/?. 

Also,  in  the  second  set  of  equations,  in  which 
f*;:fe5n+  1,  we  have 

which   are  all   impo.^sibIe    forms  for  4th   powers 
(cor.  2,  iut.  7l)«     Therefore  the  equations 

C{bp-V2)t^hqu':=^w\ 

<  {bp-^?^)f^bqxi'^ii)\ 

t  (5/^ +  4)^4- 5}?/*  =  a;*, 

are  impossible,  either  in  integers  or  fractions. 

a.  £.  V* 

I'liop.  xvr. 
75.    The  general  indeterminate  equations 

(l6p-l-r  )/*  +  2?/*=a;*, 

(J6p4-0'*  +  4w*  =  < 

&C.  &C.  &Cv 

are  impossible,  r  being  any  number  >  1  and  less 
than  14;  that  is,  r<  14,  r^  <  13,  r''<  12,  &c. 

For  t\  M*,  2cnA  t(?*,  being  prime  to  each  other,  and 
all  4th  po Wei's,  being  of  one  of  the  forms  l6w  or 
l6n+  1  (cor.  4,  art.  71)5  it  follows,  that  either  f*  and 
t^  are  eaeh  of  the  fonn  1 6w  ^  1 ,  or  one  of  them  is 
of  this  form  and  the  other  of  the  form  \6n ;  which 
suppositions  fomish  the  following  cases : 
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1st,  /*s*:l6n+l,  and  w*;*:l6n'4-l.    Then 
^  f  (l6;i  +  r  )  X  (l%i+l)-f  2(l6n'  +  l)=:a;':*; 


1. 


1      l6V'  +  r+2, 


r(l6/?^r')x(ie/i+l)'f3(l6«'+l)=tt;^^ 


J 


l&«"+r'  +  3, 

(l6/>  +  r")  X  (i6;>+  l)  +  4(l6n'+  l)=a;*s*: 
l6«"  +  r"  +  4. 

&c.  &c:  &c: 


2d,  f*sfcl6«,  and  «* sfe  1 6n' +  1 .    Then 

r{l6/>  +  r  )x  l6n  +  2(l6n'+l)=u;*!*sl6«"  +  2, 

2.    <J  (lG/)  +  r')x  l6«  +  3(l6n'+l)=tf***:l6n"  +  3, 

L(l6/>+r")xl6>z  +  4(l6n'+l)=ro**l6n"  +  4. 

3d,  <*6ftl6«+l,  and  «'*!*:  1 6«.    Then 

{(l6p  +  r  )x  (l6n+  l)  + l6n'  =  a!*at:l6n"4-r  ^ 
(l6/>  +  r')  X  (l6«+l)  +  l6n'=K)^*;l6«"  +  r'j 
(l6p  +  r*')  X  {l6w+  1)  +  l6n'=a;*:*;l6«"4  r". 

Now,  in  the  first  set  of  thede  equations,  we  have 
i6rt''  +  r+2,  l6n"-f /-I-3,  l6«  +  r''  +  4;  and  since 
r<  14,  r'<  13,  r"<  12,  it  iS  evident,  that  each  of 
these  forms  ^iQu-k- ,  some  quantity  greater  than  li 
and  less  than  l6;  and,  therefore,  they  are  all  im^ 
possible  forms,  by  the  converse  of  cor.  4,  art.  71- 

And  the  second  set  of  these  equations  are  evi- 
dently impossible,  as  are  also  the  third ;  because  r, 
r',  r^\  &c.,  are  each  >  1 ,  but  <  1 6.  And,  con- 
sequently, all  the  equations  in  these  form^  are  im** 
possible.  —  a.  e.  d. 

Scholium.  The  above  set  of  forms  famishes  an  in- 
finite number  of  impossible  formulae  for  biquadrates, 
or  4th  powers,  and  various  others  might  huve  beex^ 
ioandi  but  as  all  those  given  for  squares  are 
•qnaUy  applicable  to  4  th  powers^  it  would  be  useless 

^2 
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to  multiply  them  by  other  particular  cases,  as  th<lf 
methods  which  have  been  explained,  the  reader  will 
easily  apply  to  any  particular  case  that  may  occur; 
and  as  he  is  thus  fiimished  w^itli  so  many  cases  of 
the  impossibility  of  equations  of  the  forms  / 

fl^* ±  %*  =  ^'j  o*x^  ±by^^  ^9  and  ax*±  by*  =  z^, 
which  might  have  been  carried  to  a  much  greater 
extent ;  it  will  always  be  proper,  when  any  equa- 
tions of  these  forms  are  proposed,  to  examine, 
first,  whether  they  be  possible  or  impossible; 
as,  in  tlie^  latter  case,  much  unnecessary  labour 
will  be  avoided^  But  it  may  be  necessary  to 
caution  the  young  practitioner,  that  though  an 
equation  may  fall  under  a  possible  form  to  one  mo- 
dulus, it  may  be  impossible  under  another;  and^ 
therefore,  that  it  is  not  so  easy  ta  show  that  an 
equation  is  possible,  when  it  really  is  so,  as  to  show 
the  impossibility  in  those  cases  that  are  impossible* 
In  short,  tliere  are  no  means  of  showing  that  an 
equation,  which  exceeds  the  2d  degree,  is  possible^ 
but  by  solving  it ;  but  the  impossibility  may  be  fre- 
quently demonstrated  by  the  methods  above  taught. 

PROP.  XVII. 

76.    No  triangular  number,  except  unity,  is  a 
biquadrate. 

For,  if  possible,  let 

^       -y%  ovx{x+\)^2y'^ 

now,  since  the  two  factors  x  and  x  -h  1  differ  from 
each  other  only  by  unity,  they  are  necessarily  prime 
to  each  other:    but  if  2i/^  be  resolved  into  two 
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factors  prime  to  each  other^  they  must  be  2m*  x  n* ; 
for  it  cannot  be  otherwise  resolved  into  factors,  that 
are  prime  to  each  other,  and  this  leads  to  the  fol-* 
lowing  equations : 

(x^2m\  ^      (x^n\ 

*'^^>   \x-^l^n\  ^"^^    \x^\^2m\ 

The  first  gives  «*  —  3  m*  =  1,  and  the  second        ^ 

The  latter  of  these  equations,  by  transposition, 
becomes  1  +  n*  =  2m*,  which  is  impossible  (cor,  2, 
art.  57)  I  and,  from  the  first,  we  derive 

m*  +  n*  =  (m*-f  1)',  or  (m7  +  n*  =  (m*+ l)% 

which  equation  is  also  impossible  (art.  58) ;  there^ 
fore,  no  trian^ar  number,  except  1,  is  a  bi- 
qu£^4te« 

PROP,  xvin. 

^T^  The  4th  differences  of  consecutive  4th 
powers  are  constant,  and  equal  to 

1  X  2x3  X  4  =  24. 

For  let  .r  — 2,  x— 1,  x,  x-hl,  T-h2,  represent 
the  roots  of  any  five  consecutive  4th  powers ;  theq 

{x\  2)*=cif*  +  Sx*  +  24x*  +  32X  +  16, 

(x-hl)*s»a!^H-4r'-*r   6x*+   4a: -h    1, 
(x-fO)*=a^, 

(a:-l)*=a?*-4a:'+   Qx-   Ax-^    1, 
(x-.2)*=a?*-8jr'  +  24a/^-32j?+i6, 

{4x'+18x'-h28x-hl5, 
4jr'-h  6x*-h  4x+  1, 
4^^-  6x«-h  4X-.  1; 
4x'-18a?'  +  28a:-l5^ 
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o J  A-.ff    /  24a-  +  12, 
^*'  ^'^-  l24:r-12: 

4thdiff.  T=24  =  l  .2.3.4. 

^nd  if  the  common  difference  of  their  roots  be  d^ 
then  the  4th  difierences  will  be  1  .  2  .  3  .  4  .  <^. 

a.  £.  D. 

PROP.   XIX. 

fS,  Every  5th  power  is  terminated  with  the 
same  digit  as  its  root.  Or  all  5th  powers  are  of 
the  same  form,  with  regard  to  modulus  1 0,  as  the 
roots ^ of  those  powers. 

For  all  numbers  to  modulus  lO  are  of  one  of 
the  following,  forms : 

(lOn  y^lO'n"  tfclOw'', 
(I0n+l)*tt:10n'+l  ^10w''  +  l, 
(lOn  +  2)*J*10w'+2*tfelOw''  +  2, 
(lOn  +  3)*tfe  lOn'  +  3'^lOn''  -f  3, 
(lOw  +  4)':*  lOn'  +  4'i^lOn''  -f  4, 
(lOw  +  5)'i*:  lOn' +  5' tte  lOn"  +  5, 

(lOn  +  6)'sb  lOn'  +  6':=fe  lOn"  +  6, 

(10» Hr  7)':*: lOn'  +  7'^lOn''  +  7, 
*  (lO»+8y:*:10w'  +  8't*ilO/«''+8, 

{lOn  +  sY^lOnf  +  9'^  lOn''  +  9. 

Where  the  latter  formulae  are  evidently  the  same 
as  the  first;  and,  consequently,  the  poAvers  have 
the  same  forms  to  modulus  10  as  the  roots  of  those 
powers,  or  they  are  terminated  with  the  same  di- 
gits. —  a.  E.  p. 


Forms  of  Cubes,  emd  Higher  Powfirs*      1.^1. 

Cor.  It  lias  been  demonstrated  (art.  64),  that  all 
cubes  have  the  same  forms  as  their  roots  to  modulus  6 ; 
and,  in  the  above  proposition,  that  all  5th  powers 
have  the  same  forms  as  their  roots  to  modulus  10; 
and  the  same  is  universally  true  for  prime  powers; 
namely,  that  they  are  of  tlie  »ame  fonm  ag  their 
roots  to  modulus  double  the  exponeoft  of  the  power ; 
viz.  all  7th  powers  are  of  the  same  form  as  their 
roots  to  modulus  14,  and  11th  powers  of  the  same 
fonn  as  their  roots  to  modulus  29:  and  so  on  for 
any  other  prime  powers. 


PROP.  XX, 

79.  The  5th  differences  of  consecutive  5di  pow- 
ers are  constant,  and  equal  to 

1  .  S  .3  .  4  •  6  -IM. 

For  let  ar-2,  x-l,  .t,  J?+l,  «-h8,  .r-h3,  re- 
present the  roots  of  any  six  consecutive  6  th  powers, 
then 

(x  +  3)*  =x*  -f  1 5x^  +  QOj^  -f  270a*  f  405x  -h  243, 
(x  +  2)'=ar'+10i^  +  40jr'-f  80.1*4-  80cr4-  32, 
(x+l)'  =  x'+  5a?'  +  iar'+  lOo^^V  5x4  1, 
(x  +  o)*  =  jr', 

(i:-l)*=x'-  5.r*H-10j.'~  lOx'-h  5.r-  1, 
(j:-2)*  =  x'-iar'  +  40.r'-    801'*+    80a?-   32. 

5x*  +  50a'  -f  1  J)ai'  +  325x  +  21 1 
5x*+30x'+  70.1V  75^4-  31 
1st  diff.  ^  5x'  +  lO.r'  +  10J7-  +  5a:  4-  1 
5a*— 10x^4-  lOo.*—  5^4-  1 
5x*-30c'+    70a'-    75a  4-    31 
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aOx'  +  },  SOj:*  +  260X  +  1 80, 

fld  diff    I     ^^+   ^^'+   70.^+   ^®» 
'     *""•   ^     2aE»+      0;e*+    10X+      O, 

SOx'-   6(kd'+   70X-  3Q, 
r   60x»+180x+150, 

3d  diff.  ^    6ar»+  6oz+  30, 

■ 

4th  di£  lij^'i'^j' 

Sthdiff.    =120  =  1  .8.3.4.5. 

Ct.  £.  D, 

And  if  the  roots  of  any  s^t  of  5th  powers  fonn 
an  arithmetical  progression^  the  common  difference 
of  which  is  d,  then  will  their  5th  differences  b^ 
equal  to  1  .  2  .  3  .  4  .  5  .  cP. 

Scholium.  It  is  also  uudoubtedly  tme,  that  the 
nth  differences  of  consecutive  nth  powers  are  con- 
stants^ and  equal  to  1  ,2,3^4^5.6^  &c.  n ;  but 
it  is  difficult  to  demonstrate  this  on  pure  ele- 
mentary principles.  The  demonstration  appears 
to  rest  on  the  following  theorem;  viz.  the  product 

1.2.3.4.5^ n=5 

,         ,      vin—x),         ,      »(w— 1)(»— 2) 

(»-3.)'+  &c. 
which  is  readily  deduced  from  the  Differential  CaU 
cuius ;    but  a  demonstration^  founded  on  those  prin- 
ciples^ could  not,  with  propriety,   be  introduce^ 
into  an  elementary  work  of  this  kind. 


153 


CHAP.  VI. 

On  the  Properties  of  Powers  in  General. 

PROP.  I. 

80.  The  difference  of  any  two  equal  powers,  of 
different  numbers,  is  divisible  by  the  diflerence  of 
their  roots ;  that  is, 

af*— y  =  M(j?— y)*. 

For  make  X— y=rf,  ora:=rf-fy;  then  jc^—y*  be- 
comes (^+y)"— y";  and  we  have  to  demonstrate, 
that  this  expression  is  always  divisible  by  dy  or 
jr-y. 

Now,  by  the  developement  of  (rf+y)",  and 
writing  for  the  coefficients  of  the  respective  terms, 

1,  n,  m,  J9,  &c.,  91,  1,  we  have 

(rf-hyr-y-  = 
rf*-»-nif"'y-|-»Mf"y-h/>rf"'y  + w</y""'  = 

which  latter  form  is  evidently  divisible  by  d ;  and, 
consequently,  the  equal  quantity 

•  {d-^-yY-y^  orjf-y- 

*  The  abridged  expression  M(jr— y)  indicates  a  multiple  of  the 
quantity  within  the  parentheses,  and  may  be  read  either 
j«--^«  equal  a  multiple  pfx^-yi  or  x"—^  divisible  hjf  x— ^. 
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is  divisible  also  by  d,  or  hy  x—y,  since  x—y^d; 
that  is^ 

jf — y''  =  M(j?— y).  ft.  E.  D. 

Cor.  1.  Whea  x  is  prime  to  y,  then  rf=sa?— y  is 
prime  to  both  x  and  y  (cor.  1,  art.  7);  ^nd,  con- 
sequently, the  above  quotient 

did""^ -^nd^^'y  +  nid''-Y ■^pd'^-y -^  ^--)+wy-» 

is  prime  to  rf,  unless  the  poiver  n  be  equal  to  rf,  or 
some  multiple  of  d;  for  all  the  terms,  except  the 
last,  are  divisible  by  d;  but  the  last  wy""*  is  prime 
to  rf,  unless  «  be  a  multiple  of  it ;  because  we  have 
seen  that  d  is  prime  to  i/^  and,  therefore,  the  quo- 
tient is  not  divisible  by  rf,  except  in  the  latter  case ; 
and  hence  we  conclude,  that  ap^— y"  is  always  di- 
visible by  a:— y  once,  but  after  that,  tke  quotient  is 
not  again  divisible  by  JF— y,  unlesa  n^x—y,  or 
w=  some  multiple  of  jr—y. 

Cor.  3.  If  «  be  a  prime  number,  then  the  co- 
efficients of  the  expanded  binomial  d-^y  may  be 
represented  by 

1,  w,  nay  nbj  &c.,  nft,  na,  w,  1  (cor.  1,  art.  12)^ 

ill  which  case 

(d  +  yY  — y  becomes 
rf'*  +  ni"-'y  +  wa/i'-y  +  nM"-y, warfy'-f 

f  rf(rf"-*  4-  wrf*"'y  +  nad^'Y  +  w^^^'V, nady"''' 

which,  being  divided  by  rf,  gives  for  a  quotient 

J  rf(ci-*  +  nd^^'y  -f  nad'Y  -f  nbd''  y\ w^y"') 

I         +wy*-^ 


{ 


{ 
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which  is  evidently  not  again  clivisible-by  d,  nnless 
w  =  rf;  for  since  fiisH  prime,  it  cannot  he  a  multiple 
of  d.  But  this  quotient  may  be  divisible  by  »,  if  n 
he  a  factor  of  d;  for  if  we  make  d^nd\  the  above 
becomes 

f  ndf{  (ncf  )-*  -f-  nindy-'y  +  m{ndy'y  +     -  -  ^ 

which  is  evidently  divisible  by  n,  giving  for  a 
quotient 

d^[{ndy'''-^n{ndy-'y-^na{ndy'Y-\^    -  -  - 

but  this  quotient  is  not  again  divisible  by  n;  for, 
since  n  is  a  factor  of  d,  and  d  is  prime  to  y,  y  "*  is 
prime  to  n;  and,  since  all  the  first  part  of  this 
quotient  is  divisible  by  »,  but  the  other  part,  y  ^  is 
prime  ton;  therefore,  the  whole  quotient  is  also 
prime  to  n.  And  hence  we  conclude,  that  the 
difference  of  two  powers,  x*— y*  (wfiten  x  and  y  are 
prime  to  each  other,  and  n  is  a  prime  number)  can 
only  be  divided  once  hs  x^y\  atid  after  that,  nei- 
ther by  X— y  nor  by  any  factor  of  x—y^  unless 
n:=x—yj  or  some  factor  of  x—y;  in  which  case, 
.r"— y"is  divisible  once  by  n{x—y),  but  after  that, 
neither  by  n  nor  by  (x— y),  npr  by  any  factor  of 

Cor.  3.    The   quotient  really  arising  from  the 
division  a?— y"  by  a?— y  is 

which  quotient,  therefore,  from  Mhat  has  been 
shown  above,  is  always  prime  tjox—y{x  and  y  being 
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supposed  prune  to  each  other) ;  except  when  n  is 
equal  to  x^-y^ar  when  it  is  some  multiple  or  factor 
of  X— y. 

PROP.  II. 

81 .  The  difference  of  two  equal  powers  is  always 
divisible  by  the  sum  of  their  roots,  when  the  ex- 
ponent of  the  power  is  an  even  number ;  that  is, 
a?"— y"=M(x-f  y),  when  n  is  even. 

For  make  ^+y==^^  or  j?=5—y,  then  x*— y*be» 
comes  (^~y)*— y,  which  we  have  to  prove  is 
always  divisible  hy  x-hy  or  s. 

Now  by  the  developement  of  {x  +  y)",  and  writing 
for  the  coefficients  of  this  expanded  binomial^ 

it  becomes 

because,  since  n  is  even,  the  last  term  of  (^—y)", 
namely  y,  will  have  the  sign  + ,  and  will,  there- 
fore, he  cancelled  by  — y*. 

Now  this  quantity  may  be  put  under  the  form 

^(^■*  — w^"'y  +  ww""'y*— /w*"y  + +»wy*"* 

which  is  evidently  divisible  by  ^ ;  and^  consequently, 
the  equal  quantity  (*— y)"— y%  or  a?''— y*  is  also 
divisible  by  *,  or  by  ar + y ;  that  is, 

jr«-.y»  =  M(x-hy), 

when  n  is  an  even  number.  —  a.  e.  n. 

Cor.  It  may  also  be  demonstrated,  by  the  same 
reasoning  as  that  employed  above  (cor.  1,  art.  80), 
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fbat^  if  X  and  y  be  prime  to  each  other^  then  of  —  j^* 
can  only  be  divided  once  hj  x-^-y,  unless  n  be  equal 
to  j:  +y,  or  some  multiple  of  j: + y, 

PROP.  III. 

82.  The  sum  of  two  equal  odd  powers  is  always 
divisible  by  the  sum  of  their  roots ;  that  is, 

jf+y-  =  M(a?+y), 

when  the  exponent  n  is  an  odd  number. 

For  make  or +y=^,  orx=^— y,  then  j^'+y"  be- 
comes ("y— y)*+y";  M^hich  we  have  to  demonstrate 
is  always  divisible  by  s,  or  x  -hy. 

Now  by  the  developement  of  (*— y)",  and  writing 

1,  n,  m,  p,  &c.,  niy  n,  I, 

for  the  coefficients  of  the  expanded  binomial 
(*— y)%  we  have 

(^-y)«+y-=r 

f  .s"— m'""'y  +  wM?""y— /w^'y  + +»w*y***  — 

for  since  7i  is  odd,  the  last  term  of  the  expanded 
binomial  (^J— y)",  or  y%  will  have  the  sign  — ,  and 
will,  therefore,  be  cancelled  by  -f  y*. 
And  this  expression  may  be  put  under  the  form 

which  is  evidently  divisible  by  s;  and,  tlierefore, 
the  equal  quantity  (*— y)"+y",  or  af -hy",  is  also 
divisible  by  ^,  or  by  x+y;  that  is, 

when  n  is  an  odd  number.  —  a.  £.  d. 
Cor.  1 .  It  may  also  be  demonstrated,  by  the  same 
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reasonings  as  that  employed  at  eor.  1,  art.  80,  that 
if  X  and  y  be  prime  to  each  other,  then  of*— y"  caa 
only  be  divided  by  x-^jf  oncBj  unless  «=i(a?-|-rf),  or 
some  multiple  of  {x-\-d). 

Cor.  5.  And  if  n  be  a  prime  number,  and  x  and 
y  prime  to  each  other,  then  x"-hj/'  can  only  be  di- 
vided hy  x-¥y  once ;  and  after  that  neither  by  x-^-y 
nor  by  any  factor  of  x-^y^  unless  n  be  one  of  its 
factorsj  in  which  case  it  may  1>e  divisible  by 
n{x + y)  once^  but  after  that  neither  by  n  nor  by 
{x-^y),  nor  by  any  factor  of  (xi-y);  as  is  evident 
from  the  same  reasoning  as  that  employed  at  cor.  2, 
art;  80. 

Sclwliunti  By  means  df  the  three  foregoing  pro- 
positions, and  their  corollaries,  we  may  draw  the 
following  general  conclusion  with  regard  to  thef 
divisors  of  the  formula  :r"±j/";  viz. 

1.  If  n  be  even,  or  of  th^  form  2n\  then  {3^  —  tf)i 

or  (x^"*— y*'')=s=M(a;+j/);  and  M{x—y), 

But  if  x  be  j)riine  to  y  then  will  x^"'  — j/*"'  be  di- 
visible only  once,  by  each  of  those  quantities, 
unless  272'  =  x  4- V,  or  x—y,  or  some  multiple  of  one 
of  those  quantities. 

2.  If  n  be  odd,  or  of  the  form  2n'-f  1,   then 

(^-/),  or  (ar"'-^^-y"'+^)  =  M(j:-j/);  and 

But  if  in  these  forintilae  x  and  y  be  prime  to  each 
other,  then  each  of  those  quantities  are  only  di- 
visible by  their  respective  divisors  oncCj  unless 
2n'  -\- 1  ^ix—yy  or  some  multiple  of  x—y,  in  the  first 
case;  or  27i'  + 1  =a?+5/,  or  some  multiple  of  a: -f^, 
in  the  second  case.   And  if  in  these  two  last  forms^ 
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a  and  If  be  priine  to  each  other^  and  n  be  a  prime 
number,  theii^  in  the  first  form,  •»"— y"  is  divisible 
by  J?  —  ^  once,  and  after  that  neither  hj  x—y  nor  by 
any  factor  of  {x—y),  unless  n  be  one  of  its  factors; 
in  which  case  x^'—jf'  is  divisible  n[x—y)  once,  and 
after  that  neither  by  n  nor  by  [x—y],  nor  by  any 
factor  oi[x—y). 

And  in  the  second  fonn,  (x*H-y")  is  divisible  by 
x-{-y  once,  and  after  that  neither  by  {x-{-y)  nor  by 
any  factor  of  x+y,  unless  n  be  one  of  its  factors ; 
in  which  case  it  is  divisible  hyn[X'\-y)  once,  and 
after  that  neither  by  ii  nor  by  [x^-y],  nor  by  any 
factor  oi  x-\-y. 

By  means  of  the  above  propositions,  we  are  also 
enabled  to  ascertain  the  divisors  of  the  sum  or  dif- 
ierence  of  unequal  powers  of  the  same  root ;  viz* 

(.1?*  — ^)=sM{tT— 1),  andM(j?-fl), 

when  in  —  n  is  even,  or  of  the  form  2n\  for 

and  since  m-'n^^2n\  therefore, 

(j?«--1)  =  (x^-1««)==m(x-1),  and  m(z+1);  " 

and,  consequently, 

jp"x  (a^"*-"-l)=s(a?'"~a:*')=M(jp-l),   and  M(x-f  1). 

Agafai,  if  A  —  m  be  odd,  or  of  the  form  2n'  +  1>  then 

(j?*  —  x"")  ==  m(j?—  1),  and 
(j?"'H-:r")=M(x+l). 

For 

(i?*  -  X*)  ^x*x  (a""*  -  1),  and 

§iBo,  since  111— ff^i2n^+l,  therefore^ 


l6d  Potbirs  in  (Centred. 

(^-^l)  =  (j?-+>-l*»+')=M(a;-l),  and 

(j?*-+ l)  =  (i:»*+> +  !•"+>)  =M{ir  + 1) - 

and,  consequently, 

jf  X  (a?— "  +  1 )  =3  (o?'^  +  X")  ±:x  M  (a:  -h  1 ) . 

LcfntncL* 

83.  In  demonstrating  the  impossibility  of  the 
equation  a;"±3/"  =  jc",  it  will  be  sufficient  to  consider 
n  as  a  prime  number.  For  suppose  n  be  not  a 
prime,  but  equal  to  the  product  of  tw6  or  more 
prime  factors,  as  n  ^pq^  then  the  equation  becomes 

being  a  similar  equation,  in  which  the  power  ^  is  tt 
prime  number ;  and,  therefore,  if  the  equation  be 
possible  when  n  is  a  composite  number,  it  is  also 
possible  for  a  prime  power ;  and,  conversely,  if  the 
equation  be  impossible  when  the  power  is  a  prime^ 
it  is  also  impossible  for  every  composite  power ;  w^ 
shall,  therefore,  in  what  follows,  consider  n  as  a 
prime  number. 

Again,  we  may  always  suppose  x^  ^,  and  s^,  ai 
prime  to  each  other ;  for  it  is  evident,  in  the  first 
place,  that  t>vo  of  these  numbers  cannot  contain  a 
common  divbor,  unless  the  third  contains^  the  same. 
Suppose,  for  example,  that  x"  and  y  contained  any 
common  dixnisor,  as  $,  and  that  z*  did  not  contain 
the  same,  then,  in  the  equation  a?*±y=«",  we 
should  have  jf'±jf'  divisible  by  ^,  but  the  equal 
quantity  «*  not* divisible  by  it,  which  is  absurd; 
and  the  same  may  be  shown  if  any  other  two  of 
these  quantities  are  supposed  to  have  a  common 
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divisor  which  the  third  has  not.  And  if  they 
have  all  three  the  same  common  divisor^  as 
x^^y  \V4^jK>  and  z^^^y  then  the  equation 
becomes 

or^  dividing  bjr  the  greatest  common  divisor^ 

if,  therefore,  the  equation  x"±y3M£"  b^  possiblei 
when  Xf  y^  and  x^  have  a  common  divisor,  it  i% 
also  possible  after  being,  divided  by  that  common 
divisor,  and  in  which  latter  equation  the  three  re^ 
suiting  quantities,  j/,  y ,  and  %\  are  prime  to  each 
other ;  and,  conversely,  if  the  latter  be  impossiUej 
the  former  is  impossible  also ;  we  shall,  therefore^ 
only  consider  the  cases  in  which  x^  y^  and  x,  an 
prime  amongst  themselves. 

It  will  also  be  sufficient  to  consider  the  ambiguous 
sign  +  under  either  of  its  forms  +  or  —  ;  for  if 
the  equation  a;^ + y  ^^  ^  be  possible,  so  also  is  the 
^nation  a*— y*»jc^;  and  if  the  equation  be  im- 
possible under  the  latter  foi|n>  it  is  likewise  im-» 
possible  under  the  former* 

We  shall  therefore  limit  our  deraonstratioii  to 
the  equation  jr*--y««z".  In  which  n  ii  •  prme 
number,  and  x^  ^,  and  z^  numbers  prlihe  to  each 
other;  the  impossibility  of  which,  irom  what  is 
sdd  above,  involves  with  it  the  impossibility  of 
the  general  equation  at  ±-y  ^ ;«",  when  a?,  y^  and  «, 
are  any  numbers  whatever,  and  n  any  number  ex-^ 
cept  3,  or  some  power  of  3.  Now,  with  regard  to 
n  =  2,  we  know,  that  the  equation  is  tiot  impossible, 
hut  the  case  of  n  equal  4  has  been  demonstrated  to 
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be  impossible  (art.  73) ;  and  this  latter  case  involves 
-  that  of  every  higher  power  of  2,  thus 

which  being  impossible  in  the  latter  form,  is  ne- 
cessarily so  in  the  former ;  and,  in  the  same  manner, 
the  impossibility  of  the  equation  for  any  higher 
power  of  2  may  be  shown  to  be  involved  in  that  of 
71  =  4:  it  is  evident,  therefore,  that  our  equation, 
together  with  that  of  w  =  4^  involves  every  possible 
value  of  n  greater  than  2. 

PROP*  IV. 

84.  if  the  equation  j"— y*=i=«"  bfe  {)56sible  {?i 
being  a  prime  number,  and  x,  y,  and  %,  prime  ta 
each  other),  then  one  of  the  four  following  con- 
ditions must  obtain ;  vlx.j 


Cx-y 

t,  <  x  —  z 


1st,  \  x  —  z^^y  2d,    <  x  —  z^^iR^, 


3d 


,    <  o;  — ;2!*:n""V,  4th,  <  a?  — s***. 

Where  r,  *,  and  f,  may  represent  any  numbers 
whatever,  indicating  only,  that  (:r— 3/),  [x  —  z]^ 
(y  +  5;),-  &C4,  are  complete  nth  powers,  or  that 
they  are  of  the  form  r",  ^%  /'.  This  follows 
from  what  has  been  demonstrated  cor*  2,  art.  80; 
viz.  that  x'^—y*  is  divisible  by  x—y  once,  and 
after  that  neither  by  x—y  nor  by  any  factor 
of  x—y,  unless  n  be  one  of  its  factors,  in 
which  case  a:*— 3/"  is  divisible  by  w(jp—y)once5  imd 
after  that  neitlier  by  ?i  nor  by  x—y^  nor  by  any 
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factor  of  a? —;y ;  and  the  same  must  necessarily  be  true 
of  the  equal  quantity  z"" ;  viz,  that  it  is  divisible  by 
x—j/  once,  or  by  n(x—y)  once,  when  n  is  a  factbr 
of  x—j^j  but  after  that  it  is  neither  divisible  by  n 
nor  by  a?— y,  nor  by  any  factor  of  x— y,  and, 
therefore,  (cor.  1,  art.  l6)  x— y,  in  the  first  case^ 
and  n{x—y)  in  the  second,  must  be  complete  ?2^A 
powers ;  that  is, 

Jt—j/^7**,  or  n{x  —  i/)itirn; 

but  the  latter  of  these  formsy  since  w  is  a  prime 
number,  must  be 

^z(a:~y)j*;7iV'",  or  x— yi^:^^"'^'"; 
and,  consequently,  if  J:he  equation 

be  possible,  tve  must  have  x—y^^f,  or  »*'  V". 

But  the  equation  J*— y"  =  «"  maybe  put  undej' 
the  fdrm  x"— s"=^";  and,  consequently,  we  hav€^ 
lilso  the  same  result  ad  to  the  difference  x  —  z^  i>iz, 

dc—zi^s^  or  n"~'^*. 

And  again,  by  writing  the  equation  thus, 

we  shall,  by  means  of  cor.  2,  art.  82,  and  the  samcf 
reasoning  as  that  employed  above,  find^  that 

y  +  «t*:rj  or  w"'*r. 
Hence,  then,  if  the  equation 

x^-y^'^z* 

be  possible,  the  following  conditions  must  ob- 
tain; viii 

The  difference  of  the  roots  x  —  i/^f^y  or  »""'r*. 

The  difference  of  the  roots  x  —  z^s*,  or  n*"  V, 

The  sura  of  the  roots         y  +  «^r,  or  n^'^r^ 

M  2 
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But  since  {a:-y),  {x  —  z),  and  (y  +  «),  arc  re- 
spectively divisw^  of  the  three  nth  powers,  z%  y% 
and  x*j  and  since  these  three  qnantities  are  prime 
to  each  other,  their  divisors  must  also  be  prime 
to  each  other;  and,  consequently,  only  one  of 
these  can  be  of  the  latter  form  above  given,  as  they 
Would  otherwise  have  a  common  divisor  n.  There-» 
fore,  if  the  equation  be  possible,  we  shall  have 
either 

jF-ytter", 

X  —  Z^^f 

or  two  of  these  quantities  will  be  of  this  form,  and 
the  third  of  the  form  n""*^,  which  evidently  re- 
solves into  the  four  following  cases,  one  of  whidi 
must  necessarily  obtain,  if  the  equation  jf — 3f"=)fc* 
be  possible ;  viz. 

Ist,  ^  x  —  z^s\  2d,    ^  x--z^s\ 


x—y^r^, 
3d,    ^  a?  — sjtfcw""V,  4th,  -^  x-'Z^s^, 


Cx-y^r^, 

I,    <  a?  — sjtfcw""V, 

y^y-k-z^r. 


y-f«545n""T". 
a.  E.  D* 


PROP.  V. 

85.  Tlie  equation  j?*— 3/"  =  ^;*  is  impossible 
in  integers,  n  being  any  prime  number  greater 
than  ^. 

We  have  before  obsen^ed  that  x,  ^r,  and  «,  may 
be  considered  as  prime  to  each  other,  and  by  the 
foregoing  proposition  it  is  demonstrated,  that,  if  the 
equation  be  possible,  one  of  the  four  folloiving 
conditions  must  obtain ;  viz-. 


—  1  ~ 
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1st,  -l  a?  — «  =  *\  2d. 


( 


3d« 

But  at  present  we  shall  only  consider  one  of  those 
cates,  for  example  the  first,  and  in  the  result,  by 
substitHting  »""*r*  for  i^,  »""V  for  «",  &c*,  we 
shall  arrive  at  all  the  possible  cases.  First  then,  let 
ns  ascertain  whether  the  equation  jf  r-y**^«"  be 
possible,  on  the  supposition  that 

Now  from  these  three  equations  we  derive  the 
three  following ;  viz^ 

And,  consequently,  since  a:*— y*=  «",  or  i?"=^"  +  z""^ 
we  have 

Or 

Now 
t        r*)*  +  nbf"  • '"(«"  -  r")'  &c. 

*  See  note,  page  W7. 
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c  {r-(^-r»)}«=:r-n/"""''(^-r*)  +wa*'^"**(5'- 

And  here,  sincfi  the  sum  of  the  tt^o  first  expressions 
is  equal  to  the  third,  it  is  evident  that  the  latter, 
snhtracted  from  the  sum  of  the  two  former,  is  eqnal 
to  zero.  But  in  adding  the  firo  first  together,  the 
3d,  4th,  &c.,  terms  cancel ;  and,  consequently,  in 
subtracting  the  latter  from  that  sum,  the  2d,  4th, 
&c.,  terms  will  remain  the  same,  except  that  the 
signs  will  be  changed  from  +  to  — .  And  as  to 
the  1st,  3d,  &c.,  terms  of  the  first  two  equations, 
and  the  same  terms  of  the  third,  we  shall  have^ 
by  observing  that 

(^•-r");  =  (^  +  r«)'-4*'r", 

(^  -  r^)«  =  (V  +  r^Y  -  1 2^*  V*  -  40^  V  -  1 2^r'\ 
&c.  &c.  &c. 

for  the  sum  of  the  two 

1st  terms  2f**, 

3d  terms  awfl^^-'X^"  -f  r^Y^ 2/wr""*"x  4aV, 

5th  terms  2«cr*-''(A-"  +  r")*-  2ncr'*''  x  8^V"(r''  +  r'% 

7th  terms,  &c. 

And,  consequently,  subtracting  from  those  sums 
the  1st,  3d,  &c.,  terms  of  the  third  line,  namely, 

1st  term  f'% 
3d    term  naf'— *"(.y"  +  r")^ 

5th  term  wc^"'*-*^*"  +  ^")  ; 
the  remainders  of  these  particular  terms  will  be, 

*  By  writing  n,  na,  nb,  nc,  &c.,  for  the  coeflkients  of  ibc  bino- 
iniali  cor.  I,  art.  12. 
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iPt  rem,  =#*•, 

3d  rem.  =  nat^^'{^  +y)*  -  ^nar'^""  x  4;5V, 
/  5th  rem.  ==:  ncf^"^{^  +  r")*  -  2ifcr*-*"  x  8*V(**"  4- 

*    7^hrem.  &c.     &c,  • 

'  In  short,  the  whole  of  the  remainder  which  fe 
eqnal  to  zero,  will  be  expressed  by 

And  here  it  is  only  necessary  to  observe,  that  all 
the  terms  on  the  latter  side,  of  this  expression  are 
divisible  by  f  4rY%  s,o  that,  for  perspicuity  sake,  we 
may  write  it  thus, 

and,  consequently^ 

and  here,  since  the  first  side  is  a  complete  ntft 
power,  the  latter  side,  which  is  equal  to  it,  must 
he  so  likewise;  and,  consequently,  a  must  be  a 
complete  nth  power,  or  a  =  a'"  ;  that  is, 

and,  therefore, 

t^ -- s"" "  r""  =  tsrx' : 
or,  dividing  by  trs,  we  have 

/"-•     .?"-'     I'-'- 


=a' 


sr       tt:       st         * 

which  must  necessarily  be  an  integer.  But  these 
three  fractions  are  in  their  lowest  terms,  be* 
4;ause  r,  Sy  and  t^  are  prime  to  each  other,  and. 
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each  of  the  denominators  contains  a  factor  that  ia 
not  common  to  the  other  two  $  they  cannot,  there- 
fore^ be  equal  to  an  integer  (cor.  2,  art*  13);  and^ 
consequently,  the  equation  is  impossible  under  the 
first  condition.  And  in  order  to  arrive  at  the  re-r 
suits  of  the  other  three  conditions,  we  have  only  to 
substitute  n""*r^  for  r" ;  »""  V  for  «" ;  and  «""'^  for 
r,  whence  we  draw  the  four  following  conclu'* 
idons; 


1st, 

/»-!          ^-1          ^'l 

rs        tr       st 

2d, 

r-'     .«'-»      7i«-'r-' 

rs       tr          st 

3d, 

r'^     72"-'^"-"      r"-' 

rs          tr          st 

Afh 

71"- 'f     r^'     r""* 

a'. 


-'A       , 


"~'      rs  tr       st   ""       ' 

according  as  we  assume  the  1  st,  2d,  3d,  or  4th,  con* 
dition.  In  which  expressions  we  ought  to  have  one  of 
the  quantities  a',  a",  a"\  a'^'\  an  integer  number, 
if  the  giA-en  equation  were  possible ;  but  since  in 
each  of  these  expressions  we  have  three  fractions, 
in  their  lowest  terms,  and  the  denominator  of 
each  contains  a  factor  not  common  to  the  other  two, 
therefore  (cor.  3,  art,  13)  they  cannot  produce  an 
inteffer  number. 

Having  shown,  therefore,  that,  if  the  equation 
A*— y'  =  s;"  were  possible,  one  of  the  qniintities  a', 
V,  A^'%  or  a''^',  would  be  an  integer ;  and  having 
also  demonstrated  that  no  one  of  these  quantities 
can  be  an  integer;   it  follows,   that  the  equation 


^m•m^ 


"^ 
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whence  they  were  derived  is  impossible;  that  is^ 
the  equation  af-^t/^^z*  is  impossible,  when  n  is 
a  prime  number. 

We  have  also  demonstrated,  art*  83,  that  the 
impossibility  of  the  equation  a?*— y*  =  ;5",  when  n 
is  a  prime,  involves  with  it  the  impossibility  of 
every  eqvation  of  the  form 

in  which  n  is  any  number  whatever  except  S,  or 
6ome  power  of  3;  and  we  have  likewise  shown 
that  the  impossibility  of  the  equation,  when  n  is 
any  power  of  2,  is  involved  in  that  of  a?*— y =s^, 
which  particular  case  has  been  demonstrated  to  be 
impossible  (art.  73) ;  and,  consequently^  the  equation 

is  always  impossible,  when  n  is  any  integer  number 
whatever  greater  than  2. — o,.  £•  d. 
Con     Since  the  equation 

is  impossible,  so  also  is  — r  +*^ = •— ,  for  this  is  tbe 
»  w       p      q 

same  as  j:" + y"  = — :  and,  therefore,  tlie  equa- 
tion is  likewise  impossible  in' fractions. 

PROP.  VI. 

86.  If  m  be  a  prime  number  and  x  any  number 
not  divisible  by  m,  then  will  the  remainder  arising 
iirom  the  division  of  x  by  m  be  the  same  as  that 
from  the  division  of  sT  by  m. 


I 
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For  make  a? = x'  -f  1 ,  then  we  have 

And  since  all  the  temis  of  this  expanded  bino- 
inial,  except  the  first  and  last,  are  divisible  by  71? 
(cor.  I,  art.  12),  it  follows  that  the  remainder 
from  the  division  [x'  4- 1  )*"  by  w  is  the  same  as  that 
from  the  division  x*^  -f  1  by  m ;  which,  by  rejecting 
the  multiples  of  m,  may  be  expressed  thus : 

Making  now  .T/=:a?"+l,  we  shall  have>  on  tha 
tame  principles, 

0^=: (a:' +  1)*= J7"^+ 1  =  {^" -f  l)*"  +  1  =x'""  +  2.. 
Again,  let  j:''  =  x"'+  1,  and  we  obtain 

And  thus,  by  continual  substitutions,  w^e  have 

^  =  ar""  +  l=x''"'  +  ^=x-'''"  +  3=  &c.;  or, 
x*=  (j?-l)*"+l=  (x-2)'"  +  2  =  (a?-3)^  +  3   &c, 

the  last  of  which  terms  is  equal  to  x\  whence  it 
follows,  that  the  remainder  arising  from  the  di-. 
vision  of  X  by  m  is  the  same  as.  tfeat  from  the  di^ 
vision  of  x*"  by  m.  —  a.  e.  d. 

PROP.    VII. 

8/.  If  ;;z  be  a  prime  number,  and  x  any  num^ 
ber  not  divisible  by  m,  then  will  the  formula 
:r''"*—  1  be  divisible  by  7/1,  or,  which  is  the  same, 

(.r'"-'-l)=M(i«). 

.For,  by  the  foregoing  proposition,  the  remainder 

X  •  -  x^ 

of —  is  the  same  as  the  remainder  of  — ;  and,  coa- 
m  m 


{ 
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fiequently,  the  difference  j?"  —  x  is  divisible  by  m. 
But  a?"*  — x=a:(j?'""*  — 1),  and  since  this  product  is 
divisible  by  m,  ;ind  the  factor  x  is  jjrime  to  m,  it 
must  therefore  Ije  the  other  factor  (j:*""*  —  1),  that 
is  divisible  by  m  (cor.  6,  art.  H).  —  a.  e.  d, 

.Cor.  1.  Since  a?"""*  — 1  is  always  divisible  by  in, 
if  X  be  prime  to  m,  and  w  itself  a  prime,  there  are, 
necessarily,  m  —  1  valmss  of  j?  less  than  m,  that  satisfy 
the  equatioi} 

=  e,  an  integer ; 

that  is,  X  may  be  any  number  in  the  series 

1,  2,  3,  4,  5,  &c.,  w— 1, 

because  all  of  thes§  numbers  are  necessarily  prime  to 
m ;  and,  since  w  —  1  is  an  even  nuiuber,  wp  $hall 
have  also  w  —  1  values  of  Xy  comprised  between  the 
limits  — -i^m  and-^m;  that  is ,  x  maybe  any  num- 
ber in  the  series 

m— 1 

±1,    ±2,    ±3,    ±4    -  T  -    ±  -^i 

so  that,  in  both  cases,  we  have  7w  —  1  values  x<m^ 
that  render  the  equation 

x**"*--  1 

=  e,  an  integer. 

Cor.  2.  Since  a:"'*  —  1  is  always  divisible  by  m 
under  the  limitations  of  the  proposition,  therefore, 
x"*'*^a/n+l;  and,  consequently,  every  power, 
whose  exponent  plus  1  is  a  prime  number,  as  (m), 
will  be  of  the  form  am,  or  am  4- 1 ;  and  thus  we 
may  ascertain  the  forms  of  many  of  the  higher, 
powers:  thus. 
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x*i*i,  5n,  or  511+1 5 
X***  7n,  or  7»  +  l» 
£''^lln,  or  lIn+1; 
x**5fcl3w,  or  13n+  1 ; 
&c.    &c.         &c. 

Again^  since  m  is  a  prime  number,  if  it  be 
greater  than  2,  it  is  an  odd  number;  and^  conse- 
quently, m  —  1  an  even  number ;    and,   therefore^ 

and,  since  this  product. 


\x^  +iy^(^a?  -iy» 


is  divisible  by  m,  and  m  is  a  prime  number,  one  of 
these  factors  must  be  divisible  by  in ;  that  is. 


and,  consequently,  every  power,  the  double  of 
whose  exponent  plus  1  is  a  prime  number,  as  (m), 
is  of  one  of  the  forms 

am,  or  am±l; 

and  hence  again,  we  derive  the  forms  of  many 
other  Iiigher  powers ;  thus, 

a:*ite  fn^  or  7«±  1; 
x^^Wn,  or  lln±  1 ; 
x^5*il3w,  or  I3n±li 
x^^l^n,  or  I7w±  1 ; 
ar*s*:ig??,  or  19n±  1 ; 
x''i:ti23n,  or  23n±l; 
Slc.    &c.  &c. 

And  hence  we  have  the  following  forms  of  all 
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powers  from  2  to  12,  the  7th  powers  only  excepted, 
which  cannot  he  intrpduced  into  these  forms,  be- 
cause neither  7  +  1>  nor  2 . 7  +  1,  is  a  prime  num- 
ber. 

Table  of  the  possible  Fhrrns  of  Powers,  from 

2  to  12. 

jp'ifc  311,  or  3«-l-lsfe  5w,  or    5w±I; 

x^\^  -     -  .    -     5*5  7w,  or    7»±1; 

a?*t$5  5n,  or  5n+l*     -    -     -    -     - 

j:*5fe  -     -  .     -     itellw,  or  lln±  1; 

x^^  ^n,  or  7»+l!45l3f?,  orl3«±l; 

a?'j*;     ^     -     -     -     fifcl7«,  or  17«±  1; 

j:';«5     -    -    -    -     5=r19w,  or  19n±l ; 

x'^'ii^llfi,  or  lln+l::^     -  -    -     -     . 

jr"fit!     -     -     -     -      :*:23ii,  or  23n±  1; 

a?'*5*5l3n,  or  13n+ltt:     .  -     -     -     - 

SchoUum*  By  means  of  the  foregoing  table  of 
formulae,  we  may  frequently  satisfy  ourselves  of 
the  possibility  or  impossibility  of  equations  of  the 
form 

And  also  whether  any  given  number  a  is  a  com* 
jdeCe  power  ^r  not,  without  the  trouble  of  extracting 
its  root :  it  is  to  be  observed,  however,  that  a  given 
number  may  be  of  a  possible  form,  though  it  be  not 
a  coniplete  power  \  but  if  it  be  of  an  impossible 
form,  then  we  are  certain,  without  any  farther 
trouble,  that  it  is  not  a  complete  power. 
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PROP.  VIII. 

88.  If  m  be  a  prime  iiuml)er,  auxl  p  be  made  id 
represent  any  polynomial  of  tlie  nth  degree,  as 

then,  I  say,  there  cannot  be  more  than  n  values  of 
X,  between  the  limits  -h-^rny  and  —-^m,  that  ren- 
der this  polynomial  divisible  by  m. 

For  let  k  be  tfie  first  value  of  »r,  cfiat  renders  p' 
divisible  bv  ?n.  so  that 

then,  by  subtraction,  we  have 

f  p-  Am  ='(.r" -  k')  +  flr(af -'  -  A-""*)  +  i(jt"-^^ - 1'')  + 
\      &c. 

But  the  latter  side  of  this  equation,  being  divided 
by  a?—/c  (art.  80),  we  shall  have  for  a  quotient  a 
polynomial  of  the  degree  «  —  1 ;  which,  being  re- 
presented by  p',  gives 

p  — Am  =  {a?  — /f)p',  or  p  =  (a:— A-jp'  +  aw?.- 

Let  now  k'  be  a  second  value  of  x,  that  render* 
p  divisiljle  by  m,  then  it  folhnvs,  that  {x—  A)p'+  ai» 
is  also  divisible  by  w ^  and,  consequently,  (a:— A) p' 
divisil)le  by  ni,  but  the  factor  x  —  ky  which  now 
becomes  (A'  — A),  cannot  bo  divisible  by  m,  because 
both  A'  and  A  are  less  tlian  -^m;  therefore,  p  cannot 
be  divisible  a  second  time  by  w,  unless  p'  be  divi- 
sible bv  W7. 

The  polynomial  p  is,  therefore,  only  once  more 
divisible  by  m  than  the  polynomial  p'  j  and,  in  thok 
same  manner,  it  may  be  shown,  that  p',  o^  the  de- 
gree n-l,  is  only  once  more  divisible  by  m^  thaa 
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t^'y  of  the  n — 2  degree,  &c. ;  and  hence  it  follows, 
that,  p  being  a  polynomial  of  the  n  degree,  ther^ 
can  be  only  n  different  values  of  Xy  comprised  be- 
tween the  limits  -f-4^  and  —  ^m^  that  render  it 
divisible  by  m.  —  a.  e.  d. 

Cor*  We  have  seen  (cor.  1,  art,  87)^  that  ifM  be  d 
prime  number,  the  formula  x""'— 1  has  w— 1 
values  of  x,  between  the  limits  +\m  and  —\m^ 
that  render  it  divisible  by  m.  Now,  this  being  put  un- 
der the  form  (^^i  )><(x*^  —  1  )>it  follows,  that 

each  of  these  factors  has  values  of  .r,  between 

2  ^ 

the  limits  -h-J^m  and  —  ^-m?  that  render  them  di- 
visible by  m.     For  neither  of  them  can  have  more 

than  — —   such  values,   by  the  foregoing  propo- 

sition;  and,  since  their  product  has  m— 1,  it  is 
obvious,  that  they  have  each  the  same  number  of 
values  of  x  between  the  above  limits,  and  that  this 

number  IS  — - — . 


irS 


CHAP.  VII. 

On  the  Products  a$id  Transformations  of  certain 

Algebraical  FormtUce. 

PROP.  I. 

89.  The  product  of  the  sum  and  difference  of 

any  two  quantities  is  equal  to  the   difierence  of 

their  squares. 

For, 

(x  -f  y)  {x  ^y)  =  3?  — y*.  a.  £.  D. 

PROP.  ir. 

90.  The  product  of  a  sum  of  two  squares,  by 
double  a  square^  is  also  the  sum  of  two  squares;  or 

For, 

(x'-f /)  X  2a*=(x-fy)*.  x*+  (x-^)^  s% 
which  is  evidently  si^tx^-i-y'*. 

Cor.  Hence  if  a  number  be  the  siun  of  two 
squares,  its  double  is  also  the  sum  of  two  squares^ 
Also  if  a  number  m  be  tlie  sum  of  two  squares,  2''n 
is  so  likewise. 

Thus,  for  example, 

5  =  2' -hi';    5x2==ilO  =  3'+l'; 

l0x2^20  =  4'  +  2^;  20  x  2  =  40  =  6' -h  2*  &c. 

PROP.  III. 

91.  The  product  arising  from  the  sum  of  two 
squares  by  the  sum  of  two  squares^  is  also  the  sum 
of  two  squares ;  or 
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(j?'+/)(x^+y'')**"*+y"'-      ' 
For, 

/  «.     i\/  h,     «%_  f       ('^  +  iflf'y  +  (^  —  "^i/Yi 
{X  +1/}{X    +1/   )-loT{XJlf-1/l/y+{xi/  +  3i'l/y, 

as  will  be  evident  from  the  deTelopment  of  th^f  e 
Expressions ;  and,  consequently^ 

(x* + f)  {x^  +  y")  ^x'^  +  y'^.        a.  E.  p. 

Cor;  Hence  the  product  may  be  divided  into 
two  squares  two  diiFerent  ways.  And  if  this  pro- 
duct he  again  multiplied  by  another,  that  is  the  sum 
of  tWb  Squares,  the  resulting  product  may  be  di- 
vided into  two  sqtiares  foiir  different  ways;  and, 
generally^  if  a  number  n  be  the  product  of  n  factori^, 
each  of  which  is  the  sum  of  two  squares,  then  will 
N  be  the  suni  of  two  squares,  and  may  be  resolved 
into  two  squares  2*  different  ways. 
For  example,  5  =  2*  +  1* 

13  =  3'  + 2* 


Then  the  product  65  =  8*  +  1  %  or  7^  -f  4\ 
Again,     -     -         17  =  4^  +  1* 

T-k  A  ^  f  1105  =  32" ■f9*  =  33"  +  4*=3l«+12'^ 

The  produfet  |       ^  ^^,  ^  ^3^ 

And  thi8  resolution  of  the  given  product  into  square 
parts,  is  readily  effected  by  the  foregoing  theo- 
rem; for 

(8'-f  I)(4*+  1*)  =  (4  .  8  +  1)*  +  (8  . 1  -  4 .  !)•  = 
(4  ;  8-l)'-f  (8  .  1+4  .  1)',  and 

f  (r  +  4*)(4«+l)  =  (4.7  +  1.4)-+(4.4-7.l)*=? 
1       (4.7-1.4)*  +  (7.1+4.4)^ 

And  in  the  same  manner  may  any  other  product/ 
arising  from  factors  of  this  form^  be  resolved  inta 
it^  square  parts.- 


{ 
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PROP.    IV. 

92.  The  product  of  the  sum  of  three  squai^e^, 
by  the  sum  of  two  squares^  is  the  sum  of  four 
squares/,  or 

For, 

as  \Till  appear  immediately,  from  the  development 
ot  these  tormulae;  and,  consequently, 

(x*  -f  /  4-  z'){x'^^y'^)  tfcii;'^  +  x''*  4-y^  +  2;'^^ 

a.  £.  D. 

For  example,    -         14  =  3*+ 2^ -fi^ 

d  =  2'+l 


rvu      4\.  A     .    f  70=  (3.2 +  2.1)^+ (2.2-3.1)' 

Then  the  product  |  '  ^  2*  +  ^  =  8^  +  1'  V  2«  +  r ; 

and  a  similar  decomposition  may  be  effected  on 
any  other  similar  product. 

PROP.  V. 

93.  The  product  arising  from  the  sum  of  four 
squares,  by  the  sum  of  two  squares,  is  the  sum  of 
four  squares ;  or 

{w"  +  xVy"  +  «*)G^^'* +3/^*)  ^^^^'^  +  x'^'^y'^  4-  z'^. 

For, 

«+x')(a?^  +  i/0!*:M;'*4-x'*,  and 

(/ + « )  (^ + y'^)  ^y"^ + ^^ ' 

by  art.  89;  and,  consequently, 

a.  £.  D. 


{ 
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PROP.    VI. 

94 .  The  product  of  the  sum  of  four  squares^  by  the 
6um  of  four  squares^  is  also  of  the  same  form ;  or 

For, 

as  Avill  appear  immediately  from  the  development 
of  the  above  formulae ;  and,  consequently,  the  pro- 
duct in  question  !:fe(2i?''*  +  x'^+y*4-«''*).-^a.  E.  D. 

Cor.  1 .  As  in  this  product^  there  are  only  com- 
plete squares  enter,  we  may  change  at  pleasure 
the  signs  of  the  simple  quantities;  and,  conse- 
quently, there  will  result  several  different  formulae 
equal  to  the  same  product,  and  each  equal  to  the 
sum  of  four  squares ;  and  in  so  many  different  ways 
may  any  number  that  arises  from  the  product  of 
factors  of  the  above  form,  be  resolved  into  the  simi 
of  four  squares. 

Cor.  2.  This  proposition  may  be  rendered  more 
general  by  the  following  annunciation: 

The  product  of  the  two  formulae, 

For, 

{^^-hx^''Cy^^hcz%w'^^hx*^-cy'^^lc7r)^ 

{wuf  ^hxoi  ±  cyyf  -^hcxz')^  — 
h{wx  tf  w'x  ±  cys^  ±  ^'zf  — 
c{%oyf  —  hxz'  ±  yw'  T  bzx!Y  + 
hc{^  —  %!>%'  ±  %uf  '^ysfy. 
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as  will  be  evident  from  tht  development ;  and,  con- 
sequently, the  product  in  question  is  of  the  same 
form  as  each  of  its  factors. 

PROP.  VII. 

95.  The  product  of  the  two  formulse  {x^  —  atf) 
and  {jxf^  —  ay^),  is  of  the  same  form  as  each  of  them ; 
that  is, 

(of  -  af)  {x'^  *  ajT)  ^oif^-  axf"^. 
For, 

^         -^ '^  '^  '     \ox{xx-a}/}jy—a[x}f'-xyy; 

and,  consequently, 

(x'  -  ay^xT^  -  aj/^)  ^x''^  -  ay''*. 

A.  E.  I>* 

Cor*  The  product  of  any  number  of  factors, 
each  of  the  form  (^  —  ay%  is  always  of  the  same 
ibrm* 

PROP.   VIII. 

96.  The  two  formulse 

(af  +/  +  z^)  and  (x'  +y  -f  2^"), 

are  so  related  to  each  other,  that  the  double  of  the 
one  produces  the  other ;  that  is, 

(a;^ + y V  «')  X  2 1*  a:'* + ^'^  +  S^'*,  and 

For, 

.  2(jc* +/ +  «*)  ==  2a:*  4- 2/ +  2;2' = 

And 

^(^  +y*  4-  2a*)  =:  2a?*  +  2/  +  4iz* « 

(^ + yY  +  (JP  ^y)*  +  42'  i*ja^ + ^'^  -f  «'*. 

Ct.  £•  Qr 
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For  example,    .     14=3V2*+1* 
Mult,  by    -  •         2 


Q 


The  prodoc.  {  Z  l^j^^'^'*'  -^  <'-»>'  +  =• ' 

And     -     -  l55»:3*  +  3*+2,  1' 

Mult,  by  -  3 

The  p«Klnc.  {  :^?=  1^.?''-'  *' -''■■''' 

I 

And  the  same  of  all  other  numbers  of  these  forms. 


PROP.  IX, 

97.  The  fonnula  x*—  2j/'  may  be  always  trans<» 
formed  to  another  of  the  form  2x^  —  1/^ ,  and  this 
last  may  be  converted  into  the  former ;  that  is^ 


(    J?*-2/54::2a<'-   y'', 


2a?*-   i/"^  a?^-2y^ 

For, 

x*-2y=5  2(a:±i/)*-{ar±2j^)*ife3.r''-y'*,  and 

2j?*-j/'  =  (j?Hh2j^)'-2(x±y)'*x''-2y''j 

{IS    is    evident    from    the    development   of   these 

fommhe;  and,  consequently,  a  number  that  is  of 

one  of  these  forms  is  also  of  the  other,  —  a.  e.  d» 

For  example,   14=5:2  .  3*-2'=s;4'-2  •  1\ 

Also,      -     -     28=:;6"-2.2'*2.4'-2\ 

And  the  same  of  any  other  numbers  of  either  of 
tliesc  forms. 

PROP,  x^ 

98.  The  fonnula  ar*— 5y*  may  be  always  trans- 
formed to  another  of  the  fonn  5x"— y'%  and  this, 
last  naay  be  converted  into  the  former  i  that  is,, 


{ 
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For, 
x«-5/  =  6(x±23/)*-(2a:±5y)*^6x'*-y'*,  and 

and,  consequently,  any  number  that  is  of  one  of 
these  forms  is  also  of  the  other. 

For  example  29  =  7'-5,.2'  =  5.ir-24'  =  5.3'-4* 
And     -     -     41  =6-3'-2'=  19^-5.8'=  11*- 5.4% 

And  a  similar  transformation  may  be  made  on 
any  other  number  falling  under  either  of  th^  above 
forms, 

PROP.  XI. 

99.  If  a  be  any  number  of  th^  form  ft*  4- 1 ,  then 
will  the  formula  x*  —  ay*  be  resohable  into  another 
of  the  form  ax^-f;  and,  conversely,  this  last  may 
be  transformed  into  the  former;  that  is, 

a:*-(ft*+l)3^*:*:(ft*-fl)a:^-3/^  and 

For, 

'^^-{b'-^l)fz::^{b'-}'\){x±bi/Y-{bx±{b^-^l)if}% 

and 

(i*-fl)j?*-^y=={(&*+l)x±%P-(A*  +  l)(ix4-yr, 

the  first  of  which  transformed  formulae  is  evidently 

5*:(6*-|-lK*-y*;   also  the  latter 
^nx'^  —  (i'  +  1  )y* ;  and,  consequently, 
r*  — ay*:*:aj/*— y'%  and 
ax^ -- yl^iXiX^^  —  a7/'\  when 
,  asfci*+l. 

Cor.    These  general  formulae  fdmi3li  us  witli 


{ 
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many  particular  cases,  which  have  the  singular 
property  of  being  convertible  from  one  to  the  other ; 
such  are 


{ 
{ 
{ 
{ 


Sx"-      /:*5      a<*- 

a:*-10y*:*10j?^- 


y^ 
y% 


x*-17iy*tfci7x^-     y*, 

170:*-    y-t«5   x^-i7jf^ 

&c,  &c. 


PROP.  XII. 

100.  If  m  and  n  be  the  two  roots  of  the 
quadratic  equation  ^*  — a^  +  i  =  0,  then  will  the 
product  of  the  two  formulae  {x  +  my),  and  {x  +  ny), 
be  equal  to  x*  +  ory  -f  Z^*. 

This  is  evident  from  the  actual  multiplication  of 
the  factors  (a?  +  my)  and  (x-fny). 

For, 

(x -♦-  my){x  +  wy)  =5X* -f  (m  +  fi)xy  -f  mny* ; 

and,  since  m  and  ?i  are  the  roots  of  the  equation 
(J>*  —  a^  +  6  =  0,  we  have,  from  the  nature  of  equa- 
tions, wn- «  =  tf ,  and  mn = h ;  and,  consequently,  th§ 
above  product  becomes 

x^  +  ojy  +  hy^. 

QL*  E.  D. 

Cor.  Hence,  conversely,  every  quantity  of  the 
form  X*  -♦-  axy  +  fey  may  be  considered  as  the  pro-j^ 
duct  arising  from  the  multiplication  of  two  factors, 
(x  +  wty)  and  (a?  +  n^),  m  and  n  being  die  roots  pt 
th?  quadratic  equation 


184       Products  (^Algebraical  Formula:. 

pr^  which  is  the  same^  m  and  n  being  such  as  td 
answer  the  conditions,  m-\-n^a.  and  mn ^ h. 

PROP,  XIII. 

101 .  The  product  arising  irom  the  multiplicatioi^ 
pf  the  two  formulae 

x^  +  oay  +  fe^*,  and  a?'^  +  axy  +  Jj/^, 

is  of  the  ^ame  form  as  each  of  them ;  that  is^ 

(a?'  +  axy  +  i/)  (x^  +  ax'y'  +  fcj/'')  :*: 

For, 

jr*  +  flxy-f  fa/®=5;(a?  +  inj/){x  +  »j/),   and 
a?'*  4- (MP'y -f  ^'^  =  (a?' +  7/g/')  (i?' +  wy ) ; 

and,  therefore,  the  product  in  question  is  the  same 
as  the  continued  product  of  the  fpijr  latter  factors. 
Wow, 

{x  -f  niy)  {x'  +  my')  =?  xx'  +  m{xy'  +  x'y)  4-  vi^y}/^ 

but  since  m  i^  one  of  the  roots  of  the  equation 

we  have  w*  —  am  -f  J  ^  0,  whence  m*=^qm  —  b;  and, 
substituting  this  value  of  m',  in  the  above  fommla, 
it  becomes 

xxf  —  byy^  +  w(x/  +  x'j^  +  ayy") . 

And  if,  in  order  to  simplify,  we  make 

x^xx'-byy", 
^-xy'-\^yx'^ay}f\ 

the  product  of  the  t^i'o  factors, 

{x  -f  my){x'  -f  my')  =  x  +  mv ; 
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ftnd^  in  the  same  maimer^  we  6iid 

and,  consequently,  the  whole  product  will  be 

(x  +  wiY)(3f  +  m)  =  x^  4-  OXY  4-  .6y*  ; 
]that  is,  the  product 

/  {x''^ajy^hy'){3ir^a3ify^'\'h/^)^{x'^^'{-i^^ 
I      */"  - 

Cor.  1.  Hence  it  follows,  that  tlie  prodpct  of 
any  nuinber  of  factors  of  this  forpi ;  a$ 

x^  +  axy  +  &j/% 

fac.  &c, 

will  always  be  of  the  same  form  as  thosis  factors^ 

Therefore,  Jf  we  make  x = r^,  and  y  ==y,  we  shall 
hare  x=»«*— Jy%  and  Y  =  3Jy  +  <?y;  ai>d,  con- 
sequently, 

(x*  +  flfjy  +  fcy*)* =x*  +  flXY  +  6y*, 

And,  therefore,  if  it  were  required  tq  make  ^ 
squarp  of  the  expression 

X*  +  a^  +  iY*, 

we  shall  only  have  to  give  to  x  aijd  y  the  pre- 
ceding values,  whence  we  readily  obtain  for  the 
root  of  the  square  required  the  formuU 

where  x  and  y  may  be  any  numbers  at  pleasure. 

Ex.  I.     Find  the  values  of   x  and   y  in   the 
equation 

x' 4-3x^4- 6/  =  «*. 


{ 
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Here  a = 3  and  &  =  5^  therefore^  the  general  values 
of  J^  and  J/  are 

where,  for  distinction  sake,  we  write  t  and  w,  in  the 
ahove  formnlee,  instead  of  x  and  y.  Whence,  by 
assuming  successively, 

<  =3,  4,  5,  6,  &c., 

w=l,  1,  1,  1,  &c., 

we  shall  have  the  following  corresponding  values 
of  X  and  y : 

x=4,  11,  20,  .31,  &c., 

y=9,  U,  13,  15,  &c. 

Ex.  2,     Find  the  values  of  x  and   y  in  the 
equation 

dr*-7:^  +  3y  =  ;s*. 

Here,  since  a  =  —  7  ^"^d  J = 3,  the  general  values 
of  X  and  y  are 

x  =    f*  —  3w% 
y  =  2f «  —  7«**.    ' 

And  making  now 

/=4,  5,  6,  7^  ^5  &c., 
^=1,  1,  1,  1,  1,  &c., 

we  obtair^ 

a?=13,  22,  33,  46,  6l,  &c., 
j/=  1,  3,  5,  7,  9,  &c. 
Each  of  which  corresponding  values  of  x  and  y 
answer  the  required  conditions  of  the  equation; 
and  it  is  manifest,  that  an  infinite  number  of  other 
values  might  be  obtained,  by  changing  those  of  t 
and  u. 


{ 
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CHAR  VIII, 

On  the  Quadratic  Divisors  of  certain  Algebraical 

fbrmulce. 

PROP.    I. 

102.     If  the  indeterminate  formula 

the  coefficients,  p,  q,  and  r,  have  not  all  three  the 
fiame  common  divisor,  and  y. and  z  be  any  numbers 
whatever  prime  to  each  other ;  and  if  2q  >p,  ot>  r, 
this  formula  may  always  be  transformed  to  a  similar 
one, 

p'l/^  -f  2qyz'  +  r'^'* =<)>, 

which  shall  be  equal  to  the  same  quantity  ^,  aqd 
in  which  2q^  shall  not  exceed  either  p'  or  r'. 

Let  us  suppose,  first,  2q>p\  and  in  the  case  in 
which  also  2q  >  r,  let  p  be  the  least  of  these  two 
numbers  p  and  r,  abstracting  from  their  signs. 
Now  make  y^yf  --mz^  m  being  an  indeterminate 
coefficient ;  and  substituting  for  this  value  of  y  in 
the  given  equation,  we  have 

^(y--m«)"  +  2y«(y— w«)  +  n;*  =  c^,  or 
pj/^  —  2{pm — q)i/z  +  (pm^  —  2qm  +  r)z^  =  <p. 

And  here  we  may  always  take  the  indeterminate 
quantity  ?7i,  so  that  ±  (pnt  —  q)  <  p  {art.  10).  Calling, 
therefore,  ±  (pfn  —  5)  =  q\  and  {ptn^  ^  2qM  +  r)  =  r', 
the  transformed  formula  will  be 


188        Divisors  of  Algebraical  Formula^ 

in  which  2q'<p  {this  sign  not  excluding  equality), 
and  in  which  pr'  —  q'^  =^pr  —  ^%  for 

q'^  z=zpW  -  2pq?n  +  g^, 
pr"  ==p^7if  —  2p  jm  +  rps^ 

therefore,  by  subtraction, 

where  these  quaptitiea  will  always  have  the  same 
sign. 

Now,  since  w^e  have  2q  >/?,  and  2y'  <  j7,  it  follows 
that  q'  <  q,    \V^e  have,  therefore,  now^  ap  equation^ 

in  which  the  mean  coefficient  2q\  does  not  exceed 
tiie  extreme  coefficient  p ;  and  if  at  the  same  time 
it  does  not  exceed  the  other  extreme  coefficient  r^,^ 
the  formula  is  transformed  as  required^  But  if  2q\ 
though  <  /?,  be  >  r',  we  may  proceed  in  a  similar 
manner  to  obtain  a  uqw  transformation,  in  which 
the  mean  coefficient  (which  we  may  represent  by  j") 
shall  be  less  than  q\  and  so  on  again  for  otiiers,  in 
which  the  mean  coefficient  2j"^  is  less  than  2^\ 
But  the  series  of  integers 

cannot  go  on  continually  decreasing,  without  be*, 
coming  finally  less  than  the  extreme  coefficients  j 
and,  therefore,  by  continuing  these  transformations, 
we  must  necessarily  at  last  arrive  at  that,  which  ad- 
mits not  .of  any  farther  reduction ;  and  which  will 
])e  consequently  such,  that  the  mean  coefficient  is 
less  than  either  of  the  extremes,  or  at  least  not 
greater  than  the   least    of  them  3    for  with   ^nj 
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formula,  in  which  this  is  not  the  case,  a  farther 
reduction  may  be  made.  Therefore,  every  formula, 

in  which  the  mean  coefficient  2q  exceeds  either,  or 
both,  of  the  extreme  coefficients,  may  be  trans- 
formed to  another,  in  which  the  mean  coefficient 
2q  shall  be  less  than  either  of  tlie  extreme  co- 
efficients, or  at  least  not  greater  tlum  the  leeist  of 
them.  —  a.  e.  d. 

Cor.  In  the  successive  transformation  of  the 
formula) 

py^-^2q  2/ z  -tr  z^y    td 
P!/'*-¥2q'i/'z  +rV,    to 

we  have  always 

pr^q*  ='pr^  -  q''  ^pV  --  q''\  &c., 

each  of  these  quantities  having  the  same  sign  ;  for 
we  have  seen  this  equality  take  place  in  the  trans- 
formation that  we  have  eifected,  and  it  is  evident, 
that  the  same  would  still  have  place  in  any  farther 
reduction,  the  operations  being  all  effected  in  the 
same  manner. 

The  following  example  may  be  of  some  use  in 
illustrating  the  foregoing  proposition. 

Let  there  be  proposed  the  formula 

in  which  the  mean  coefficient  172  exceeds  the  first 
35;  4U)d  let  it  be  required  to  traiisfonn  this  to 
another  equal  and  similar  one,  in  xvhich  the 
xneaa  coefiiciimt  (hall  be  Je«s  than  either  of  the 
extremes. 
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First,  -pxit  y^j^—mz,  which  value  of  y,  being 
substituted  in  the  given  formula,  gives 

3&y*- (70m- 172)^2  + (35m'- I72m+210)«*. 

And  now,  in  order  that  70m  —  1 72  <  35,  take  m  =  2, 
which  reduces  the  above  to 

35y*  +  32ya;-f62*  =  <p, 

in  which  the  mean  coefficient  3-2,  though  <  35,  is 
still  >  6 ;  and,  therefore,  we  must  proceed  to  an- 
other similar  reduction. 

Let,  then,  z=^z'  —  my',  and  the  second  trans- 
fonned  formula  will  become 

e^'*  -  (12m  -  32)3^V  4- (6w' -  32m  +  35)/*. 

And  here,  taking  m=3  in  order  that  12m  — 32  <  6, 
we  obtain 

6^'*-4sy-7y'=<p, 

and  this  last  formula  has  the  required  conditions ; 
because  4  <  6  and  <  7- 

And  moreover,  in  these  transformations,  we 
have 

jpr  — 5'=/?r'  — ^=/>V'  — j''*,  or 
35.  210- (66)*= -46, 

35.     6-(i6)»=-:i6, 
-6.     7-(2)*=-46, 

all  equal,  and  with  the  same  sign,  as  observed  in,, 
the  foregoing  corollary. 

PROP.  II. 

103,  Every  divisor  of  the  formula  **  + aw*,  in 
which  t  and  u  are  prime  to  each .  other,  and  a  any 
integer  number  whatever,  positive  or  negative,  is 
also  a  divisor  of  the  formula  9*  +  a. 
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For  let  p  represent  any  divisor  of  the  fonnula 
<* + aM%  so  that 

t^ + mi^  ==pp% 

then  it  is  evident,  that  p  is  prime  to  «,  for  other- 
wise t  and  u  must  have  the  same  common  measure, 
vrhich  is  contrary  to  the  hypothesis,  hecause  t  is 
prime  to  m;  we  may,  therefore,  find  two  other 
numbers,  q  and  y,  such  thaX  t=ipj/-\-qu,  q  being 
+  or  —  as  the  case  may  require  (art.  40) :  and  if 
now  we  substitute  this  value  of  t,  in  the  above  ex- 
pression, we  obtain 

PY  +  2pqyu  +  {q^  +  a)  m*  ^pp' ; 

or,  dividing  by  p,  we  have 

py^  +  2qyu-h\^^-y  Ju'^p  ; 

and,  consequently,  since  p'  is  an  integer,  (5^*  +  a)u^ 
is  divisible  by  /?,  but  we  have  seen  that  u  is  prime 
to  p,  and,  therefore,  it  must  be  the  other  factor, 
(^*  +  a),  that  is  divisible  by  p  (cor.  5,  art.  11); 
therefore,  if  p  be  a  divisor  of  the  formula  f  +  au^, 
t  and  u  being  prime  to  each  other,  it  is  also  a  di- 
visor of  the  more  simple  formula  q^  +  a.  —  a.  e.  d. 

Cor.  Hence,  conversely,  if  p  be  not  a  divisor  of 
the  formula  q'^  -h  a,  in  which  there  is  only  one  in- 
determinate quantity  9,  it  cannot  be  a  divisor  of 
the  more  general  fonnula  f  +  aw*,  in  which  there 
are  two  indeterminates  prime  to  each  other. 

PROP.  III. 

104.  Every  divisor  of  the  formula  ^'  +  aM%  in 
which  t  and  u  are  prime  to  each  other,  is  of 
the  form  yjj/*  +  Sjyw  +  rw*,    and  in  which  formula 
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pr-'^^Oy    and  2q<p  and    <r,  or  at  least  no^ 
greater  than  either  of  them. 

For,  by  the  foregoing  proposition,  we  have 

Una,  since  - — -  is  an  integer,  make =r ;  thett 

the  above  becomes 

/y/*  -h  2qyu  -h  nr  =/;' ; 
that  is>  the  factor 

htxt  p'  may  eqnally  represent  any  one  of  the  factors 
or  divisors  of  t^  +  aii^;  and,  consequently,  every 
factor  or  divisor  of  the  formnla  f-^-au^  is  uf  the 
form 

/y/*  +  2qi/7i  +  7^'. 

And  again,  since =  ?';  therefore, /?r—#^= at.' 

And  we  have  seen  (art.  102)  how  every  indeter- 
minate formula, 

pf  +  2qijv  +  ru\ 

Xnay  be  transformed  to  another  similar  and  equal 
&rmnla^ 

py  +  2q'ijz  +  r'z\ 

in  which  the  mean  coefficient  2q'  <p^  and  <  r'  (the 
sign  <  not  excluding  equality),  and  in  whiclv 
pr  —  q^  is  always  equal  to  the  same  constant  quan- 
tity a.  And,  consequently,  every  divisor  of  the 
formula  f  +  au*  has  its  divisors  contained  in  the 
formula 

py"'  +  2qyz  +  r;5% 
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and  in' which  2q  does  not  exceed  p  or  r^  and  also 
such  that /^  —  9*  =  a.  —  a,  e.  d. 

Remark  1 .  Since  2q  <  p^  and  2q  <  r,  independently 
•f  the  sigiisof  these  quantities^  wehave  4q^'<pr;  and 
because  pr  —  q'^^a,  it  follows,  that  when  a  is  nega- 
tive pr  is  also  negative ;  for  otherwise  pr  —  ^  would 
not  haye the  same  sign  as  a,  which  we  have  seen  always 
takes  place  in  every  transformation ;  and  hence  we 
readily  draw  the  following  corollaries^  according  as 
m  is  positive  or  negative; 

,    Cor.  1 .  Every  divisor  of  the  formula  f*  +  au^,  when 
a  is  positive,  may  be  represented  by  the  formula 

/^*  +  2q^z  +  rz\ 

in  which  pr—q'^^a,  2q<p  and   <¥,    aria,  con- 
sequently,   Aq^<pr\    and,    therefote,   pr—if^a^ 

/a 

>  3q\  or  y  <  V  ~  •  this  is  evident,  because  wheil 

IE  is  positive,  p  and  r  are  both  positive. 

Cor.  2.  Every  divisor  of  the  formula  /* -^  ou*  may 
be  represented  by  the  formula 

py'-^raqj/z-n^^ 

In  wliich  ^pv'-if^—ay  or  pr+^.^a,  because, 
when  a  is  negative,  pr  is  necessarily  so  likewise ; 
and,  consequently,  one  of  these  quantities,  jp  or  r,  is 
+  and  the  other  — ,  and  it  is  indifferent  to  which  we 
give  the  sign  —  ;  and  here,  since  pr  <  4q^,  we  hav© 


<\/?. 


a  >  bq^,  ^^  9      Y 

o 

Remark  2.     We    may    have    cases   in  which 

p=sr^2q}     as,  for  example,  when  j!?=3  3,  y=l, 

dnd  raeSs    for  then  2q  does  not  exceed  either 

o 
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p  or  r,  neither  are  p,  q^  and  r,  divisible  by  th« 
same  number^  which  condition  is^  therefore,  strictly 
within  the  limits  of  the  {« oposition ;  and  hence  it 
follows^  that  we  must  not  consider  the  sign  <  iA 

the  two  expressions  q  <  \/  ^  aiid  q  <  \/  -,  to  ex- 
clude equality. 

I»R0P.  JVi 

105.  Every  divisor  of  the  ibrmula  f-^u\  t  anA 
u  being  prime  to  each  other^  is  always  of  the  same 
form  y*  +  «*.  Or  the  sum  of  two  squares^  which 
are  prime  to  each  other,  can  only  be  divided  by 
numbers  that  are  also  the  sums  of  two  squares. 

For  by  cor.  1  of  the  foregoing  proposition,  every 
divisor  of  the  formula  f  +  au^  is  included  in  the 
formula 

py^  -f  2qyz  -♦-  rz\ 

and  In  which  ?  <  y  ^>  w^d  pr— 
Now    in    the    present    case    a— 1,    therefore, 

q<  \/  -,  ot  g=*0,  there  being  no  integer  <  V  ~} 

and,  smce  pr  —  ^^ly  we  have  pr^l,  and  there-* 
fore  J!?  —  1 ,  and  r  =  1 ;  and>  consequently,  the  above 
formula,  which  includes  all  the  divisors  of  **  +  w% 
becomes 

y  +  ^'i 
that  is,  every  divisor  of  the  fonnula  (^  +  u^  is  of  the 
form  y*  4-  «*,  or  every  divisor  of  the  sum  of  two 
squares,  prime  to  each  other,  is  also  the  sum  of 
two  squares.  —  €t.  e.  d. 


f^a. 
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Thus,  for  exxmphy  6d  w  8*  +  1*  csan  only  be 
divided  by  13  and  S,  bath  of  which  ate  the-Miin}l 
of  two  squares.  Also  50=*=  7*+  1  have  for  divisors 
2  =  1»+1%  6=2*4^i*^  105?3*+1%  25^4*  +  3*. 
Again,  221  =  10*  +  t  I'ia  only  divisible  by  13  and  17i 
which  are  both  the  $uqis  of  two  squares ;  and  the 
same  for  all  other  numbers  included  in  the 
formula  f  +  u^,  f  and  u  being  prime  to  each  ather4 

«  * 

106.  Every  divisor  of  the  foromla  t^-\-iu\  t  and 
u  being  prime  to  each  other,  is  of  the  same  fofm 
ff^  +  2z^.  Or  the  divisors  of  the  sum  of  a  square,  and 
double  a  square,  are  aha  the  sum  of  a  square,  and 
double  a  square^ 

For  every  divisor  of  this  formula  f*  +  ati^  19  con- 
tained in  the  formula 

in  which  q  <  \/  •-,  and  pr-^q^^a  (cor.  1,  art.  104). 

fent  in  this  case, ass; 21,  therefore  q <  \f  ~,  or  y 3=0{ 

alw^    since  pr^^^i,  we  have  pr^2,  whence 

/>=i2,   and  r=il,  or  p==l,   and  r^2;   th€refoi^<i 

the  a>bave  fonnula  becomes 

f  2j/^  +    «%  in  the  first  case,  and 
1    y^  +  22%  in  the  second, 

which  ate  two  identical  forms^  by  changing^  into  % 

and  z  into  t/;  consequently,  every  divisor  of  the 

formula  f  +  2u^  is  also  of  the  same  form  as  itself^ 

Cor.  1.    With  regard  to  the  divisor  9,  it  ciali 

only  be  of  the  f(»ray*4-2«*,  ^hciiys^O  and  «<il^ 

iothat,  in  thi^case,  wehave  0^«f  ^.l^ 

o3 
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As  an  example  to  this  proposition,  we  may  Uke 
^9  =  1  +  2  >  7*^  which  can  only  be  divided  by 

n=3V2.1*, 
33  =  5*  +  2.2'; 

knd  it  is  the  satne  with  every  number  that  is  con« 
tamed  under  the  above  form. 

PROP.  VI. 

lOT'.  Every  divisor  of  the  formula  f  —  2u%  i  and 
U  being  prime  to  each  other,  is  of  the  same  form 
y*  —  2u^.  Or  the  di£[erence  of  a  square,  and  dpuble 
a  square,  can  only  be  divided  by  thojse  numbers 
that  are  equal  to  the  difference  of  a  square  and 
double  a  square. 

For  since  every  divisor  of  the  formula  /*— aw*  isr 
contained  in  the  formula 

»  pj^  +  2qyz  —  ritV 

III  which  ^  +  y*=?a,  and  also  y  <  \/ -,  or  <  V - 

(cor.  2,  art.  104),  It  follows  that  }— 0,  whence 
also  /?rs=2;  and,  therefore,  |?  =  2  and  r=l,  or 
p^l  and  r=2;  and,  Consequently,  the  above 
formula  becomes  either 

2^*— «•,  ory*— 2«% 

which  two  forms  are  precisely  the  sam^^  because 

2y*-««  =  (2y±«)*-2(y±a)'; 

therefore^  every  divisor  of  the  formula  /*  —  2fi*  is 
also, of  the  same  form.  Or  the  diflference  of  a 
square^  and  double  a  square^  can  only  be  divided 
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by  numbers  tbat  are  also  the  tUfikrence  of  a  squave 
md  double  a  square. 

For  example^  98  =  10*  -  3 ,  T  can  only  b^ 
divided  by 

7  =  3*- 2.1% 
H  =  4*-2.1% 
49  =  9'- 2. 4^; 

and  the  same  of  all  other  nombers  in  this  formula, 

PROP.  VII. 

108.  Eyery  o^d  divisor  of  tl^e  formula  <*  +  3u* 
is  also  of  the  same  form  y*  +  3;§*, 

Fqr  since  all  its  divisors  are  contained  in  the 
formula 

jn^  4-  2qj/z  H-  r«% 
In    which  pr^^^a^   or   pr—q^=^3\    and    also 

qzs  or  <  v  ^  {Remark  2,  art.  104),  so  that  y  =  1, 

or  q=rO;  therefore,  in  the  first  case,  since  2q  is  not 
greater  than  p  or  r,  and  pr—q* =3,  we  must  have 
p  =  2,  and  rs=i2y  which  renders  the  abave  formula 

2y?  +  25y «  +  2«* ; 
but  as  this  is  evidently  an  even  divisor,  it  does  not 
belong  to  the  case  at  present  under  consideration, 
which  only  relates  ta  the  odd  diyisora  of  the  given 
formula. 

In.  our  oase>  Aerefore,  9  ?=  q.;  and,  consequently, 
yr— ^*=3,.  or  jpr  ==3;  therefore,  ji = 3  and  r=l,  or 
pssi  and^  r=3;  when/^e  th<s  aboye  formula  is  v^ 
duced  to,  « 

3y*  +  «%  or  j?  +  3«\ 
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two  eKpremianB  wbich  ^i^b  identical   as  «0  their 

form;    and^  therefore^    every  odd  divisor  of  th« 

^mula  f  '^  3u^  h  also  of  the  form  y*  +  Si^. 

Remark.  With  regard  to  the  divisor  S,  it  ia 
ohvions  that  we  must  have  ^* = Q,  and  z^l;  w 
3=0*  +  3.1';  hut  for  all  Qther  divisqrs  tlus  exr 
ception  has  not  place. 

For  example,  5*  +  3  .  6*  =  133  =  7  .  I9 ;  and 
7  =  2*  +  3  ,  1%  alsq  19  =  4*  +  3  •  1%  both  of  the  same 
form, 

PROP.  VIII. 

109.  Every  odd  divisor  of  the  formula  f  —  iu^  is 
plso  of  the  €ame  form  ^*  —  6^*, 

iPor  all  its  divisors  are  contained  in  the  formula 

\n    whicl^     ^-pr—q^^—^,    or   ^r 4- ^' «*=  5,     an4 

^ s  or  <  \/ - ;  axid,  consequently,  q^l  or  0 ;  but 

the  first  case  gives  only  even  divisors,  the  same  as 
in  the  foregoing  proposition;  and  the  latter  casp. 
of  ^  2=  0  reduces  the  above  formula  to 

6y*-»*,  or /-6a*, 
which  are  identical  forms;  because 

t^9'-z'^ibt/±2zy^^(2y±zf; 

ftud,  consequetitly,  every  odd  divisor  of  th?  fornrala 
f  —  5 w*  is  itself  of  the  same  form. 

As  an  esoimple  in  this  case,  we  may  asrame 
95 el:  10*  — 5. 1%  which  is  only  divisible  by  5  and 
19.  Now  6«=5*--d.2%  and  19=«7*-6.2';  and 
the  same  of  all  other  numbers  in  the  above  form. 

Scholium.    From  the  foregoing  propositions  it 
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appears,  that  all  numbers  which  are  comprised  in 
the  following  formulae,  viz. 

f  +  u%  f  +  2u\  <*-«3w',  <*+3tt%  and  <*~5w*, 

t  and  u  being  prime  to  each  other,  can  only  have 
divisors  that  are  of  the  same  form.  It  is  only  ne^ 
cessary  to  except  those  divisors  of  the  two  latter 
formSj 

f  +  3u\  and^'-5M', 

that  are  double  of  an  odd  number ;  the  reason  for 
whidi  exception   iis   ejiplained  in   arts.  106    and 

109. 

It  frequently  happens,  that  a  number  falk  under 
two  or  more  of  the  above  forms^  la  which  case  its 
divisors  are  also  of  the  same  double  or  treble  forms. 
And  in  some  cases  we  have  numbers  that  belong  to 
each  of  the  forms  above  givfen.    Thus 


too 


CHAP.  IX. 

On  the  Quadratic  fhrms  of  Prime  Numbers,  wit^ 
Hvies  for  ^temiimng  them  in  certain  Cases. 

Lemma. 

110.  Since  all  square  numbers  are  of  one  ef 
the  forms  An^  or  8n  + 1  ^  we  establish  at  once  the 
three  following  theorems  x 

1  •  Every  odd  number  represented  by  the  formula 

y  +  %*afc4n+l. 

3.  Every  odd  number  represented  by  the  fprmula. 
y*  +  22*;*:8n+l,  orSn  +  as. 

3.  Every  odd  number  represented  by  the  formuls^ 

y*-a«*5*58i|+l,  or8it+7- 

And  from  these  three  arise^  by  way  of  exclusion^ 
three  others ;  viz. 

4.  No  nuipber  of  the  form  4»— 1  cap  be  re* 
presented  by  the  formula  y*  +  ft^*. 

5.  No  number  of  the  form  8n-i-5,  or  8n  +  7i 
can  be  represented  by  the  formula  y*  +  2z^. 

6.  No  number  of  the  form  8»-f  3<|  or  8n  +  5, 
(can  be  represented  by  the  formula  y* — 2z^. 

PROP.  I. 

111.  Every  prime  number  of  the  form  4n  +  1  i« 
the  sum  of  two  squares^  or  is  contained  in  the 
formula  j^  'h  z^. 
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F»r  let  m  represent  a  prime  number  of  thia  formi 
pr  m=  4n  +  l;  then  (art.  87) 

(a:*"*  — l)  =  M(m),  or  (^***— l)  =  M(m). 

But  x^"  - 1  =x  (ac^  +  1 )  (x*"  -  1  )i  ^»d  each  of  these  fac* 
tors  ba$  2n  values  of  x  contained  between  the  limits 
+  ^m  and  —  ^rrpy  that  render  them  divisible  by  m 
(cor.  1,  art.  88),  whence  the  factor  x^-\-l  is  di- 
yisible  by  m ;  but  a^  +  1  is  the  sum  of  two  squares, 
and  therefore  its  divisor  m  is  also  the  sum  of  two 
squares ;  because  every  divisor  of  the  formula  t^  +  m* 
is  itself  of  the  same  form  (art.  105). — a.  e.  d. 

Cor.  1 .  As  the  form  4n  +  1  includes  the  two, 
8n  + 1  and  8n  +  6 ;  therefore,  every  prime  number 
contained  in  these,  two  l&tter  forms  is  also  the  sum 
of  two  squares.     . 

Thus,  6,  13,  17,  29,  37>  and  41,  are  prime 
numbers  of  the  form  4w  + 1 ,  and  each  of  these  i« 
die  sum  of  two  squares ;  for  5  =  2*  +  1*,  13  =  3*  +  2\ 
17  =  4*+l,29=5*  +  2%37  =  6*i-l%and41=6*  +  4*; 
and  so  on  for  all  other  prime  numbers  of  this  form. 

Cor.  2.  We  have  seen  (art.  91)  that  eveiy  num- 
ber, which  is  produced  from  the  multiplication  of 
factors  that  are  the  sums  of  two  squares,  is  itself 
of  the  same  form,  and  may  be  resolved  into  two 
squares  different  ways,  according  to  the  number  of 
its  factors ;  and  hence  we  may  find  a  number,  that 
is  resolvible'  into  two  squares  as  many  ways  as  we 
please,  by  multiplying  together  di^erent  prim^ 
punchers  of  the  form  4w  +  1 . 

PROP.  II.  * 

112.  Every  prime  number  8n+  1  is  of  the  three 
fbrms  y  +  2*,  y  +  2z\'  and  if  —  2z^. 
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For  let  m  be  a  prime  number  of  the  form  8^+1^ 
or  m^Sn+l;  then>  as  this  form  is  included  in  that 
of  4n  +  1 J  we  know>  from  the  foregoing  proposition^ 
that  m  ^y*  4-  z^  -,  and  it  therefore  only  remains  to 
demonstrate  the  two  latter  cases. 

Now  since  (x*"'—1)  =  m(7/i),  or  (of"— l)  =  M(m) 
(art.  87),  we  may  put  this  under  the  form 

and  each  of  these  factors  will  have  4n  Tahies  of 
a^K^My  that  render  them  divisible  by  m  (cor.  1^ 
art.  88),  so  that  there  are  so  many  different  values 
of  Xy  that  render  the  binomial  i!^"  -f  I  divisible  by  m ; 
but  this  may  be  put  under  the  form  (-c^**  l)*+  2*% 
and  m  being  a  divisor  of  this  formula,  it  is  itself  of 
the  same  form  y^  +  2z*  (art,  106).  ' 

We  may  also  put  the  same  quantity  t^*+  1,  un« 
d^r  th^  form  (x^tf  1)*  — 2j^;  and  m  being  aim  a 
divisor  of  thiB  formula,  is  itself  of  the  same  fom 
y-2a*(art.  107), 

Hence,  every  prime  number  of  the  form  Sn^- 1  ia 
of  the  thre^.forms  y*  +  «*,  y*  +  fia%  and  y*  - 19^. 

d.  £•  j>. 
Thus  41  =d*  +  4**=3*+ 2  .4^=ar- «  •  2*, 

And   73  =  8*-f3*=l*+2.fi*«9*-8.2\ 

PROP.  III. 

113.    Every  prime  number  8tt  +  3  is  of  the  fbnp 

y  +  2k*. 

For  let  m  be  a  prime  number  of  this  form,  or 
jn=8»+  1 ;  then  we  have  (by  art.  87) 

(x*-»-l)  =  M(m),  or  (x^"+*-l)  =  M(m); 

and  there  are  8n  +  2  values  of  x  contained  in  the 
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ierks  1^  3)  3^  4j  &c.^  Sn^i,  i^at  render  this 
formula  di^istbie  by  m  (can  1^  art.  ^1) ;  and^  coih 
aeqaently^  (ii»»+«- 1)  =  M(m). 

But  3'-**-l  =  (2^+»  +  l)(2**+»-l),  and,  thti^ 
fore,  one  of  these  factors  is  divisible  by  m;  and  it 
cannot  be  the  latter,  because  this  may  be  written 
IJ  .3**—  1,  which  is  of  the  fonn  2^  — U*,  or  f*  — 2m*; 
and,  therefotre,  if  m  wa^  a  divisor  of  this,  it  would 
be  itself  1^  the  same  form  (art,  1 07),  or  w*y'  —  2«*.; 
but  this  formula  cannot  tspresent  any  number  of 
die  fomi  8n-^  3  (art.  1 10),  whence^  since  m  cannot 
be  a  divisor  tif  this  factor,  it  must  therefore  be  a 
divisor  of  iht  Mhet  fodor  9^""^'  +  1 ,     But 

and,  consequently,  its  divisor  M  is  of  the  same  form 
(art.  106);  that  i^,  ms*:y*  +  2«*.-^a,  e.  t). 

For  example,  ll,  19,  and  43,  are  prime  nuu^fcer^ 
of  the  above  form;  and  11  =S*  +  2 .  iSig^ss  iV  2  •  3% 
and  43  ^  5*  +  2  .  3^ ;  and  th^  same  of  others. 

PROP,  IV. 

114.    Every  prime  number  8n  +  7  i*  of  the  forxflt 

y*-2«*. 

For  Jet  m  be  a  prime  number  of  this  form,  pt 
?n  =  8n  +  7 ;  then  we  have  (by  art.  87) 

(j;«-»-.l)  =  M(m),  or  (j:^"+*-l)  =  M(m); 

and  there  are  8n  +  6  values  of  x,  contained  in  the 
series  1,  2,,  3,  4,  &c.,  8n-h6)  that  tender  this 
formula  divisible  by  m  (cor.  1,  art.  87)  j  aud,  cout 
^equently, 

(3«»+«-l)  =  M(m). 

But   2'"+*-l  =  (2*»+'4-l)(2*"^'-l),    and  there^ 
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fore  one  of  th^e  factors  is  divkible  by  m;  and, 
consequently^  m  will  also  be  a  divisor  of  one  of 
tbem  when  doubled ;  tl^at  is^  \t  \%  a  divisor  of  one 
of  the  two  quantities 

3(tJ^-+'+l),  or  2(3''+' -1), 
wbich  two  expressions  thus  become 

2*"' +  3.1*,  and  3*^-3.  i% 

and  m  is  necessarily  a  divisor  of  one  of  them*  But 
it  cannot  be  a  divisor  of  the  first,  because  this  being 
of  the  fonn  <^+ ll«%  if  m  was  a  divisor  of  it,  we 
should  have  m^^^-f  Hx*  (art,  106);  but  m^hn-^-  7> 
and  no  odd  number  of  the  form  j^  +  fix^  is  of  the 
form  8ii  +  7  (ftrt«  HQ):  since^  therefore,  m  is  not 
^  diviipr  qf  th^  factor,  it  qiust  necessarily  be  a 
divisor  of  the  other  factor  3^''  —  ?  •.  1  *,  which  JiS  of  th^ 
form  f — 3fi* ;  and,  consequently^  its  divisor  9  i^.  also 
of  the  sam^  fonp  (ait.  107}  \  thftt  \s,  m^y^--2z^. 

^  ¥•  ^K 

For  example,  3 1  =  7*-  2  . 3%  and  4^=  7'-  2  •  1"; 
and  the  same  of  all  other  prime  numbers  in  this, 
form. 

Scholium.  From  the  last  four  propositions,  we 
may  draw  the  following  theorems,: 

1.  All  primie  numbers  of  the  formes  to+ 1,  and 
8n  +  5,  are,  exclusively  of  all  others,  contained  in 
the  formula  y^  +  z*. 

2.  All  prime  numbers  of  the  form  8»-hl,  and 
8n  -h  3,  are,  exclusively  of  all  o.thers,  contsined  in 
the  formula  ^  +22*. 

3.  All  prime  numbers  of  the  form  8n>+  1,  and 
811  +  7^  fti'Cj  exclusively  of  all  others,  contained  in. 
the  formula  y  -  2«'. 
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-    4k  •  All  prime  Bombers  of  the  form  8n  + 1  are,  at 
the  same  time^  of  the  three  forms 

PROP.    V. 

lis.    To  ascertain  whether  a  given  number' of 
^e  form  4n+l  be  a  prime  number. 

Since  every  prime  number  p  of  the  form  4n  4- 1  is 
the  sum  of  two  squares,  or  p=x*  +ff\  it  is  obviou$> 
that  in  order  to  determine  whether  a  given  number 
of  this  form  be  a  prime,  we  have  only  to  ascertain 
whether  it  can  be  resolved  into  two  squares ;  and, 
if  it  can,  in  how  many  ways  this  resolution  may  be 
effected ;  then,  if  it  happen  that  the  ^ven  number 
may  be  decomposed  into  two  squares,  in  one  way 
only,  the  number  iis  a  prime,  but  otherwise  it  is 
composite;  and  the  object  of  the  present  propo* 
sition  is  to  teach  the  easiest  method  of  performing 
this  decomposition.  Now,  because  /^ = ^  +y^  and 
^ince  these  squares  cannot  be  equal>  it  necessarily 
follows,  that  one  of  them  is  greater  and  the  other 
less  than  4/^ ;  if,  therefore,  every  Square  >  ^p  and 
<p  be  subtracted  from  p,  there  ought  to  be  found 
amongst  the  remainders  one  square  number  only^ 
if  the  given  uumber  be  a  prime ;  and  if  there  be  no 
square  remainder,  or  more  than  one,  it  will  be  a 
composite  number. 

Tlius  the  number  of  operations  in  subtraction 
will  not  much  exceed  those  in  division,  by  the  com'- 
mpn  rule ;  and  the  following  observations  will  con« 
siderably  abridge  them,  and,  with  the  assistance  of 
a  small  table  of  squares,  render  the  method  nearly 
as  sunple  as  can  be  expected,  at  least  it  is  much 
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tosier  than  any  rtile  I  have  ever  seen :  which  b,^ 
hridgment  depends  npott  the  following  considera^ 
lions  ^ 

Every  prime  number  >  5  is  of  one  of  the  forms 
lOw-fl,  3,  7i  or 9;  or^  which  is  the  same^  it  is 
terminated  by  one  of  those  digits.  Again^  all 
sqnares  are  of  one  of  the  forms  lOw,  10rt+  1,  4,  5^ 
6,  or  9;  oi*  they  are  terminated  in  one  of  the 
digits,  O,  1  ^  4,  5,  6,  or  9  J  ^f^^  therefore  no  nnm-* 
ber  terminating  m  2,  3>  7>  or  8,  can  be  a  square 
Unmber;  therefore, 

1  •  When  the  last  digit  of  the  pressed  nnmbef 
is  1 ,  we  may  omit  all  sqnares  terminating  in  4,  or 
9^  because  these  vrill  give  remaind^s  terminating 
in  7i  or  2y  and5  therefore,  snch  remainders  can-^ 
not  be  squares. 

2*  When  the  last  digit  of  the  given  number  is  3^ 
we  may  omit  all  squares  that  terminate  in  O,  1,  5^ 
or  6;  because  these  would  give  remidnders  ter^ 
minating  in  3-,  2^  8,  and  7 ;  which,  therefore,  caii'« 
not  be  squares  J 

3.  If  the  last  digit  be  7^  we  may  omit  all  squared 
terminating  in  0,  4,  5,  or  9,  for  the  same  reason 
as  above. 

4.  If  the  last  digit  be  9^  we  may  omit  all  squarei^ 
terminating  in  1  or  6. 

By  these  remarks  the  nunlber  of  operations  itt 
subtraction  vidll  be  reduced,  generally,  about  one 
half,  and  will  be  considerably  less  than  the  num- 
ber of  operations  in  division  by  the  common  rule. 

Ex.  1 .  Let  it  be  proposed  to  ascertain  whether 
the  number  10133  be  a  prime. 

Since  this  number  terminates  in  3,.  the  only 
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dqtlsureft  between  &066  and  101^,  Aat  do  not  ter^ 
lidnat^itt  O^  1,  5^  or  6,  an  the  following  ^  vix* 


Giten  iV*. 
10133 
10133 
10133 
10133 
10133 
10133 
10133 
10133 
10133 
10133 
1013d 


Squares,         Remainien, 


-  5329  = 

-  5929  = 

-  6084  = 

-  6724  = 

-  6889  = 

-  7569  = 

-  7744  == 

-  8464  = 

-  8649  = 

-  9409  = 


4804 
4!204 
4049 
3409 
3244 
2564 
2389 
1669 
1484 
724 
529 


-      9604      « 

Here  the  last  remainder  is  529  =  23^  ^^^  ^^  ^ 
tlie  only  square;  therefore,  the  given  number 
10133  is  a  prime* 

Thus  elevten  operations  in  subtraction  are  made  to 

.  answer  the  purpose  of  twenty-four  divisions,  and 

even  this  supposes  all  prime  numbers  under  100 

to  be  known ;  for  otherwise  the  number  of  divisions 

would  be  much  more  considerable. 

Ex.  3.    Is  7129  a  prime  number? 

Ex.  3.    Find  whether  47933  be  a  prime  number* 

Ex.  4.    Find  whether  4788 1  be  a  prime  number. 

PROP.  VI. 

116.  To  ascertain  whether  a  given  numbi^r  of 
the  form  8n  +  3  be  a  prime  number. 

Every  prime  number  p  of  the  form  8n  +  3  is  also 
of  the  form  a:*  +  2y*,  or  p^s^^2t/^,  and  here 
X  and  ^  must  be  both  odd  squares,  for  otherwise 
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^f-^^y^  ootdd  not  have  the  form  Sn^3\  also  j^  it 
necessarily  less  than  ^pi  we  mnst^  therefore^  suIh" 
tract  from  p  the  double  of  every  odd  square  <  4.^, 
and  if  amongst  the  remainders  there  be  found  one 
6quare^  and  no  more^  the  given  number  is  a  primey 
but  otherwise  it  is  not. 

These  operations  may  be  considerably  abridged 
from  the  foUowing  considerations : 

We  have  seen,  that  all  prime  nuihbers  terminate 
in  one  of  Che  digifis  1,  3,  7>  or  9;  &nd  the  doubles' 
of  square  numbers  terminate  ifi  one  df  the  digits 
O,  2,  or  8 ;  therefore, 

i .  If  the  given  number  terminate  iii  1 ,  we  may 
6mit  afll  those  squares,  the  doubles  of  which  ter- 
minate in  9;  because  these  would  have  remainders 
terminating  in  3^  which  cannot  be  squares* 

2.  If  the  last  digit  of  the  given  number  be  3  of 
7,  we  may  omit  all  squares  the  doubles  of  which 
terminate  in  O,  because  the  remainders  of  these 
will  terminate  in  3  or  7^  ^d>  tberefore^  are  not 
squares^ 

3.  If  the  last  digit  of  the  given  number  be  9,  we 
may  omit  all  squares,  the  doubles  of  which  ter- 
minate in  2 ;  because  these  will  leave  remainders 
terminating  in  7^  which  cannot  be  squares. 

4.  It  may  be  farther  remarked,  that  every  odd 
square  has  the  last  digit  but  one  even,  and^  there- 
fore, m  general,  all  those  double  squares  may  be 
omitted^  that  leave  an  odd  digit  m  the  last  place 
but  one  of  the  remainder. 

Ex.  Let  it  be  proposed  to  ascertain  whether' 
the  number  11051,  which  is  of  the  form  8n  +  3/*^ 
a  prime  number. 
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Here,  the  last  digit  being  1^  we  may  omit  all 
those  squares  terminating  in  9,  because  the  doubled 
of  these  terminate  in  8,  and,  therefore,  the  re- 
mainders in  3.     Hence  the  operation, 


Given  N\ 

Douhh  Squareg. 

Remainders. 

11051 

— 

10085 

= 

969 

11051 

— 

9522 

=5 

1529 

11051 

— 

8450 

= 

2601=^51 

11051 

— 

7442 

= 

3609 

111051 

— 

6962 

= 

4089 

11051 

— 

6050 

= 

5001 

ilOdI 

\ 

5202 

= 

5849 

liddi 

— 

4802 

= 

6249 

11051 

— 

4050 

= 

7001 

11051 

— 

3362 

= 

7689 

11051 

— 

3042 

=■ 

soogi 

11051 

— 

2450* 

= 

6601 

11051 

— 

1922 

= 

9129 

11051 

— 

1682 

= 

9369 

11051 

— 

125^0 

:= 

9801 =  99" 

Having  thus  found  two  square  remainders,  we 
inay  conclude  with  certainty,  that  the  given  num- 
ber is  not  a  prime,  and  discontinue  the  operation. 

Remark.  Our  first  rule  extends  to  all  numbers 
of  the  form  4n  +  1 ,  \^hich  includes  the  two  fonQs 
8w+l  and  8n+5,  and  the  above  applies  to  all 
numbers  of  the  form  8n-|-3;  but  those  that  fall 
tinder  the  form  8/i  -f  7  are  still  excluded,  nor  can 
they  be  snbmttted  to  a  similar  test ;  for  these  num- 
ters  being  of  the  form  a?  —  2y*  (art.  114),  there  ar« 
DO  limits  to  the  values  of  x  and  y^  nor  to  the  niun« 

p 


v^an 
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ber  of  ways  in  which  a  given  number  may  be  re- 
solved into  this  form ;  for 

may  be  resolved  tn^o  ways  into  the  same  form 
(art,  95):  and,  since  we  may  find  x'*—  2^/"*=  1,  by 
taking  J? =3  and  y  =  2,  it  follows,  that  this  pro- 
duct is  still  =x*  — 2^%  that  is,  a  number  of  the 
form  of  —  2y*  may  be  resolved  into  this  form  in  as 
many  ways  as  we  please^  whether  it  be  a  prime 
number  or  not,  which  is  not  the  case  witli  the 
two  forms  or  -^y^  and  x'  +  22/*. 


PROP,  vii^ 

i 

I 
i 


117.  if  a  be  any  prime  number,  and  the  series 
of  squares 

i\  2\  3%  4^  &c.,  (^y 

be  divided  by  a,  they  will  each  leave  a  different 
positive  remainder. 

This  is  in  fact  only  a  particular  case  of  the  ge- 
neral proposition  demonstrated  (art.  51);  for,  by 
making  <^  =  1 ,  the  series  of  squares, 

4>%  3V,  3^(p%  4'<P%  &C.,  (^)<P% 
becomes 

\\  2\  3%  4^  &^-^  (^)^ 

each  of  which,  when  divided  by  a,  will  leav^  a 
different  remainder,  as  is  demonstrated  in  that 
article. 

Cor.  1.    And  the  same  is  evidently  tnie  of  the 
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Negative  remainders,  which  arise  from  taking  the 
tjudtients  in  excess  (cor.  1 ,  art.  51): 

Cor.  2.  Hence,  also,  we  may  see  in  what  cases 
the  positive  and  negative  remainders  are  equal  to 
each  dther ;  for  then  it  is  evident,  that  a  will  be  a 
divisor  of  the  sum  of  two  squares^  and  we  shall  have 


r*  +  *^ 


=  e,  ah  integer  number; 


a 

Thereforfe,  when  a  is  nbt  a  divisor  of  the  sum  of 
two  of  these  squares,*  the  positive  and  the  negative 
remainders  are  all  different  from  each  other,  and 
include  every  liumb^r  from  1  to  a—  1. 

Cof.  3:  Wten  d  is  not  a  divisor  of  the  sum  of 
two  squarfes,  that  is,  when  all  the  positive  and 
negative  feniairiders  are  different  from  each  other, 
then  sdme  of  each  of  those  reniairiders  are  greater, 
and  some  lesS^  than  ^d.  For  all  the  conseciitivfe ' 
squared  under  a  will  be  ftfund  amongst  the  positive 
remainders,  and  some  of  these  squares  must  neces- 
sarily be  greater i  and  some  kssy  than  ^a;  and, 
since  the  positive  and  negative  remainders  together 
include  all  numbers  from  1  to  a  —  1 ,  the  same  is 
manif(fcstly  true  for  the  negative  remainders; 

PROP.  VIII. 

118.  If  a  be  a  prime  nuiriber,  it  is  always 
passible  to  find  four  squares,  2£?*,  x*,  y*,  «*  (the 
roots  of  each  of  which  shall  be  less  than  4-a),  siich 
that  their  sum  may  be  divisible  by  a,  or  th© 
equation 

IS  always^  possible,  a  being  any  prime  number 
whatever. 

p  2 


^■■a^^V" 


■T  MH  — 
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First,  when  the  prime  number  «  is  a  divisor  oS 
the  sura  of  two  squares,  tlie  proposition  is  evident; 
and  it  will,  therefore,  only  be  necessary  to  con- 
sider the  case  in  which  a  is  not  a  divisor,  of  the 
sum  of  two  squares,  cind,  consequently,  when  all 
the  remainders  of  the  consecutive  squares  are  dif- 
ferent from  each  other  (cor.  2,  art.  117)- 

Now,  in  this  case,  we  shall  find  some  of  the 
positive  remainders  greater^  and  some  UsSy  than 
-4^;  and' the  same  of  the  negative  remainders  (cor.  3, 
art.  117)'  It  is,  therefore,  always  possil)Ie  to  find 
tvvo  squares,  such  that  each  beingf  divided  by  a, 
the  positive  remainder  of  the  one  shall  exc^d  the 
negative  remaimler  of  the  other,  by  unity:  and 
also  two  other  squares  in  the  same  series,  such 
that  each  being  divided  as  before,  the  negative 
remainder  of  the  one  shall  exceed  tlie  positive  re- 
mainder of  tlie  other,  by  unity;  that  is,  the  equa- 
tions M?"  +  0?^  —  1  =  wiflf,  and  y  +  j:;"^  +  1  =  »a,  are 
always  possible,  which  may  be  demonstrated  a& 
follows : 

Let  p  be  the  least  negative  remainder,  then  /)  +  1 
must  be  found  amongst  either  the  positive  or  nega- 
tive remainders;  if  it  be  found  amongst  the  positive 
remainders,  we  have  at  once  a  positive  remainder, 
that  exceeds  a  negative  remainder,  by  unity;  and  if 
it  be  not  found  amongst  the  positive,  then  p  -h  1  is 
still  negative :  and  p^2  must  be  either  a  positive 
or  negative  remainder;  if  it  be  positive,  we  have  a 
positive  remainder  exceeding  a  negative  one,  by 
nnity,  but  if  not,  /?-f  2  is  still  negative,  and  p  +  'S 
jfuust  be  either  positive  or  negative;  and  proceeding 
tluis,  we  must  necessarily  (as  some  of  each  of  these 
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remainders  are  greater,  and  some  less,  than  4^) 
arrive  at  that  negative  remainder  />',  such  that 
//  + 1  shall  be  a  positive  one ;  and,  consequently, 
the  equation  w^  -f  o;^  —  1  =  ma  is  always  possible : 
and,  in  the  same  manner,  the  possibility  of  the 
equation  y*^  -f  ;£"  +  1  =  na  may  be  demonstrated. 

Having  thus  proved  the  possibility  of  the  equa- 
tions m;'  -f  X'  —  1  =  ma,  and  y '  4-  ^*  +  1  =  «a,  we 
have 

^ • =?w  +  w,  an  integer;  or 

10*  +  x^  -f  y*  +  2;*  =  aa' 

always  possible.  —  ft.  £.  D. 

Cor.  It  is  obvious,  from  the  foregoing  demon- 
stration, that  these  roots  iv,  x,  y,  z,  are  less  than 
^a ;  because  we  have  only  considered  the  squares 
contained  in  the  series 

1',   2\  3',  4\  &c.,  (^)'. 

• 

But,  independently  of  this  limitation,  it  may  readily 
be  shown,  that  if  a  be  a  divisor  of  tlie  sum  of  any 
four  squares,  1/; '  +  .r^ -f  1/* -f  ^%  each  of  which  is 
prime  to  a,  that  it  is  also  a  divisor  of  the  sum  of 
the  four  squares 

{to  -  aaf  +  (x  -  ^af  +  (/y  -  yaf  +  (s  -  ha)\ 

iu  which  it  is  manifest,  that  a,  3j  y>  ^y  may  be 
always  so  assumed,  that  ±{w  —  (Aa)±  (j;  — ^a),  &c., 
shall  be  less  than  i^;  whenever,  therefore,  it  is 
demonstrated,  that  any  number  a  is  a  divisor  of 
the  sum  of  four  squares,  we  may  always  consider 
each  of  their  roots  as  less  than  \  a. 
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PROP.  IX. 

«  « 

1  ]  9,  Every  prime  number  a  is  the  sum  pf  two^ 
three,  or  four  squares. 

For,  by  the  foregoing  proposition^  the  equation 

is  always  possible,  each  of  the  roots  of  these 
squares  being  less  than  4^;  and,  consequently, 
each  of  the  squares  less  than  -i-a^j  whence  we  have 
aaf  <  a%  or  a'  <  a.  Now,  if  a'  =  1 ,  it  is  evident 
that 

tu'  +  X*  4-  y*  +  «*  =  a, 

and  the  proposition  will  be  depionstrated. 

But  if  a'  >  1 ,  then,  because  a'  is  a  diyisor  of  the 
fonnula 

it  is  also  a  divisor  of  the  formula 

(w  -  aay  -f  (a?  -  ^aO'  +  (y  -  yaj  +  {z^  8a0% 

where  each  of  the  roots  is  less  than  -^a^  (cor., 
art.  118);  assuBpiing,  tlierefore, 

{tv  -  aay  +{x^  ^ay  +  (y  -  ya'Y  +  ( ;?  -  hay  =  a' V, 

we  shall  ha\  e,  for  the  same  Reason  as  abov?, 

a'' a'  <  a'*,  or  a''  <  a\ 

Now,  by  means  pf  the  formula  (art,  94),  if  we 
multiply  together  the  values  of  aa\  and  o'V,  we 
shall  find  a  product  that  is  the  sum  of  four  squares, 
and  of  which  each  is  divisible  by  a'*;  and  having, 
performed  this  division,  we  obtain 

«''a=  {a  —  aw  —  ^  —  yt/  —  hzy  +  (ax  —  ^m?. -h  y«  —  Sy  )* 
+  (ay  —  yti;  -f  Ix  —  ^zY  +  (az  —  811? >  %  — yx)'; 
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or,  for  the  sake  of  abridging  this  expression, 

and  here  we  have  a^'<a\      If  now  a''=l,    the 

above  becomes 

* 

and  the  proposition  will  be  demonstrated;  but  if 
a'\  though  <  a',  be  >  1 ,  we  may  proceed,  in  the 
same  manner^  to  find  a  new  product, 

and  in  which  a'"'  <  a" ;  and  by  continuing  thus  the 
decreasing  series  of  integers  a,  a',  a'',  oi'\  a'''\  &c., 
we  must  necessarily,  finally,  arrive  at  a  term  a^*^ 
equal  to  unity,  and  then  we  shall  have  a  equal  tQ 
the  sum  of  four  squares,  -r-  a.  E.  d. 

PROP.  X. 

120.  Every  integral  number  whatever  is  either 
a  square,  or  the  sum  of  two,  three,  or  four  squares. 

Tliis  follows  immediately  from  the  foregoing 
proposition,  and  the  formula  (art.  9^) ;  for  every 
number  is  either  a  prime,  or  produced  by  the  mul- 
tiplication of  prime  factors ;  and  since  every  primes 
number  is  of  the  form 

and  the  product  of  two  or  more  sudi  formulae 
being  still  of  the  same  form  (art.  94)^  it  necessarily 
follows,  that  every  integral  number  whatever  is  oC 
the  form 

But  it  is  to  be  observed,  that  no  limitation  in  the« 
^qurse  of  the  demonstration  of  the  foiiegoing  pro.-v 
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position  was  made^  that  could  prevent  any  one  ok 
more  of  these  squares  from  becoming  zero ;  therer 
fore,  every  integral  number  whatever  is  either  a 
jsquare^  or  the  sum  of  two,  three,  or  four  square?;. 

a.  £.  D, 
Cor.  AH  that  has  been  proved  in  the  foregoing 
proposition  for  integral  numbers,  is  equally  true  of 
fractions;  for  every  fraction  niay  be  expressed  by 
an  equivalent  one  having  a  square  denominator; 
therefore,  every  fraction  i«i  of  the  form 

: il =5: ! L  :Z_4..-— . 

w*  7/1"     m-     m     m 


this  curious  property,  therefore,  extends  to  every 
rational  number  whatever. 

Scholium.  The  theorein  that  we  have  demon- 
strated, in  the  two  foregoing  propositions,  forms  a 
part  of  a  general  property  of  polygonal  numbers, 
discovered  by  Fermat;  which  is  this,  "Every  num- 
ber is  either  a  triangular  numbpr,  oy  tirc  sum  of 
two  or  three  triapgular  numbers.  A  square,  or  the 
sum  of  two,  three,  or  four  squares,  A  pentagonal, 
or  the  sum  of  two,  three,  four,  or  five  pentagonals. 
And  so  on  for  hexagonals,  &c.  Or  the  same  may 
be  more  generally  expressed  thus:  If  wi  represent 
the  denomination  of  any  order  of  polygonals,  then 
is  every  number  K  the  sum  of  m  polygonals  of  that 
order ;  it  being  understood  that  any  of  these  po- 
lygonals may  become  zero. 

Let,  therefore,  n  be  any  given  nuoiber,  and  x^y^z^ 
indeterminate  quantities;  then  the  difl'erent  parts 
of  the  general  theoreni  may  be  detailed  in  the  fol- 
lowing order: 


! 
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1st,  N  = +^ — ^+ ; 

•     '  2  2  2      ' 

3d,    N  * — -—  + —  +  — — "+  '^^  *^+ ^ 

2  2  2  3  2 

4th,  &c.  &c.  &c.  &c. 

The  second  fonq  which  relates  to  the  squares 
has  been  demonstrated  in  the  foregoing  pror 
position,  and  Legendre  has  also  demonstrated 
the  first  case,  for  triangular  numbers;  but  all 
the  other  cases,  past  the  second,  still  remain 
without  demonstration,  notwithstanding  the  re- 
searches and  investigations  qf  many  of  the  ablest 
mathematicians  of  the  present  f ime,  and  of  others 
now  no  more :  amongst  the  former  we  may  mention 
Lagrange,  Legendre,  and  Gau88 ;  and  of  the  latter, 
^uler.  Waring,  and  Fermat  himself;  the  latter  of 
whom,  however,  as  appears  from  one  of  his  notes 
pn  Diophantus,  was  in  possession  of  the  demon- 
stration, although  it  was  never  published,  which 
circumstance  renders  the  theorem  still  more  in- 
teresting to  mathematicians,  and  the  demonstration 
of  it  the  more  desirable. 

We  have  demonstrated  the  second  case,  but  this 
carries  us  no  farther,  whereas,  if  we  had  demon- 
iBtrated  the  first,  the  second  would  flow  from  it  as 
a  corollary;  and  it  may  not  be  uninteresting  to 
show  in  what  manner  tliese  difterent  parts  qf  the 
same  theorem  are  connected  witii  each  other. 

First,  let  us  suppose  the  possibility  of  the  equation 

a:^-\-x     y^-¥y^     z^-Vz 

— 1 -\ 
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to  have  been  demonstrated^  from  which  may  be 
drawn  this, 

8N  +  3  =  (2a?+l)*+(2y+l)'  +  (22  +  l)%  or 
8N  +  3=a;^  +  y'*-f  %^,  or 

and  since  these  four  squares  are  all  odd,  the  mim- 
Ibers  ^+y,  x^—j/p  «'+  I5  apd  z^—  1,  a^e  all  even; 
and  hence  we  hayp,  in  ^ntegprs^ 

or,  for  the  sake  of  abridging, 

of  which  squares  two  are  even  and  two  odd,  for 
otherwise  their  sum  could  not  have  the  form 
4N4-2;  we  may,  therefore,  write 

4n  +  2  =  4r'  +  4j?'+  (2^+  l)V  (2i>+  O'i 

from  which  we  deduce 

2N-hl=(r  +  ^)»  +  (r-*)V(;4-v+l)'+(*-r)*; 
that  is,    every  odd  number  is  the  sum   of  foui^ 
squares,  and  the  double  of  a  number  that  is  the 
fium   of  four  squares  is   itself  the   sum  of  four 
squares,  for 

(m  +  ny  +  {m-  nf  +  (/>  +  9)*  -f  (p - qY ; 

and,  therefore,  every  number  is  the  sum  of  four 
squares. 

If,  therefore,  the  case  which  rcjates  to  triangular 
numbers  was  demonstrated,  that  which  relates  to 
squares  would  be  readily  deduced  from  it;  but  the. 


{ 
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ponyerse  has  not  place ;  that  is,  Tre  cannot  deduce 
the  first  case  from  the  second. 
Hie  diird  case  giyes 


3j#*  — tt     3tc"-fO    3j^  —  x    3y'  — V     3j2*-« 

N  = + +  — +  -^^-—"^  T— , 


09 


SI4N+57 

(6»-- 1)V  (etc- !)•  + (&C-- 1)^  + (fiy- l)V(6«-l)N 

So  that  the  enunciation  of  this  particular  part  re- 
turns to  this. 

Every  number  of  the  form  24n  +  6  is  the  sum 
of  Jive  squares y  of  which  each  of  the  roots  is  of 
the  form  6n— 1. 

The  fourth  case  returns  to  this. 

Every  number  of  the  form  8n  +  6  m4J(y  he  de- 
composed  into  six  squares,  of  which  the  roots  are  of 
theforM  An  —  l. 

And,  in  general,  the  proposition  is  always  re- 
ducible to  the  decomposition  of  a  number  into 
squares,  and  all  the  partial  propositions  that  we 
have  considered  are  included  in  ^e  general  form, 

8aN -I- (a  +  2)  (a  -  2)*  = 

(2aj?-a+2)'+(2ay-a  +  2)'-l-(2a«-ot+2)*+  &C. 

the  number  of  squares  on  the  latter  side  of  the 
equation  being  (0^  +  2). 
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CHAP.  X. 

On   the   different  Scales  of  NqtatioHy  and  their 
Application  to  the  Solution  of  Arithmetical 

Prohlenm. 

PROP.    I. 

121.  Every  number  n  may  be  redacod  to  the 
form 

> 

where  r  may  be  any  number  whatever,  and  a,  i,  c, 
&c.,  integers  less  than  r. 

For  let  N  be  divided  by  the  greatest  power  of  r 
contained  in  it,  as  r%  and  let  the  quptient  be  a, 
and  remainder  n',  so  that 

Divide  again  k'  by  the  next  louver  power  of  r,  as 
r*"*,  and  let  the  quotient  be  J,  which  will  be  an 
integer  or  zero,  according  as  n'  >  or  <rf"\  and  the 
remainder  n",  whence 

Dividing  again  n''  by  r"'%  and  supposing  the 
quotient  c,  and  remainder  n'^',  we  have 

And  by  thus  continually  dividing  the  remainder 
by  the  next  lower  power  of  r^  Ave  shall  be  evidently 
brought  finally  to  the  form 
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in  which  expression,  as  a,  b  c,  &c.,  are  the  quo- 
tients arising  from  the  division  of  a  number  by  the 
highest  power  of  r  contained  in  that  number,  it 
necessarily  follows,  that  each  of  those  coefficients, 
a,  hj  c,  &c.,  is  less  than  r.  —  o..  e,  d. 

Cor.  If  r=  10,  then  at,  h,  c,  &c.,  are  the  digits 
by  which  any  number  is  expressed  in  our  common 
method  of  notation ;  thus, 

7  603  4  =  7  .  1 0*  +  6  . 1 0' +  0 . 1 0' +  3  . 1 0  +  4 , 
18461  =  1  .  10^  -i-  8  .  10'  +  4  .  10'  +  6  .  10  +  1, 

which  form  is.  always  understood  in  enumerating 
the  value  of  any  number  proposed  j  that  is,  we  give 
to  every  digit  a  local,  as  well  as  its  original  or 
natural  value:  thus,  in  the  number  7^034,  the 
second  digit  from  the  right  is  3,  but  we  consider  it 
as  representing  30,  on  account  of  its  local  situation, 
being  in  the  second  place  from  the  right;  in  the 
same  manner,  the  6  represents  6000,  and  the  7 
70000,  so  that  the  value  of  each  digit  is  estimated 
according  to  its  local  situation  and  its  original 
value,  the  former  indicating  the  power  of  10,  and 
the  latter  the  number  of  those  powers  that  are  in- 
tended to  be  expressed. 

Cor.  2.  It  is  evident,  from  the  foregoing  pro- 
position, that  a  number  may  be  in  the  same  man- 
ner represented  by  any  other  value  of  the  radix  r, 
and  hence  arise  the  different  scales  of  notation^ 
which  receive  the  following  particular  denomi-^ 
nations  according  to  the  value  of  the  radix  r* 

If  r  s  3,  it  is  termed  the  Binary  scale. 
ra=  3,       -     -^    -     -     Ternary. 
r=s  4,      -    -r    .    *     Quaternary. 
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If  r=   5,  it  is  termed  the  Quinary. 

r=   6y  -     -     -     -     Senary; 

r=ld,  -     -i     -     -     Denary,  or  common  scale. 

r=i2,  -     -     -     -    Duodenary. 

And  since,  by  the  foregoing  proposition,  a,  6,  d^ 
&c.,  are  always  less  than  r,  the  radix  of  any 
system  into  which  they  enter ;  therefore  it  follows 
that  for  every  scale  we  must  have  as  many  cha- 
racters, including  the  cipher,  as  are  equal  to  the 
number  expressing  the  radix  of  the  system.  ThuSy 
the  only  characters  are,  for  the 

Binary  scale,  -  -  0,  1 . 

Ternary,     -  -  -  O,  1,  2. 

Quaternary^  -  -  0,  1,  2,  3. 

Senary,        -  -  -  6,  1,  2,  3,  4,  5; 

"^SJ..""- }  o-  '•  ''  '.  ^'  '.  «.  '•  «.  9- 

And  hence  it  follows^  that  in  the  duodenary 
scale,  we  must  ha\"e  two  additional  characters  for 
representing  10  and  11,  and  as  these  characters 
may  be  assumed  at  pleasure,  we  shall,  in  what 
foUoAvs,  express  1 0  by  the  symbol  4>,  and  1 1  by  t/ 
ii  hence  the  digits  of  the  duodenary  scale  will  be 

G,   1,  2,  3,  4,  5,  6,  7,  8,  9,  <P,  ^• 


PROP.  II.  *  ^ 


1 22;    Having  given  the  equation' 

ill  which  N  "and  r  are  given  numbers,  to  find  the 
unkno>vn  coefficients,  a,  ft,  c,  &c.,  and  the  ex- 
ponent n^    Or,  which  is  the  same^  to  transform  a 
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tininber  from  the  denary  to  any  other  scale  of  no-^ 
tation. 

It  is  evident  that  this  may  he  done  by  propo- 
sition 1 ;  namely,  by  dividing  n  snccessively  by  the 
highest  power  of  r  that  is  contained  in  it ;  but  it  is 
more  readily  performed  by  dividing  n  successively 
by  r ;  thus,  if 

be  divided  by  r,  the  quotient  will  be 

ar^'^  +  br^'^  +  cr^'^  -*  *  -  pr-hg, 

and  the  remainder  ti^. 

This  last  quotient  being  again  divided  by  r  gives 
for  a  new. quotient 

^/•"^*  + Jr""'  +  cr""^  ■•  -  *- />5 

and  a  remainder  q.  And  this  quotient,  divided  b^ 
r,  gives  a  quotient 

and  a  remainder  p. 

Whence  it  is  evident,  that  the  successive  re- 
mainders will  be  the  coefficients  w,  q^  />,  &Cm  oi* 
the  digits  that  express  any  number  in  the  scale  of 
which  r  is  the  radix. 

Ex.  1 .    Haying  given  the  equation 

to  find  a,  by  c,  &c.  Or^  which  is  th«  same,  let  it 
be  proposed  to  convert  1 7486  from  the  common  to 
the  senary  scale. 
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Here,  by  the  foregoing  proposition, 

6)17486 

6)2914  rem.  =2  =  10 

6)485 4  =  J 

6)80    -  -  -    f>=p 

6)13    -  -  -    2=c 

6)2    -  -  -    1=6 

O  -  -  -  2=a 

Therefort,  1^486,  in  the  denary  scale,  is  ex- 
ptessed  by  212542  in  the  senary. 

Ex.  2.  Transform  1810  into  both  the  binary 
and  ternary  scales* 

3)1810  3)1810 

2)906  rem.  =  O  3)603  rem,  =  1 

2)462    -  -  -    I  3)201 0 

?)226    •»  -  ^   O  3)67    -  -  -    O 

a)il3    •«  -  -   0  3)22 1 

i)66  /^  -  -  1  3)7 1 

2)28  -  -  -  0  3)2    -  -  -    1 

3)14  -  -  -  O  O   -  -  -    2 

2)7  ...  O 

2)3  -  -  -  I 

2)1  -  -  -  I 

O  -  -  -  1 
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Therefdre,   1810^11100010010,  in  the  binary 
^cale;  and  1810=2111001,  in  the  ternary  scale. 

Ex.  3.     Transforni   the  two   numbers,    844371 
^nd  215855,  from  the  denary  to  the  daodenary 
scale. 
12)844371  12)215855 


12)17987  rem.  =ll=flr 

12)1498 lli=T 

12)124    -  -  -    10  =  <p 

12)10    -  -  -      4s=4 

O    -  -  -i    10  =  <^ 


12)70364  rem.*: 3 
12)5863    -  •  -    8 

•    12)488    7 

12)40    -  -  -    8 
12)3 4 

0   -  -  -   d 

Hence  844371  =:^ 348783  1   .  ^i     i      1  ,1 

and  2158j5-(J>4(>inr,  /  '"^  '^^  dnodenary  Scale. 

And  thns  a  number  is  readily  transformed  from 
the  denary  to  any  other  system  of  which  the  radix 
is  given3  and  hence  we  find  1000  is  expressed  in  the 
following  manner  according  to  the  yalue  of  th^ 
*adixr. 

iooo:*i  111  101000  i 

1000=    1101001 


2 
3 


r=  4 
r=  5 
r=  6 

^=  7 

r=  8 
r=  9 

r=slO 
r=ll 
r^l2 


1000  = 

1000=^ 

1000  = 
1000= 
1000  = 
1000  = 
1000  i= 
1000  =ft 
1000  = 


33220 

13000 

4344 

S626 

i750 

1331 

1000 

82<}> 

67r4 


^'*-   ■'       -  il.^l_" 
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Hence  it  is  evident,  as  it  is  indeed  from  the  na^ 
ture  of  the  subject  under  investigationi  th^t  th« 
greater  th^  radix  is,  the  less  will  be  the  number  of 
digits  necessary  for  expressing  any  given  number  ^ 
but  the  operations  of  multiplication,  division,  &e., 
will  be  the  more  complex;  and,  therefore,  ip 
judging  of  the  advantages  and  disadvantages  of 
diflferent  systems,  we  ought  toTteep  both  these 
circumstances  in  view,  as  also  a  third,  which  is 
the  number  of  prime  divisors  of  the  radix ;  and,  on  a 
just  estimate  of  the  whole,  the  radix  12  will  be 
found  preferable  to  any  of  the  other  systems :  but 
on  this  subject  we  shall  add  a  few  remarks  at  the^ 
conclusion  of  this  chapter. 

i 

PROP.  IIU 

123.  To  transform  a  number  from  anyNother 
scale  of  notation  to  the  denaiy,  or  common  scale. 

This  proposition  is  the  converse  of  the  foregoing 
one,  and  it  is  readily  effected  by  the  reverse  opera- 
tion. 

For  let 

ar*-hftf*'^  +  cr""*  -  -  -^r^  +  y  +  ii; 

represent  a  number  in  any  known  scale  of  notation, 
whose  radix  is  r ;  then,  since  a,  i,  c,  &c.,  are  also 
known,  we  have  only  to  collect  Xh»  successive  valuei^ 
of  the  different  tenns,  and  their  sum  wall  be  the 
number  transformed,  as  required. 

Ex.  1.  Transform  71^4  from  the  duodenary 
to  the  common  scale  of  notation. 

First, 

7184  =  7.12'  + 1.13* +  8. 12 +  4. 


Biffereni  Scuki  hf  Notaiitm.  Mf 

Therefore^  we  have, 

1.12'»     144 

4  *=  4 


Duodenary  7^84  =13340  Denary  scale. 

Ex.  2*    Transform  1534  from  the  senary  to  the 
denary  scale. 

1634  =  1.6*+ 5. 6* +  3.6 +  4 

1.6'  =  2l6 

5.6*=180 

3.6  =    18 

4  =      4 


Senary  1534  =418  in  the  common  scale. 

Cor.  By  means  of  the  two  foregoing  propositions 
a  number  may  be  transformed  from  one  scale  of 
notation  to  another^  neither  of  which  is  the  denary^ 
by  first  transforming  it  from  the  given  scale  to  the 
common  scale,  and  then  into  the  particular  one 
required. 

PROF.  IV.  ^ 

1 24.  In  every  scale  of  notation^  whose  radix  is  r, 
the  sum  of  all  the  digits  expressing  any  number, 
when  divided  by  r  —  I ,  will  leave  the  same  re- 
mainder as  the  whole  number  divided  by  r  —  I ; 
that  is,  if 

Ksar^  +  fer'^^  +  cr""*  -  -  -  j[?r*  +  jr  +  w, 

thfn  will  K-4-(r— 1),  leave  the  saniA  remainder,  as 

(a  +  4  +  c  •  -  -  /^  +  5  +  ir)-*'(r-il). 

a2 
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For  make'r— 1  =r',  or  7'  =  r'+l,  then 
r"-5-(r-l)  =  (r'4:l)"-5-r' 
will  leave  a  remainder  1,  because  every  term  of 
the  expanded  binomial  (r'  + 1  )*  is  divisible  by  r% 
except  the  last,  which  is  1;    and,  consequently, 
(r'+  l)"-*-r',  or  r*-^(r~  l),  will  leave  a  remainder 
1,  and  this  property  is  entirely  independent  of  the 
value  of  n ;  and  hence  it  follows,  that  every  power 
of  r  divided  by  r  —  1  will  leave  a  remainder  1 ,  or 
the  powei*s  r",  r"'*,  r*"',  &c*,  are  all  of  the  form 
w(r—  1) -f  1 J   that  is,  r"'t*5w(r-  1)  +  1,  whatewr 
integer  value  is  given  to  n'^ 

And  hence  it  follows,  that 

af    ^am{r'-  1 )  +  cr, 

CT*'*  5*5  cm^\r  —  1 )  +  c, 
&c.  &c« 

pr^    ^pm''\r  —  1 )  -^p, 
qr     ^  qni\r  -^  1 )  +  ?  j 

And,  consequently, 

Nitem^(r- i)  + (a+&  +  c+  -  -  -  p-{-q^-w)y 
and,    therefore,    when   di\ided   by  r— 1,   it  will 
evidently  leave  the  same  remainder  as  the  sum  of 
its  digits  {a-\-b-\-c^  &c.  w).  —  a.  e.  d* 

Cor.  1 .  Hence,  if  the  sum  of  the  digits  in  any  . 
system  of  notation  be  divisible  by  r—  1^  the  whol^ 
number  is  divisible  by  r  ~  1 ;  therefore,  in  the  com- 
mon scale,  if  the  digits  of  a  number  be  divisible  by 
9,  the  number  itself  is  divisible  by  9,  and  if  there 
be  any  remainder  in  the  former,  there  will  also 
be  the  same  remainder  in  the  latter;  and  if  the 
ium  of  the  digits  be  even,  and  divisible  by  9,  then 
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will  the  nnmber  itself  be  divisible  by  1 3 ;  because, 
if  an  even  number  be  divisible  by  an  odd  number,  it 
is  divisible  by  double  that  number  (cor.,  art.  5). 
And  since  3  is  a  factor  of  9,  the  same  property  that 
has  been  shown  to  belong  to  the  number  9  belongs 
also  to  3 ;  namely,  if  the  sum  of  digits  of  a  number 
be  divisible  by  3,  the  number  itself  is  divisible  by  .3, 
and  if  the  sum  be  even  also,  tb^n  will  the  number 
be  divisible  by  6. 

Cor.  2,  It  is  upon  this  qbvious  principle  that 
our  rule  for  proving  the  truth  of  operations  in  mul- 
tiplication, division,  &c.,  is  founded,  by  dividing 
by,  or  casting  out  the  9s  contained  in  the  two 
factors,  and  in  the  product;  and  what  remains  of 
this  last  ought  to  be  equal  to  what  remains  of  the 
product  of  the  two  former  remainders  divided  by  9, 
if  the  work  be  right. 

For  let  a  and  b  represent  any  two  factors,  and 
make 

a^Sn^a\ 
J = 9/«  -f  b\    Thetk 
ah  =  9(9nm  +  ma'  +  7ib')  +  a'b'; 

and,  therefore,  ai-5-9  leaves  the  same  remainder  as: 
a'b'  divided  by  9:  but  the  remainder  of  a-«-9  is 
the  same  as  the  digits  of  a  by  9>  and  the  remainder 
of  b  -4-91*  the  same  as  the  digits  of  A  -h  9,  and  the 
same  of  the  product  ab ;  and  hence  the  reason  of 
the  rule. 

The  same  is  obviously  true  for  any  other  system 
of  notation,  by  taking  the  number  next  less  than 
the    radix  for  tlie  divisor.     Thus,    for   example,, 
nye  have  se^n  that    215865  =  <^4<|}jnr  in  the  di^^-. 
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denary    scale^     and    215855-^-11    leaves    a    re« 
mainder  2:  bnt 

4>  +  4 -f  <p  +  T  +  ^  =  1 0  +  4  +  1 0  +  U  +  1 1  =9=  4  6, 

■ 

which,  divided  by  11,  gives  also  a  remainder  2. 

Suppose  it  was  required  to  multiply  ^4t^n7r  by 
<p^y  the  operation  and  proof  would  stand  thus  t 

Operation.  Proof  b^  \\, 

^4^'jnr  rem.  2  V  4 

^^4  rem.  %  -*  v^  -* 


3677x8 
88ll7r3 
881l2r2 

950889 18  rem.  4 

It  is  unnecessary  to  observe,  that  in  this  operation, 
as  in  all  others  in  which  the  radix  is  r,  we  must  in 
multiplying,  dividing,  &c,,  divide  by  the  radix; 
that  is,  by  12  in  the  above  example,  and  set  down 
the  overplus,  instead  of  dividing  by  10  and  setting 
down  the  overplus,  as  is  done  in  the  common  scale, 

PROP.  v.    . 

125*  In  any  scale  of  notation  whose  radijc  is  r, 
the  difference  of  the  remainders  of  the  sum  of  the 
Ist,  3d,  5th,  &c.,  digits  by  r  +  1,  and  the  sum  of  the 
2d,  4tb,  6th,  &c.,  digits  divided  also  by  r-h  1,  is 
equal  to  the  remainder  of  the  whole  number  divided 
by  r+  1. 

Let 

N=ar*  +  4r^'*  +  rr"'*  -  -  -  /^r' 4- j?*  +  ai?> 

then,  I  say,  the  remainder  of  (ti?  -f  jo  -h  ft  &c.)  -*-  (r  +  1 ), 
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minus  the  remainder  of  {q-^-c  +  a  &c.)  h-  (r  -f  1 ),  i$ 

equal  to  the  remainder  of  n  -*-  (r  +  1). 

For  make  f  +  I  s^K,  or  r^r^—  1,  then  it  is  evident 

that — -; —  will  leave  a  remainder  +1,  or  —  1, 
r 

according  as  n  is  even  or  odd ;  for  all  the  terms  in 

the  expanded  binomial  (r'—  l)*  are  divisible  by  r', 

except  the  last,  which  is  + 1  or  —  1,  according  as  n 

is  even  or  odd,  independently  of  any  other  value  of 

n ;  and,  therefore, will  also  leave  the  same  re- 

mainder  in  the  same  cases ;  that  is,  every  odd  power 
of  r  is  of  the  form  wf(r+l)--l,  and  every  even 
power  of  r  is  of  the  form  n(r+l)+  I. 

Therefore,  in  the  above  expression^  we  have 

w      ^  -f  w, 

qr  cfuqm  (r+1)  — y, 
pr^  ^pn  (r+l)-i-/i, 
CT^'^^cm'  (r+  1)  — c, 
Ar-'tjsin'  (r+l)  +  &, 
«r"  »atnf\r  +  I) " Oy 
&c.  &c. 

And,  consequently, 

NJ*:m*''(r+  1)  +  m;  — y-f/i-c-f  6-a; 

and,  therefore,  when  divided  by  r  +  1,  it  will  leave 
the  same  remainder  as 

(m;  — j+p  — C  +  &— a)  divided  by  r-i- 1,  or  as 
{w-\'pi-b,  &c.)-4-(r+ l)--(9  +  c-i-flf,  &c.)-H(r+l). 

a.  £.  V. 
Cor.  1 .    Hence,  in  the  common  scale,  if  the  sum 
of  the  digits  in  the  odd  places  be  equal  to  the  sum 
of  those  in  the  even  places,  or  if  one  exceed  the 


aajiA  J" 
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other  by  11,  or  any  multiple  of  11,  the  whole  hudh 
ber  may  be  divided  by  11. 

Cor.  2.  The  above  proposition  famishes  us  Avith 
another  iiile  for  proving  the  truth  of  operations  in 
multiplication,  division,  &c.,  Avhich,  in  the  com- 
mon scale  of  notation,  the  radix  being  IQ,  is  aii 
follows : 

From  the  sum  of  the  digits  in  the  Ist,  3d,  5th,  &c., 
places,  subtract  those  in  the  2d,  4th,  6th,  &c.,  places 
ill  both  factors,  and  in  the  product ;  also  reserve  the 
three  remainders,  >vhen  each  of  those  differences  is 
divided  by  1 1 ;  multiply  the  two  former  together, 
and  cast  out  the  lis,  which  remainder  ought  to  be 
equal  to  the  remainder  of  the  product,  if  the  wor^c 
be  right.  Note,  if  the  sum  of  the  2d,  4th,  &c., 
digits  be  greater  than  the  sum  of  the  1st,  3d,  &c., 
1 1  must  be  added  to  the  latter. 

Thus,  for  example,  to  prove  tlie  truth  of  the 
multiplication  in  the  following  example : 
JA\74G  diff.  of  digits,     5 
3462  dilf.  of  digits,     8 

1483492  -  11)40 

4450476  — 

2966984  ''?'"•  '' 

2225238 


2^67924652  difi:  of  digits,     ? 

This  method,  tliough  not  so  easily  expressed,-  is 
nearly  as  ready  in  practice  as  the  rule  by  9s ;  and, 
being  independent  of  it,  we  may  conchide,  with 
a  very  considerable  degree  of  certainty,  that  any 
example  that  proves  right  by  both  rules  is  really  so 
in  the  operation.     And  the  same  rule  is  applicable 
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to  any  other  radix   by  making  that  radix  plus  1 
the  divisor. 

Cor.  3.  By  means  of  cor.  1,  art.  134,  and  cor.  1, 
^rt.  1 25,  we  are  enabled  to  ascertain  if  a  number  l)e 
divisible  by  3,  6y  9,  11,  and  18,  without  attempting 
the  operation,  which  is  useful  in  finding  the  conir 
mon  nieusure  of  two  numbers,  reducing  a  fraction 
to  its  lowest  termi,  &c.  And  to  these  rules  we 
may  add  the  following ;  viz.  If  a  number  terminates 
with  5  or  0,  it  is  divisible  by  5  in  both  cases,  aiul  by 
10  in  the  latter  case;  and  if  the  two  last  digits  of 
any  number  be  divisible  by  4,  the  >%'hol^  number  is 
divisible  by  4 ;  if  the  three  last  digits  be  dir isiblp 
by  8,  the  number  is  divisible  by  8 ;  and,  generally, 
if  the  n  last  digits  be  divisible  by  2%  the  whole 
number  is  divisible  by  2*. 

For  every  mmaber  ending  in  5  or  Q  is  of  one  of 
the  forms  IOn  +  5  or  IOn  +  0,  both  of  which  forms 
are  evidently  (iivisible  by  5,  and  the  latter  by  10. 

Again,    every    number    may  be    expressed   by 
AX  10*  + B,  where  B  represents  the  n  last  digits: 
thus,  for  example, 
7846144  =  784614  X  10  +  4  =  78461  x  10' +  44  = 

7846  X  10'+ 144,  &c, 
And  since  10  is  divisible  by  2,  10"-h»2";  therefore,  in 
the  form  ax10"  +  b,  which  may  represent  any 
number  whatever,  10''»**2"  and  B'-k2"  by  hypo- 
thesis: therefore  A  x  10*  +  b  is  divisible  by  2%  if  b  be. 
«o ;  that  is,  if  the  n  last  digits  be  divisible  by  2", 

PROP.    VI. 

126.     To    perform    duodecimal   operations   by 
means  of  the  duodenary  scale  of  notation. 

Transform  the  number  of  feet,    if  abov«  12^ 
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into  the  duodenary  scale,  by  art.  122,  and  set  the 
,  inches  and  parts  as  decimals ;  then  multiply  as  in 
pommon  arithmetic,  except  carrying  for  every  12 
instead  of  every  10,  as  in  common  operations* 
And,  in  the  result,  transform  again  the  integral 
part  of  the  product  into  the  denary  scale. 

Ex.  !♦    Multiply   17  feet  3  inches  4  parts,  by 
19  feet  5  inches  11  parts. 


Prwffhf  11. 

15-34  = 

17  ft.     3  in.     4 

^^4/ 

<%  ^^^    rf^ 

17-5*  = 

:19            5          11 

3  >>.  3 
X4\ 

134>08 
7248 
<pOvA 

1534 

// 


Answer,     340-9688  =*  336  ft.  9'  6"  8'"  8'\ 

N 
Ex.  2.     Find  the  solidity  of  a  cube,  whose  side 

is  13  feet  7  inches  7  p£irts> 

11-77  =  13  ft.  7  in.  7" 

11-77 


7*51 
7»51 

1177 
1177 

135-95r6i 
11-77 

9049867 
9049867 

1359t6i 

1359*61 


Ptvqfhf  1 1. 


157l'281417  =  3o33ft2'  8"  l'"  4'^  V  7"! 
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Remari,  This  method^  which  I  first  published 
Sa  vol.  xxir.  of  Nicholson'^  Philosophical  Journal^ 
appears  to  me  to  possess  considerable  advantage 
over  the  common  rule,  both  on  account  of  the 
facility  of  tibe  operation,  and  the  accuracy  of  the 
cestdt,  as,  likewise,  that  it  is  thus  submitted  to 
jM^oof,  the  same  as  common  mnlttplicatiou,  which 
it  IS  not  possible  to  apply  to  the  old  method.  The 
above  examples  are  proved  by  11,  and  they  may 
also  be  proved  by  13,  according  to  rule,  art.  125. 

And  in  the  same  manner  any  other  arithmetical 
operation,  such  as  division,  extracting  the  square 
root,  &c.,  is  performed  with  as  much  facility  as  in 
common  numbers. 

Ex.  1.  Giving  the  area  of  a  rectangle  equal  to 
174  feet  11  inches,  and  its  length  15  feet  7  inches; 
to  find  its  breadth  in  feet,  inches,  &c. 

174  ft,  11  in.  »i36"Tand  15  ft.  7  in,  =137 

137)l26-T(7r-2841 
1235 


360 
272 

(p<pO 
^48 

540 

524 

180 

137 

•""■^^— »• 

45 

The  breadth  is,  therefore,  1 1  feet  2  inches  8^  4""  V'\ 
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As  the  above  method  of  proving  division  is 
Seldom  or  never  given  in  books  of  arithmetic^  it 
may  not  be  amiss  to  say  how  it  is  effected,  which  is 
thus :  from  the  sum  of  the  digits  in  the  dividend, 
take  tho$e  in  the  remainder ;  then  the  remainder 
from  the  divisor  and  quotient,  ought  tq  be  equal  to 
that  of  the  dividend  thus  reduced,  if  the  work  be 
right.  The  reason  for  which  is  evident,  because 
the  dividend  minus  the  remainder  may  be  cori-? 
sidered  as  the  product  arising  from  th^  multipli-r 
cation  of  the  dividend  and  quotient, 

Ex.  2,  Given  the  breadth  and  area  of  a  rectangle, 
^qual  to  24  feet  9  inches,  and  971  feet  10  inches> 
to  find  its  length. 

24  ft.  9  in.  =20-9,  and  971  ft.  10  in.  =68t-4> 

20-9)685r-(^(33-323 
623 


68<p. 

623 

67a 
623 

490 

4l6i 

I 

760 

623 

139 

Therefore  its  length  is  39  feet  3  inches  2'  3". 

And  the  same  principles  are  equally  applicable* 
to  the  extraction  of  the  square  root,  as  is  evident 
by  the  following  example : 
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Ex.  3.  Having  given  the  area  of  a  square  equal 
to  17  feet  4  inches  &y  required  the  lengtli  of  its 
side. 

16-46(4-202<^ 
14 

5 

7^ 


S2 

146 

2 

144 

8402 

20000 

2 

14804 

8404(p 

739r800 

6V4404 

k'// 


473^8 

Therefore  the  side  is  4  feet  2  inches  0'  2"  10' 
And  thus  may  any  other  numerical  operation  be 

performed  with  nearly  as  much  ease  as  in  common 

arithmetic. 


PROP,  viti. 

127.     Every  number    less    than  2'+',   is  com- 
pounded of  some  number  of  terms  in  the  series ^ 

1,  2,  2',  2S  2\  2*,  &c.  2\ 

This  is  made  evident  by  transforming  any  given 
number  n  <  a*"*"'  into  the  binary  scale^  which,  from 
ivhat  has  been  observed  at  cor.  2^  art.  121^  will 
assume  the  form> 

N  =  a.2"  +  6.2"'*-l-C.2""* p.2^  +  q.2'\-w\ 

where  a,  i,  c,  &c.,  are  each  less  than  2,  and  con- 
sequently either  O  or  1 ;  and  as  every  number  less 
than  2"****  may  be  thrown  into  this  form,  therefore, 
with  the  above  series,    every  number  whatever, 
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witbin  the  assigned  limits,  may  be  compounded  of 
some  number  of  tboae  tenns. 

Cor.  1.  What  is  said  in  the  above  demonstra- 
tion, not  only  proves  the  trath  of  the  theorem,  but 
also  points  out  the  method  by  which  it  is  to  be 
effected;  and  at  the  same  time  it  is  evident  that 
there  is  only  one  way  in  which  the  selection  can  be 
made. 

Cor.  2.  In  the  above  theorem,  the  greatest 
power  of  2  is  2",  and  consequently  the  greatest 
number  that  can  be  formed  is  2*"^*  —  1 ;  but,  if  the 
power  of  2  be  unlimited,  so  also  will  the  number 
that  may  be  compounded  of  those  tenns ;  that  is, 
any  number  whatever  may  be  compounded  of  the 
tenns  of  the  indefinite  series,  1 ,  2,  2%  2\  2%  &c. 

Ex.     Having  a  series  of  weiglits  of 

lb.    lb.    lb.    lb.      lb. 

1,  2,  4,  8,   l6,  &c., 
it  is  required  to  ascertain  which  of  them  most  be 
selected  to  weigh  1719  pounds. 

First,  1719  in  the  binary  scale  is  expressed  by 
11010110111:    the  weights  therefore  to  be  em* 

ployed  are, 

lb.    lb.    Ik.     lb.     lb.     lb.     lb.     Ik. 

1  +  2  +  2'  -h  2*  +  2*  +  2*  +  2^  +  2*°. 
PKOP.  VUI. 

128.  Every  number  whatever  may  be  formed 
by  the  sums  and  differences  of  the  terms  of  the 
geometrical  series,     1,  3,  3%  3*,  &c. 

For,  by  transforming  the  given  number  n  int© 
the  ternary  scale  of  fiM^tion,  it  wiU  assume  th« 
form, 

N  =  a3*  +  A3""'+c3'*"*  -  -  -  pd^-^qS+tv, 
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where  each  of  the  coefficients,  a,  i,  4:,  &c,>  i$ 
lc!$$  than  3>  and  cons^Kfuently  they  mwX  be  either 
3^  or  1^  or  0.  Now,  in  order  to  prove  the  truth  of 
the  theorem,  it  will  be  better  to  select  a  partial  ax* 
ample,  the  reasoning  on  which  will  be  evidently 
applicable  to  every  other  case.  First,  then,  it  is 
obvious,  that,  if  no  one  of  these  coefficients  be 
greater  than  1 ,  the  question  is  resolved  agreeably  to 
the  conditions  of  the  proposition!  we  need,  there- 
fore, only  consider  the  case,  in  which  some  one  or 
more  of  the  coefficients  are  equal  to  2.  Let». 
then, 

N  =3*  +  3.3*-*  +  0.3'"'  +  2.3*-'  -^  3-*  +  0.3""'  + 
2.3-%  &c. 


{ 


And,  since 

3.3"-*«3""*,  and  3.3"-'  =  3-%  3.3"-^  =  3% 
the  above  expression  is  the  same  as 

(2.3" +  3-* +  3-^3"-*) -(3- '  +  3-' +  3"-')  = 

(3"+'+3-*  +  3"-^  +  3-*)-(3"  +  3'-'  +  3-'  +  3-')=N, 

agreeably  to  the  conditions  of  the  proposition. — 
a.  £.  D. 

Remarh.  The  latter  part  of  the  above  demon- 
srtration  is  only  for  a  particular  case,  but  it  is  evi- 
dent that  the  saine  reasoning  will  apply  to  any 
case,  or  even  to  the  general  form,  but  it  would  have 
only  tended  to  lengthen  and  embarrass  the  demon- 
stration! and  at  the  same  time  would  not  hsve 
added  to  the  certainty  of  the  conclusion,  for  which 
reason  it  was  thought  better  to  proceed  as  above. 
This  demonstration,  like  that  in  the  foregoing  pro- 
position, has  the  advantage  of  pointing  out  tlie 
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method  of  solution^  at  the  san^e  timfe  it  proves  tnel 
truth  of  the  theoremi  and,  like  that,  also  shows  that 
there  is  only  one  Wiiy  in  which  the  thedreiti  c&ii  bd 
effected; 

Coti  It  ajppear^  from  this  theorem,  that  with  sfc 
series  of  weights^ 

lb.    16.    lit,     IB.     ih, 

I3  3,  3\  3\  3%  &C;i 

any  number  of  pounds  whatever  may  be  ascertained  j 
by  placing  some  of  those  weights  in  one  scale  and 
some  in  the  other^  when  the  case  requires  it,  or 
only  in  one  scale  when  the  given  weight  is  cout- 
pounded  of  any  number  of  those  terms;  The 
solution  of  which  problem  is  readily  deduced  from 
the  foregoing  demonstration; 

Ex.  1.  Required  in  what  manner  the  weights 
must  be  sele<:ted  out  of  the  foregoing  series,  to 
weigh  716  pounds. 

First,  716  iA  the  ternary  scale  is  expressed  by 

21^2112 
Add  1=1 


222120 
Add  10 


222200 
Add  100    i=   5* 


1000000    =   3 


—    a» 


therefore,  2221 12 =3*^- (3* +  3 4- 1);  that  is,  3* 
mtist  be  placed  in  one  scale,  and  tlie  three  weights^ 
3*  +  3  -f  1  in  the  other  scale^  wrth  the  body  to  be 
weighed^ 

Ex.  2.    What    weights    out    of    the    above 
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ieries  must  be  selected^  to  ascertain  a  weight  cif 
1319  pounds r 
First,  1319=  1210212  in  the  ternary  ^cale. 


1210212 
Add  1    =    1 


1210220 
Add      10  s=  3 


1211000 
Add   100000  =  3*' 


2011000 
Add  1000000  =  3^ 


1001 1000  =  3' +  3* +  3' 

And  hence  we  conchide,  that  the  weights 
3'  4-  3*  +  3^  must  -  b6  put  in  dne  Scale,  and  the 
weights  3^ -1-3'^ +  3  +  I  in  the  other  scale,  with  the 
body  whose  weight  is  to  be  ascertained. 

These  cufiotLs  numerical  problems  are  mentioned 
by  Euler  at  ps^e  253  of  his  Analysis  Infinitorum, 
and  the  possibility  of  any  weight  being  ascertained . 
by  such  a  System  of  ^Jteights  is  rigorously  demon- 
strated; btit  the  demonstration  in  the  two  fore- 
going problems  is  nmch  simpler,  and  they  have 
moreover  the  advantage  of,  indicating  the  mode  of 
sdation,  which  is  not  attainable  by  Euler^s  methods 

1 29*  Scholium.  Before  we  conclude!  this  chapter, 
it  will  not  be  improper  to  make  a  few  general  oh* 
servatioHs  on  the  comparative  advantages  and 
disadvanta^s  of  the  different  scales  of  notation^ 
that  have  been  the  subject  of  our  investigation; 
On  this  head,  simplicity  is  evidently  the  first  pon- 

R 


^F5^ 
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sideratioa  to  be  attended  to,  for  in  tibat  alone  con-' 
sists  the  superiority  of  one  system  over  another; 
but  this  ongfat  to  be  estimated,  on  two  principles^ 
viz.  simplicity  in  arithmetical  operations^  and  in 
arithmetical  expressions:  Leibnitz,  by  considering 
only  the  former^  recommended  the  binary  scale, 
which  has  certainly  the  advantage  in  all  arith- 
metical operations,  in  point  of  ease;  but  this  is 
more  than  counterbalanced  by  the  intricacy  of  ex- 
pression, on  account  of  the  multiplicity  of  figures 
necessary  for  representing  a  number  of  any  consi- 
derable extent;  thus  we  have  seen  (prop.  ii.  of  this 
chapter),  that  1000  in  the  binary  scale  would  re- 
quire ten  places  of  figures,  and  to  express  lOOOOOO 
we  must  have  twenty  places,  Avhich  would  necessarily 
be  very  embaiTassing,  at  the  same  time  that  all 
calculations  would  proceed  very  slow,  on  account 
of  the  number  of  figures  that  must  be  made  tp  enter 
into  them. 

The  next  scale  that  has  been  recommended  is 
the  senary,  which  certainly  possesses  some^  im- 
portant advantages :  first,  the  operation  with  this 
system  would  be  carried  on  M'ith  facility;  the 
number  of  places  of  figures  for  expressing  a  number 
would  not  be  very  great ;  beside,  that  those  quan- 
tities equivalent  to  our  decimals,  would  be  more 
frequently  finite  than  they  are  in  our  system:  for 
exainple,  every  fraction  whose  denomimtor  is  not 
some  power  of  one  of  the  factors  of  10  is  indefinite, 
and  those  only  are  finite  that  contain  the  powers  of 
these  factors ;  and  it  is  exactly  the  same  in  every 
other  scale  of  notation;  namely,  thase  fractions 
only    are    finite,    that    have    denominators   com- 


^ 
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4 

1)oimded  of  the  powers  of  the  factors  of  the  radix 
of  that  system ;  therefore^  in  the  decimal  scale  only 

fractions  of  the  fonn  rrr^r  are  finite^  but  in  the 
senary  scai«  the  finite  fractions  are  of  the  form 


a 


^^^  ;  arid  as  there  are  necessarily  more  numbers 

of  the  form  2^3^,  within  any  finite  limits  than  there 
are  of  the  form  3"3",  it  follows^  that  in  a  system 
of  senary  arithmetic,  we  should  have  more  finite 
expressions  foi*  fractions  than  we  have  in  the  de- 
nary, and,  consequently,  oil  this  head,  the  pre* 
ferenee  must  be  given  to  the  senary  system ;  and, 
indeed,  the  only  possible  objection  that  can  be 
made  to  it  is,  that  the  operations  would  proceed 
a  little  slower  than  in  the  decimal  scale,  because 
in  large  numbers  a  greater  number  of  figures  must 
be  employed  to  express  them.  This  leads  us  to 
the  consideration  of  the  duodenary  system  of 
arithmetic,  which,  while  it  possesses  all  v  the  ad-* 
vantages  of  the  senary,  in  point  of  finite  fractions, 
it  is  superior  even  to  the  decimal  system  for  sim- 
plicity of  expression ;  and  the  only  additional  bur- 
den to  the  memory  is  two  characters  for  repre- 
senting 10  and  11,  for  the  nmltiplication  table  in 
our  common  arithmetic  is  generally  carried  as  far 
as  1 2  times  1 2,  although  its  natural  limit  is  only  9 
times  9,  which  is  a  clear  proof  that  the  mind  is  ca- 
pable of  working  with  the  duodenary  system,  without 
any  inconvenience  or  embarrassment;  and  hence, 
I  think,  we  may  conclude,  that  the  choice  of  the 
denary  arithmetic  did  not  proceed  from  reflection 
and  .deliberation,  but  was  the  result  of  some  cause 

R  3 
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operating  unseen  and  unknown  on  the  inventor  oT 
our  system;  and  it  inay,  therefore,  he  considered 
as  a  fortunate  circumstance,  that  for  this  accidental 
fadix^  that  particular  one  should  have  been  se- 
lect^d^  which  may  be  Said  to  hold  the  second  place 
in  the  scale  of  general  utility. 

All  nations^  botli  ancient  and  modern,  with  a 
vexy  few  exceptions,  divide  their  numbefTs^  into 
periods  of  10s,  which  singular  coincidence  of  dif-*' 
ferent  people,  entirely  unconnected  and  unknown 
to  each  other^  can  only  b^  attributed  to  some  ge- 
neral physical  cause,  that  operated  equally  on  all, 
and  which  there  h  little  doubt  is  connected  with 
the  formation  of  man ;  namely,  bis  having  ten 
fingers,  by  tlie  assistance  of  which,  in  all  proba- 
bility, calculation,  or  at  least  numbering,  was  first 
cflFecte;d. — See  some  ingenious  remarks  on  this  head, 
in  Montuclds  Histoire  des  Mathematiques,  vol.  i. 

Our  present  scale  of  notation,  however,  though 
founded  on  this  principle,  was  not  the  uumediattf 
consequence  of  this  division,  but  was  an  improve- 
ment introduced  a  long  time  afterwards,  as  is 
evident  from  the  arithmetic  of  the  Greeks,  who, 
notwith$itanding  they  divided  tlieir  numbers  into 
periods  of  tens,  had  no-  idea  of  the  present  system 
of  notation,  the  great  and  important  advantage  of 
which  is,  the  giving  to  every  digit  a  local,  as  well 
as  its  original  or  natural  value,  by  means  of  which 
we  are  enabled  to  express  any  num])er,  however 
large,  with  the  different  combinations  of  ten  nu- 
merical symbols ;  whereas  the  Greeks,  for  want  of 
tliis  method,  were  under  the  necessity  of  employing 
thirty-six  different  characters,  and  witli  which,  for 
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ft  long  time^  they  were  not  able  to  express  a  number 
greater  than  10000;  it  was,  however,  afterwards 
indefinitely    extended    by    the    improvements    of 
,  Archimedes  J  ApoUomuSy  Pappus ,  &c. 


A  Dissertation  on  the  Notation  and  Arithmetic 

of  the  Greeks. 

130,  We  h^ve  before  observed,  that  the  Greeks 
divided  all  th^ir  numbers  intQ  periods  of  tens,  but 
that,  for  want  of  the  happy  idea  of  giving  a  local  value 
to  their  numerical  symbols,  they  were  under  the 
necessity  of  employing  thirty-six  characters,  most 
of  which  were  derived  from  their  alphabet,  and 
with  which  they  contrived  to  render  their  arithmetic 
▼ery  regular,  and  as  tlnembarrassing  as  such  ^  * 
number  of  symbols  would  admit. 

Instead  of  our  1,      ««      a      ^     c:     >*     ^     ^ 
digits,  -    -     j     ».    ^,    3,    4,    5,    6,    7,    8,    9, 

they  employ-  "^ 

ed  the   cha-  >    a,    jS,    y,     8,     e,     $•,     ^,     r^,     $. 

jracters  -  -"    J 

To  represent    -    10,  30,  30,.  40,  50,  6o,  70,  80,  90, 

they      made  7  ^  ^ 

use  of  -   -    ;   ''    *'    ^'   f^'    "'    ^'    "'    ''     ^' 

For  the  hun-^ 
dreds      they  >  p,   <r,    t,    o,    4),    ^y    4^^    ^y    ??>• 
had   '-   -    -  J 

But  the  thousands,  1000,  2000,  &c.,  were  re- 
presented by    -     a,  3,    7,     8,     »,     ^,     J,     7j,     &. 

That  is,  they  had  recourse  again  to  the  characters 
of  the  simple  units,  with  thi9  di^rence  only,  ^'  ^  «t, 
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VCL  cdrder  to  distinguish  them  fvom  the  former^  they 
^placed  a  small  iota  or  dmh  below  the  ktter. 

With  these  characters,  it  is  evident  that  the 
Greeks  could  express  any  pamher  tinder  IQOOO^  or 
^  myriad.     Thus, 

991  '^'^  represented  bj  %ha.f 
9999    ------    fijJi'id, 

7383 ?T)r0,    . 

8036 ip^t;^ 

6420  ------  ^-ux, 

4001  -...--  fc; 

and  so  on  £or  others:  whence  it  is  evident,  the;t 
>  neither  the  order  nor  the  numhev  o£  characters  had 
any  effect  in  fixing  the  valu^  of  any  number  ia-r 
tended  to  be  expressed;  for  4001  is  expressed  by 
two  characters,  64^  by  three,  and  7382  by  four. 
Also  the  value  of  each  of  those  expressions  is  the 
same,  in  whatever  order  they  are  placed;  thus 

^h^  is  the  same  as  ^sSfl,  or  as  sfids^; 

and  so  on  for  any  other  possible  combination ;  but 
as  regularity  tended  in  a  great  measure  towards 
simplicity,  they  generally  wrote  the  characters  ac- 
cording to  their  value,  as  in  the  examples  above. 
In  order  to  express  any  number  of  myriads, 
.  they  made  use  of  the  letter  m,  placing  above  it  the 
character  representing  the  numbei*  of  myriads  they 
Intended  to  indicate.     Thus, 

M,  M,  M,  M,         &C., 

i^resfented  10000,  -20000,  30000,  40000«    Thus, 


^ 
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also,  M  expressed  370000,  m  =43720000;  and, 
generally,  the  letter  m  placed  beneath  any  number, 
had  the  same  effect  as  onr  annexing  four  ciphers. 

This  is  the  notation  employed  by  Eutocius  in  his 
Commentaries  on  Archimedes,  but  it  is  evidently 
not  very  applicable  to  calculations. 

Diophantns  and  Pappus  represented  their  my- 
riads by  the  two  letters  Mu  placed  after  the  num- 
ber, and  hence,  according  to  them,  the  above 
iiHmbers  would  be  written  thus : 

a.Mu,    fi.MVy    y.Mu,    S.BEfv,    &c. 
370000  =  xJ.Mti,    and  43720000  =  8ro3.Mti- 

Also  43728O97  is  expressed  by  Sto^.muijS^, 

And  99999999     -    -    -    hj  QT^hQ.Mu  9^^. 

This  notation  in  some  measure  resembles  that 
which  we  employ  for  complex  numbers,  sach  aa 
feet  and  inches,  or  pounds  and  shillings. 

The  same  authors,  however,  employed  a  still 
more  simple  notatiou,  by  dropping  the  mu,  and 
supplying  its  place  with  a  point ;  thus,  instead  of 

SrojS.Mw  rjh^f  they  wrote  iro^.yih^;  and  for 
67^h6.Mu  flj^sfl,  they  wrote  Q7^h$.&?t^hd; 

this  last  number,  with  the  addition  of  unity,  be-r 
comes  10000*==  10Q000.000,  which  was  ihe  greatest  - 
extent  of  the  Greek  arithmetic ;  and,  for  common 
purposes,  it  was  (juite  sufficient,  because  their 
units  of  weight  and  measure,  such  as  the  talent 
atid  stade,  were  greater  than  our  pound  and  foot. 
It  was,  therefpre,  only  astronomers  and  geometers 
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who  soiDetimes  found  a\i  inconvenience  in  this  limi* 
tation :  thus,  for  example,  Archiniedes  in  his  Art-- 
narius,  in  order  to  express^  the  number  of  grains  of 
sand,  that  might  be  contained  in  a  sphere  thatriiad 
for  its  diameter  the  distance  of  the  fixed  stars  fron| 
the  earth,  found  it  necessary  to  represent  a  number 
which  with  our  notation  would  require  sixty-four 
places  of  figiires ;  and  in  order  to  do  this,  he  as- 
sumed the  square  myriad,  or  100000000,  as  a  new 
unit,  and  the  numbers  formed  with  these  new  units 
he  called  numbers  of  the  second  ordfer;  and  thus  he 
was  enabled  to  express  any  number  which  in  our 
Dotatiop  requires  sixteen  figures:  asspm^ng  again 
( 100000000)*  for  a  new  unit,  he  could  represent  any 
number  thai  requires  in  our  scale  twenty-four 
figures,  and  so  on:  sq  that  "by  means  of  his  num- 
bers of  the  8th  order  he  could  express  the  number 
in  question,  which,  as  we  have  said  above,  required 
sixty-four  figures  in  our  scale. 

Hence,  according  to  Archimedes,  all  numbers 
were  separated  into  periods  or  orders  of  eight 
figures,  which  idea,  as  we  are  informed  by  Pappus, 
'  Was  considerably  improved  by  ApoUonius,  who, 
instead  of  periods  of  eight  places,  and  which  were 
named  by  Archimedes  octades,  he  reduced  to 
periods  of  four  figures ;  the  first  of  which,  on  the 
left,  were  units,  the  second  period  myriads,  the 
third  double  myriads,  or  numbers  of  the  second 
order,  and  so  on  indefinitely. 

In  this  manner  Apollonius  was  able  to  write 
any  number  that  can  be  expressed  by  our  system  of 
numeration;  as,  for  example,  if  he  bad  wished  to 
ZBpresent  the  circumference  of  a  circle,    whost 


Different  Scaks  of  Notation.  949 

diameter  was  a  myriad  of  the  ninth  order,    he 
iv^ould  have  written  it  thus:     . 

y.   ao^s.    fl(rf 6.  v^xfl.  §7^7^.  ytoiug.  &Xl*'7' 
3.  1415   9265   3589    7932    3846    2643.     ' 

3832     7550    2834. 

Having  thas^  given  an  idea  of  the  Grecian  notar 
lion  for  integer  numbers^  it  remains  to  say  a  few 
words  on  their  method  of  representing  fractions. 
A  small  dash  set  on  the  right  of  a  number,  made 
of  that  number  the  denominator  of  a  fraction^  of 
which  unity  was  the  numerator ;  thus 

y'=i,  8'  =  ^,  $8'=^,  pxa'=T-iT-,  &C.; 

bat  the  fraction  ^  had  a  particular  character^  as 
C,  or  <,  C,  OT  H, 

When  the  numerator  is  not  unity,  the  denomi- 
.pator  is  plaoed  as  we  set  our  exponents,     Thus^ 

ir  ,  represented  15%  or  ^;  and 
^^''^  represented  7^%  orT^T-'-also 

crfy.y^PittS^^f*'^  =  2633544"^"*  =  V/iVrV  - 

0      / 

This  last  fraction  is  found  in  Diophantus,  book  4, 

j]uestion  46. 

As  it  was  only  our  intention  in  this  place  to 
convey  to  the  reader  a  connected  and  general  idea 
of  the  notation  of  the  Greeks,  in  order  the  better  to 
estimate  the  vdue  of  the  modern,  or,  as  it  is 
i|omelimes  called,  the  Indian  ^arithmetic,  we  have 
not  entered  into  an  explanation  of  their  sexagesi'- 
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mals  employed  by  astronomers  in  the  division  of 
the  circle,  and  of  which  ours  is  still  a  representative, 
as  is  evident  from  the  following  example : 

0.  vfl'    V'    ^r    V'   *0'  ^a''  = 

o^  59'  8''  17'''  13*"  12"  sr 


131 .  It  still  remains  for  us  to  explain,  by  a  few 
examples,  the  method  that  was  employed  by  the 
ancients  in  order  to  perform  the  cdnnxion  rules  of 
dritlimetic,  with  this  complicated  system  of  nota- 
tion, and  must  refer  the  curious  reader,  who  wishes 
'  for  more  particular  information,  ti3|  an  ingenious 
essay  on  this  subject  by  Delambre,  sul^ined  to 
the  French  translation  of  the  Works  of  Archi- 
medes, to  which  essay  we  we  indebted  for  many 
pf  the  foregoing  and  following  remarks. 

Example  in  Addition. 

From  Eutocitis,  Theorem  4,  of  the  Measure  of  the 

Circle* 
^i^^  7^^«  847  3901 

|.     i)u  60  8400 


J^ii).  ,  0Txa  C)08   3331 

/ 

In  this  example  the  method  of  proceeding  is  so 
obvious,  that  it  needs  no  explanation,  being  per- 
formed exactly  as  we  do  our  compound  addition  of 
feet  and  inches,  or  pounds,  shillings,  and  pence; 
but  it  is  more  simple  on  account  of  the  constant 
ratio  of  ten  between  any  character  and  the  suc- 
ceeding one. 
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Example  in  Subtraction. 

JEutociuSy  Theorem  3,  on  the  Measiere  of  the 

Circle. 

fl.yX^r  93636 

jB.yu   d  23409 


?.  <rx?  70227 

This  example  also  is  so  simple,  that  the  reader 
will  find  no  difficulty  in  following  the  operation, 
by  proceeding  from  right  to  left,  as  in  our  sul>r 
traction,  which  method  seems  so  obviously  advanr  ' 
tageous  and  simple,  that  one  can  hardly  conceive 
why  the  Greeks  should  ever  proceed  in  the  con- 
trary way,  although  there  are  many  instances  which 
jxiake  it  evident  that  they  did,  both  in  addition  and 
subtraction,  work  from  left  to  right. 

In  multiplication  they  most  commonly  proceeded 
in  their  operations  from  left  to  right,  as  we  do  in 
multiplication  of  algebra,  and  their  successive  pro- 
ducts were  placed  without  much  apparent  order,  as 
is  evident  from  the  following  examples;  but  as 
each  of  their  characters  retained  always  its  own 
proper  value,  in  whatever  order  they  stood,  the  only 
inconvenience  of  this  was,  that  it  rendered  the 
addition  of  them  together  a  little  more  troQ* 
blesome. 

As  it  is  burdensome  to  the  memory  to  retain  in 
mind  the  value  of  all  the  Gredi  characters,  we 
have,  for  the  ease  of  the  reader,  in  the  following 
t^samples,    made  the  snbstitntioDS  as  below,   by 
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which  means  their  operations  will  be  the   more 
readily  comprehended. 

For  a,  ^,  y,  8,  &e.  we  write  P,  2°,  3^,  4^,  &c. 

i,    X,  X,  jtt,  &c. r,  2\  3',  4',  &c. 

^,  <r,  T,  w,  &c. 1",  2",  3",  4",  &c. 

a,J,  y,  8,  &c. 1'",  2"',  3"',  4'",  &c. 


#  #         ^  / 


And  the  myriads  are  represented  by  "  placed  over 
the  number  of  them. 

.   TTius,  1®,  2^,  3^,  &c.,  have  their  proper  value; 
l\    2\    3',  &c.  will  represent     10,      20,      30,  &£. 

r^  2'",  3",&c. -     100,    200,    300,  &C. 

1%  2''',  3'",  &c. 1000,  2000,  3000,  &C. 

t",   2*,  3*,  &c.  will  be  so  many  myriads. 

After  which  it  will  be  extremely  easy  to  follow 
the  work  in  all  the  succeeding  examples. 

pvy  V   5'    3 

puy  V   5'    3 


m      c///  o^' 


a.tT  1".  5"'3 

t^    pv  '    5'"  2'"  b"  ,1"  5'     . 

T^v4  3"    I"  6'  9» 


0.yufl  2".  3'"  4"  9» 

This  example  may  be  farther  illustrated:  thus, 
by  beginning  on  the  left  hand,  w«  have 


Different  Scales  qf  Notaiiohi  353 

pxp  =  a,  or  100  X  100=  10000=1- 
pxu=ej    or  100  X    50=    5000=      5''' 
pxy  =  T,   orlOOx      3=      300=       3" 

Again, 
px  p  =  €,    or    50  x  ldO=    5000=      6^^' 

y  X  y  =i3<p,or    50  x  500=    2500=      2"'  5^ 

yxy=py,  or    50  x      3=      150=  l'^  S' 

Also, 

y  X  p  =  T,  or  3  X  100=2  3'^ 

7  X  y  =  pv,  or  3  x    50=  16' 

yxy=v,  or  3  X      3=  9^ 


Whence,  by  addition,  we  have  \^^  o/^^//        n« 
evidently  .     .'.-.-      j3    3     4  9. 

The  abovft  example  is  exactly  copied  from  Eu- 
tocius,  and  is  sufficient  to  indicate  the  method 
that  the  Greeks  employed  in  their  mnltiplication, 
but  it  will  not  be  amiss  to  present  the  reader  with 
another  example  drawn  from  the  same  source. 


xi  y  6^ 

M    M  ' 

y  a^T^o 

M 

yi3  ^[xa     ' 

M    ' 


5" 

7'  i" 

5" 

7'  1' 

/ 

25" 

3"  6'" 

5" 

3" 

5'/'  4'" 

9"  7' 

• 

5"  7' 

!« 

.32" 

C"  4' 

1*" 
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The  division  of  the  Greeks  was  still  more  iil- 
tricate  than  their  multiplication^  for  which  reasoit 
it  seems  they  generally  preferred  the  sexagesimal 
division^  and  no  example  is  left  at  length  by  any 
of  those  writers,  except  in  the  latter  form;  but 
these  are  sufficient  to  throw  some  light  on  the 
process  they  followed  in  the  division  of  common 
ni;imbers,  and  Delambre  has  accordingly  supposed 
the  following  example; 

Example  in  Division. 

TX^.yrx6(ouoxy         332'"  3'''  3''  3'  9''{V  6''  2^  3^ 


i        n 


arj3.y  aa»XY  183    3  1'"  8"  3'  3* 

.     ■  ft 

pv.     Txfl  150  0  3   2  9 

plus.T^u  145  8  4 


41939 

y.fw* 

3646 

5469 

««|9 

5469 

This  example  will  be  founds  On  a  slight  in* 
«pecti(m,  to  resemble  our  compound  division,  or 
that  sort  of  division  that  we  must  necessarily  em- 
ploy, if  we  were  to  divide  feet  inches  and  parts, 
by  similar  denominations,  which,  together  with 
the  number  of  different  characters  that  they  mad* 
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use  of,  mnst  have  rendered  tbis  rule  extremely 
laborious ;  aud  that  for  the  extraction  of  the  square 
root  was  of  course  equally  difficult,  the  principle  of 
which  was  the  same  as  ours,  except  in  the  dif-- 
ference  of  the  notation,  though  it  appears  that 
they  frequeatly,  instead  of  making  use  of  the 
loile,  found  the  root  by  successive  trials,  asbd 
then  squared  it  in  order  to  prove  the  truth  of 
their  assumption. 

From  the  foregoing  sketch  of  the  notation  and 
arithmetic  of  the  Greeks,  the  reader  will  he  able  to 
form  some  estimate  of  the  value  and  importance  of 
the  present  system,  which  does  perhaps  as  much 
honour  to  its  inventor  as  any  otuer  discovery  in 
the  whole  circle  of  the  sciences,  being  that  to  which 
we  must  consHer  ourselves  indebted  for  the  many 
brilliant  advances  that  have  been  subsequently  made 
in^  the  modem  analysis  and  astronomy.  Let  any 
one  compare  the  complicated  multiplications  of  the 
ancients  with  the  logarithmic  operations  of  the 
modems,  and  he  will  soon  he  convinced  that  he 
cannot  set  too  high  a  value  upon  the  discovery  of 
our  present  system  of  arithmetic,  which  laid  the 
foundation  of  that  of  logarithms,  and  many  other 
of' the  most  important  improvements  that  have 
been  made  for  facilitating  calculations,  and  thereby 
extending  the  bounds  of  science  to  their  utmost 
possible  limits.  He  will  also  perceive  how  slow 
and  progressive  are  the  steps  to  knowledge,  and  by 
what  imperceptible  degrees  we  arrive  towards  per- 
fection :  from  the  first  rade  efforts  of  the  Greeks, 
when  their  notation  carried  them  no  farther  than 
to  write  down  10000^  or  a  myriad,  he  will  be  able 
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to  trace  them  tlirdngh  th^ir  several  successive  iM- 
provements,  uiitil  it  became  indefinite  like  onr  own  j 
first,  by  placing  the  character  m  tinder  the  numbei' 
of  myriads  that  they  wished  to  represent,  they  ex-^  ' 
tended  it  to  10000*,  or  100000000;  but  this  po- 
sition of  the  character  being  found  inconvenient, 
was  changed  for  mu,*  following  the  number  it  wa^ 
before  placed  under ;  and  this  again  was  afterwards 
dropped  for  the  more  eligible  form  of  a  point,  se- 
parating the  myriads  from  the  simple  units :  after- 
wards Archimedes  invented  his  octatcs,  or  periods 
of  eights,  and  thus  gave  an  indefinite  extent  to  the 
Grecian  arithmetic,  an  idea  that  was  considerably 
improved  upon  hy  ApoUonius,  by  radcing  the  pe- 
riods consist  of  only  four  places  instead  of  eight; 
and  dividing  all  numbers  iiito  ordiirs  of  myriads. 
In  this  form  it  seems  most  astonishing,  that  he  did 
not  perceive  the  advantages  of  making  the  periods 
to  consist  of  a  less  number  of  characters  j  for  having 
by  this  means  given  a  local  value  to  his  periods  of 
four^  it  was  only  necessary  to  have  done  the  samd 
for  the  single  digits,  in  order  to  have  arrived  at  tha 
system  iri  present  use,  which  is  the  more  singular^ 
as  the  use  of  the  cipher  was,  not  unknown  to  the 
Greeks,  bfeing  always  employed  in  their  sexagesimal 
operations,  where  it  was  necessary;  and,  conse- 
quently, the  step  between  this  improved  form  of 
their  notation  and  that  of  the  present  system  was 
extremely  small,  although  the  advantages  of  the 
latter,  when  compared  with  the  former,  were  in- 
calculably great- 
•  It  is  much  to  be  regretted,  that  we  are  ignorant 
to  whom  the  brilliant  invention  pf  the  decimal  scale 
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k  due ;  even  the  nation  where  it  took  its  origin  is  not 
distinctly  known^  though  it  seems  most  probable 
to  belong  to  the  Indians^  it  being  from 'these  people 
that  the  Arabs  first  acquired  their  knowledge  of  it, 
which  they  carried  into  Spain  about  eight  hundred 
years  back,  and  whence  it  soon  after  circulated 
among  the  other  European  nations.        t 

132.  We  shall  here  conclude  our  Numerical  In- 
vestigations, adding,  by  way  of  praxis,  the  following 
propositions,  the  demonstrations  of  which  depend 
upon  the  principles  that  have  been  the  sul^ect  of 
inquiry  in  the  preceding  pages :  and  «hall,  in  the 
following  part,  endeavour  to  show  their  application 
to  the  Indeterminate  and  Diophantine  Analysis* 

MlSC£LLAN£OUS   PaOi^OSITIONS. 

1.  The  square  of  any  prime  number  ^;  of  th* 
form  4n  +  1,  is  of  the  form  25n^  +  fn\ 

2.  The  sum  of  any  number  of  consecutive 
cubes  beginning  with  unity  is  a  square,  the  root 
of  which  is  equal  to  the  sum  of  the  roots  of  all  the 
cubes* 

3.  The  common  difference  of  three  integral 
square  numbers  in  arithmetical  progression  cannot 
be  an  odd  number* 

4*  There  cannot  be  fonr  square  numbers  iu 
arithmetical  progression. 

6«  The  common  difference  of  three  square 
numbers  in  arithmetical  progression  cannot  be  a 
square  number* 

6.  There  cannot  be  three  cube  numbers  in 
arithmetical  progression* 

s 
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J.  Tfaicre  csuuiot  be  three  square  numbers  in 
ffititibnetical  progre^ion  either  in  integers  ac 
ftuptknis,  whose  common  difference  is  1^  3>  or  3. 

>  8.  If  m  be  a  prime  nnmbar  greater  tban  3^ 
fhe»  wiH  aro^  —  I  be  divisible  by  24. 
:  ^  In  order  to  ascertain  whether  a  gtv^i  num*- 
ber  a  be  a  prime  number^  it  is  only  necessary  to 
solve  the  equation  ie^  +  ^^=s^%  a  miainium.  Re- 
quired proof* 

'  10^  '■  I  No  triangolar  nmnber,  except  unity,  is  a 
eube  nnmber^ 

1 1 .  No  triangular^  except  miity,  can  be  eqoal  to 
H'pentagonal  liumber. 

12.  The  difierence  between  a, fraction  and  itt 
reciprocal  cannot  be  equal  to  a  square. 

13.  No  cube  number,  except  8,  when  in- 
creased by  unity,  can  be  a  square. 

.    1 4.     The  equation  2js^  -h  3;y*  =  a®  is  impossible. 

1 5 .  The  equation  ax^  ±  7^  =*  z^  is  impossibly  for 
every  value  of  a^  except  those  that  fall  imder  one 
pi  the  forms  7^>  or  7^  +  1  • 

16.  «£very  odd  number  prime  to  5  is  a  divisor 
of  any  repetend  digit,  and  the  number  of  digits 
necessary  to  form  the  complete  dividend  will  never 
exceed  the  number  of  imits  expressed  by  the  di~ 
visor. 

•  17.  If  r  be  a  piime  number,  then  will  every 
prime  divisor  of  the  formula  «"+  1  be  of  the  form 
Sttor-fly  except  only  thte  divisor  o+l,  when  the 
amlnguons  sign  is  + ,  and  the  divisor  a  —  1  when 
that  sign  is  — . 

18.  No  sqiiare  number  (!an  terminate  with  more 
than  three  equal  effective  digits. 


19-    Tlie  sqoairs  of  sll  nmnboBs 
less  dian  tsen  miits^  as  11^  111,  tltl^  JtCi^ 
ban  ^ke  fonm  l,  9^  3^  4, 4,  3.  a»:  1. 

at  The  cqwtiaii  (xVyjVCjr^r^yT^s'  » 
iiii|>o$s3de. 

21 .  Hie  foflowi^g  iBqaadow  are  iteposaye: 

Required  the  demonstrations. 

22.  Find  the  rational  values  of  x  and  jf  in  the 
two  equations  2x^  +  8y^=2*,  and  6r*  +  54y^»c^9 
or  prove  that  there  can  he  no  snch  values* 

33.  Every  even  number  is  the  sum  of  two  prime 
numbers,  and  every  odd  number  is  the  sum  of  diree 
prime  numbers.     Required  proof. 

24.  Every  prime  number  of  the  form  3ii  + 1  is 
also  of  the  form  «*  +  3j^* 

25.  Let  1,  2,  3,  4,  &c. II,  tepreaent  any 

continued  product  of  n  terms,  and  let  jp  be  any  prime 
number  whatever ;  then  will  the  above  product  be 
divisible  by  such  a  power  of  /i  as  has  its  exponent 
expressed  by  the  sum  of  the  integral  paite  of  tib« 
fraction^  ,  .  , 

n      n      n      n    . 

P       f      f      f 

Required  proof. 

26.  What  weights  must  be  selected  out  of  the 
single  series  1,  3,  9,  27,  81,  &c.,  to  weigh 
100100  pounds? 

27*     How  many  terms  must  be  selected  out  of 

8  2 
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the  sii^le  series  1,  2^  4,  8^  l6,  &c.,  that  their 
^siun  maybe  17845? 

28.  Let  N  be  any  number  whatever,  and  a  the 
difference  of  n^  and  the  next  greater  square ;  also  h 
the  difference  of  k^  and  the  next  less  square ;  then 
will  N  ^  II&.  be  a  complete  square. 

29*     The  expanded  binomial 

^       -V-  n(n— 1)    w(tt— l)(n— 2)    ^ 

^  ^  1.2  1.2.3^ 

and  if  these  terms  be  respectively  multiplied  by  the 
series 

.1,     2,    3,    4,    &c. 

or  by  any  power  of  these  terms,  except  the  nth,  as 

1%  2",  3*    4",  &c. 

the  sum  of  all  the  terms  thus  produced  is  equal  to 
zero.     Required  proof*  . 

30.  Tlie  continued  product 

1   .2.3,4.  &c.,  (m-1)»  = 

n»-n(n-l)*+  -^ ^(w--2)- 

«.  (n-l)(«— 2),        .        . 

1    ,     2  3      (^-^"^  -*•  ^^' 

Required  proof. 

31.  \i  Oy  h,  and  c,  represent  the  three  sides  of 
a  triangle,  and  c  the  angle  contained  by  a  and  h^ 
then,  if 

a*+J*         =c*,  the  <c=90''; 
a*  +  a6  +  y  =  c%  the  <c  =  120^; 
a'-a6  +  i*=c*',  the  <c  =  6o°. 


PART  IL 

ON  THE  INDETERMINATE  AND  DIOPHANTIN^ 

ANALYSIS. 


CHAP.   I. 

Continued   Fractions,    and   their  Application  to 

various  Problems. 

DEFINITIONS. 

}33.     I.  Every  expression  hating  the  following 
form,  viz. 

1 

-     1 
fl  +  T-     1 

fc  a 

a,  b,  and  c^  being  integers,  is  called  a  Continued^ 
Fraction*,  and  it  is  rational  or  irrational  according 
as  the  number  of  its  terms  is  finite  or  infinite. 

*  Every  expression  of  the  more  general  form 

a 

is  a  continaed  fraction ;  but  in  what  fQllows  we  shall  only  have 
10  consider  those  fractions  that  are  of  the  form  abofe  given. 


26s  Cantinued  Fractions. 

2.  The  series  of  fractions  formed  of  the  first 
term,  the  first  two  terms,  the  first  three  terms,  &c., 
of  any  continued  fraction|   are  called  Converging 

Fractions;  thus, 

* 

1  1  1 

-5  -      1.  -      1 

c 
firhen  reduced  to  the  following  forms, 

i    — ^-       *g+l  g^^ 

a-    ab+l^  a(a6-Hl)  +  c* 

are  converging  fractiD|iS4 

PAPPOSITION  J.  . 

M 

134.     To  reduce  any  proposed  fraction,  — ,  ta 

the  form  of  a  continued  fraction. 

Let  N  >  M ;  ktkd  appose  that  K,  when  divided  by 
M,  gives  a  quotient  a,  and  remainder  P ;  then  vrt 
have 

K             p  ,  M  1 

^a-i ,  tuid 


M  M'  N  P 

a  +  — 

M 

Dividing^  ift  the  game  maiifier  M  by  p,  and  supposing 
the  quotient  ft,  and  remaifider  4,  we  have,  in  the 
same  manner, 

M      ,     a         ,  p         1     . 

z=zb^ ,  and  — == 


p  p '  M      ,      ft  • 

p 

p  K  a         1 

-T-  =c  +  -~-,  and-— 5s: ; 

ft  ft  P  R 

c-f  — 
ft 
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a       ,     s         -  R         1 

—  =0  +  — 5  and — = 

«  R  a       -      s 

rf+  — 

R 


&c.  &c.  &e. 

where  a,  &,  c,  &c.,  are  the  quotienti  arising  from 
dividing,  successively,  n  by  M,  m  hy  P,  p  by  ft, 
&c.     And  if  now  we  snb$titQte  for  the  fractions 

— 9  — 9  — ,  &c.,  their  respective  values,  found  as 

above,  we  obtain  tbe  foUowing  expression : 
M_      I  1  1 

N  P  1  1 


and,   consequently,  the  fraction  —  is  reduced  to 

a  continued  fraction  as  required, 

135.  We  are  thus  furnished  with  a  very  simple 
practical  method  of  performing  this  reduction,  in 
all  such  cases ;  viz.  divide  the  denominator  by  the 
numerator,  then  the  divisor  by  the  remainder,  and 
fio  on,  as  in  finding  the  greatest  common  measiuip 
of  two  numbers ;  and  the  successive  quotients  will 
be  the  denominators  of  the  fractioaa,  above  re- 
presented by  a,  J,  r,  &c. 

Note.  If  the  numerator  be  greater  than  the  de- 
nominator, the  comtinued  fraction  will  be  preceded 
.by  an  integer. 


'  f ' 
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1171 
Ex.  1 .    Reduce  r]r7r  to  a  continued  iractioQ, 

9743 


1171)9743(8 
9368 


•% 


375)1171(3 

1135 


46)376(8 
368 


7)46(ft 
43 


4)7(1 
4 


3)4(1 
3 


1)3(3 


O 

Consequently  the  fraction  proposed  becomeK 

1171^1 

9743     8  +  .     1      ^ 

^•^6+1    1 

l+-    1 

which  is  therefore  reduced  to  a  continued  fraction 
l»  wai  required. 


*^tm  r- 
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743 
Ex.  2.    Reduce  g— •  to  a  continaed  jfiraction. 

611)743(1 
611 


133)611(4 
528 


83)132(1 
83 


49)83(1 
49 


34)49(1 
34 


15)34(2 
30 


4)15(3 
13 


,     3)4(1 
3 

1)3(3 
3 

And  therefore  we  have  for  the  required  fraction 
743  I 

Su'-^n+i   1    , 

^+3+1     1 
»+3> 

which  is  preceded  hy  an  integer^  as  stated  in  the 
foregoing  note. 
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Remark.    We  call  the  integers  a,  i,  c,  d,  &c., 

obtained  in  the'  foregoing   operation^   Qwo^ie*^*, 

being  the  results  of  successive  divisions ;  and  each  of 

p  "        ft 
these^  with  its  depending  fraction,  as  a  H-  — ,   *^  +  ~^ 

c+  -,  &c.,  is  called  a  Complete  Quotient. 

PROP.  IL     - 

136.     To  transform  a  given  continued  fractiom 
to  a  series  of  converging  fractions. 
l.et  1 

6  +  -     1 

d+  &c. 

be  any  continued  fraction ;  it  is  required  to  trans- 
form it  to  a  series  of  converging  fractions. 

This  is  in  fact  performed  by  the  common  rules 
for  the  reduction  of  complex  fractions  to  simpk 
ones;  thus 

a    a 

n-l.^         06+1         aft-hl 
h        — i: — 


c 


«  i 


bc  +  l  '_       bc+l 


a{bc  +  l)  +  c        a{bc+l)+c        (a*  +  l)c  +  a 
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Ati^  iit  tli<^  same  ffiannei*  w«  find 

i     1     ,.  (ic  +  lW+6 

a  +  -r     1 


^^^to^MiM*a^-^h^* 


6  +  -     1  {(aA  +  l)c-f  fljd  +  oi+l 

But  thiB  reduction,  when  there  are  many  terms 
in  the  continued  fraction^  becomes  very  em- 
barrassing, and  at  the  same  time  unnecessary  $  for, 
from  what  has  been  already  done,  a  very  obvioua 
law  of  formation  discovers  itself,  in  order  to  render 
which  the  more  manifest,  let  us  resume  our  fore- 
going remits^  making  also  the  successive  substitu- 
tions as  below ;  viz. 

1  _I  _^ 


1  1  *  ^/ 

b  +  -      *(aA  +  l)c+a    "    "    '     -^' 


b 

ab+i 

bc+l 

a+1    1       -:   (:bc+l)d+b  ^p 

d 
Now  here  it  is  obTious,  that 

p'"^dp"-\-f   -    -    g'"^dq''  +  q' 


7/ 
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accessive  terms  of  the  series  of  con-  - 
ms  may  be  obtained  as  far  as  we 
ns  of  the  given  quantities  a,  6,  c,  &c. ; 

ing 

L..  ^  £  £:'  &c. 

■"     ?'      't     9 

e  we  have  the    following  very  easy 

ducing   any  continued  fraction  to  a 

rging  fractions. 

tie  denominators   of  the    successive' 

lotinoed  fraction  in  a  liaej  thus 

a,  ft,  c,  d,  e,  &c.; 

fraction  will  have  unity  for  its  na- 
:he  6rst  term,  a,  for  its  denominator; 
1  have  the  second  term,  b,  for  its  nu- 
for  'its  denominator  ai  +  1 ;   and  the 

all  the  succeeding  fractions  will  be 
tiplying  the  numerator  last  found  by 
ling  teun  in  the  above  series,  and 

product  the  preceding  numerator; 
ninators  are  obtained  in  exactly  the 
as  Is  evident  from,  the  foregoing 
bus, 

d,  e,     &c. 

_    ^''+'  (ftc+l)rf+ft 

i-l*(a6+  l)c  +  a'  { (a6+  i)c  +  a  }d+ 


of  which  series  will  he  the  original 
roposed. 
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,  £x.  1.     Transforia  the  continued  fraction 

7  +  1    1     , 

to  a  series  of  converging  fractions ; 

Denominators,    7>   6>     ^>      2,        3, 

^  .       .  1      6       31       68       235 

Conv.  fractions.      ^,   ---,   - — ,   — -,   -7^ — , 

'        7      43'    222'    487*    1683' 

the  series  required. 

138.  It  is  also  obvious,  that  we  may  thus  find 
the  series  of  fractions  converging  towards  any 
given  quantity,  without  reducing  it  first  to  the  con- 
tinued form.  For  we  have  seen  (art.  135),  that  the 
denominators  a,  &,  c,  &c.,  of  the  terms  of  any 
continued  fractions,  are  the  quotients  obtained 
from  finding  the  common  measure  of  the  two  terms 
of  the  given  fraction ;  and,  therefore,  having  found 
these  quotients,  we  may  immediately  ascertain  the 
series  of  converging  fractions,  without  any .  iikter- 
mediate  step;  in  fact,  the  consideration  of  any 
quantity  under  the  form  of  a  continued  fraction  is 
entirely  useless,  otherwise  than  as  it  leads  us  to  the 
properties,  and  the  law  of  formation,  of  the  con- 
vexing  fractions ;  for  it  is  in  this  fonn  only,  that 
these  expressions  are  at  all  applicable  to  any  useful 
purposes. 
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Ex.  2.    Find  the  series  of  fractions  convefging 

towards  the  given  fraction  •— -. 

39)187(4 
156 

31)39(1 
31 


8)31(3 

74: 


7)8(1 


1)7(7 


Qnotients,     4,    1,    3,    1,     7; 

^         r  1      1      4       5       39 


is  the  jieries  of  converging  fractions   re^ 

lA^    if  now  uny  sevies  of  quotients  ^derived 
from  the  fraction  : —  be  represented  by 

a,    h    c,    &C-;  '  V,      Vj    Wj     &c.  { 

•no    -    "     7*,     *    —.   -     — ^^   —7,    ~,    etc., 

•   -  » 

be  the  corresponding  converging  fractioiu^;  Uk^f 
from  what  has  been  shown  above^ 


.0 » 


and  if  instead  of  u,  we  substitute  thq  complete  tpio^ 

tient    corresponding   with    it,    as  w  +  -   (remark,  ' 

! 

page  266), .  we  shall  have  the  original  fraction, 

I 


■     •* 


For  it  is  evident,  refer riiig  to  the  original  form, 
M  _1 

~^^T+   &c.  1     , 

t+-l 

v-i — 


Z 


that,  by  stopping  at  any  particular  quotient,  and 
annexing  thereto  the  remainder  -,  we  have  the 

precise  value  of  the  original  fraction,  as  will  be  still 
more  obvious  by  turning  to  the  form  at  art.  134* 

Lcit  now  u  +  -=tt\  then  the  above  becomes 

2L   1 

N      a  +  &c.  1 

7-f-    1 

u 

and  as  the  order  of  formation  of  the  converging 
fractions  does  not  depend  upon  any  particular 
values  of  these  quotients^  it  is  obvious  that  the 
same  law  will  obtain  ffw  the  comj^ete  WBOtie&t  t^ 
as  for  any  other;  suplmdng,^ tberefoirci 


t 
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a+  &c.  1  [-P"  ^.a+  &c.i    1  l=£. 
_j--and  t+-j     Y' 

we  shall  have,  on  the  principles  of  art.  138, 
1  ^ 

^V'^^V\   or 


M    ■  •  % 


a*  £•  D« 


711 
For  example,  in  the  reduction  of  — -,  if  we  stop 

at  any  term  as  helow, 
711)953(1 
711 


242)711(3 
484 


?• 


15 


227)242(1 complete  quotient 

15 
w«  shsdl  have  the  following  result: 

13 
Qaotienta,  -  -     1,   2>   1^ 

2(1+-— )  +  l 

Gonv.  frac.  -  -    p   3'      .^      16  .      ,  " 

3(1+^)+ 1 

•  2(2^£16)1227 ^717  ,1^^  ^^^3i  frartion; 

3(227 +  16) +  227     9*3*  ^ 
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• 

knd  the  same  has  place  for  every  complete  quotient^ 
AS  is  evident  from  the  preceding  demonstration. 

PROP.  III. 

140.     If  ^  and  ^    be  any  two    consecutive 
ierms  in  a  series  of  fractions  converging  towards 

M  . 

— ;  then  will 

N 

the  ambiguous  sign  being  +  when  — g-  > — >  and  — ' 


,     p"    tl 

when  ^  <  — i 
For)0t 

X 

ra,   b,       c. 

&C.     V, 
o 

P' 

tb,                &C; 
^'     ^"    &c 

J"*  ^'"  ^•^- 

represent  aiiy  series  of  quotients,  with  their  cor« 
responding  fractions;  then  (art.  139)  we  have 

y //  sip"iv  +  jp',  and  q'^^  =^  q'^w  +  9' ;  or 

p"         q"        ' 

and,  therefore, 

p'y^pY^fq'^'-py,  or 

And^  in  tlie  same  manner,  since 

f^'  =zjfu  +p^,  and  ijl^^^u-k-  {^  we  liavtf 


^'^       ^  »Jf        ^o 

P  -P  ^^-9  . 


;  whence 
P  3 


T 
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p  q  -pq=^pq  -pq  ,  or 
yY-/>Y'=-PY~i^V;  that  is, 

y  Y'  -?  Y"  =/^T  -?Y  =/^Y  ~  A'5  j 

or  the  successive  differences  between  the  products  i 

of  each  numerator  and  consecutive  denominator,  ' 

and  the  product  of  the  denominator  and  the  nur  I 

merator  of  the  same  fractions,  are  equal  (abstracting 
from  their  signs) ;  but  the  difference  (tfi  +  l)  — fl6^ 
that  is  of  the  first  two  fractions,  is  I,  and  since  the 
differences  are  all  equal,  they  are  each  equal  to  1 ; 

and,  therefore,  7>Y~iPY^  ±  l- 

O  / 

But  when  ^  >  — ,  then  ^  <  — ;     and,     conse- 

qnefntly,  ^>^,  and^-o^>^-^;   and,  therefore^ 

f^'  >  ji?V;  that  is,  p\'  -/?V=  +  1. 

And,  for  the  same  reason,  if  — o  <  -^,    then  we 

5         N 

have  jy Y  ""/^ V  =s  —  1 . —  a^  E.  D. 

141 .  It  is  this  property  of  converging  fractions^ 
that  renders  them  so  useful  in  the  solution  of  all  in- 
determinate equations  of  the  first  degree  j  for  every 
equation  of  this  kind  has  its  solution  depending 
upon  that  of  the  equation, 

*  «x  —  if/  =  ±  1 ,  \ 

as  will  be  shown  in  the  next  chapter. 

Now  the  solution  of  ax  —  6y  =  ±  1  is  obtained  by 
finding  the  series  of  fractions  converging  towards 

r;  and  assuming  for  x  and  y  the  terms  of  that 


fraction,    immediately  preceding  Vj  as  is  evident 

from  the  foregoing  proposition. 

Ex.  1.  Find  X  and  ^  in  the  indeterminate  equation 


First; 


16)41(2 
32 


9)16(1 
9 

7)9(1 
7_ 

2)7(3 

6 

1)2(2 
r 

2 

Quotients^     2,     1^    I^   3>    2, 

112     7     l6' 

2'    a''    5"^    18'    41^ 

whence  we  have  j:  =  1 8,  and  y  ==  7^  which  gives 

l6a?~4l5^  =  l,  Or  16.18-41. 7=1.. 

And  it  is  obvions^  that  we  shall  have  the  same 
result  if  we  take  x=2l8±41wi^  and  y  =  7;J:l6m; 
m  bein^  indeterminate  for  this  i(nbstitution  gives  also 

16(18  ±  4i»i)  -41(7±  l6m)  =  1 ; 

and  by  means  of  the  indeterminate  quantity  nty  an 
infinite  number  of  values  of  x  and  y  may  be  ob- 
tained^  that  will  answet  the  conditions  of  the 
equation. 

T  2 


Conv.  frac. 
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If  the  given  indeterminate  equation  had  been 

flo:  ~  i^y  =  —  1 , 
then  we  must  have  taken 

ap=4l7n— 18,  and  y  =  l6m  — 7? 
whicli  gives 

l6(41;n-18)-4l(l6;«-7)  =  -i; 

where  the  indeterminate  quantity  7/i  is  also  the 
means  of  furnishing  an  infinite  number  of  solutions 
to  the  equation  flr.r  —  fcy  =  —  1 . 

But  as  this  subject  belongs  properly  to  the  next 
chapter,  we  must  dismiss  it  for  the  present,  and 
continue  our  investigation  of  continued  fractions. 

I'ROP.   IV. 

P^     P'     P"    P"' 
142^     If  ^,   -^j    ~,i  ^„  &c.   be  a  series  of 

q      q      q     q 

fractions   converging  towards  any  given  fraction 

J  then  will  these  fractions  be  cdternately  greater 

and  less  than  the  given  fraction;  but  each  ap- 
proaches nearer  to  tlie  true  vjdue  of  the  original, 
than  the  one  which  precedes  it. 

The  first  part  of  tlie  proposition  is  evident  from 
t^onsidering  the  law  of  formation  of  these  Itacdons : 
for  let, 

>^""«  +  ^  +  l^l 

i2&c.; 

then  it  is  obvious,  that  -  >  — ;    because,  in  order 
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to  liave  the-  exact  value,  we  must  add  a  certain 
quantity  to  the  denominator  a  (equal  to  all  the 
other  part  «f  tiie  expression) :  and 


1     ri 


fcr  the  same  reason ;  whence  it  follows,  that 


-  »1> 


because,  in  adding  t  tothe  denominator  a,  we  make 

it  too  great,  and,  consequently,  the  fraction  too 
small ;  and  in  the  same  way  we  find  that 


'^^-i}>T' 


and  so  on  alternately. .  Bjit,  by  article  136, 
\ 

__  • 
—  f 

a 


b 


1 

C 


are  the  successive  terms  of  th^  converging  smcs, 
being  equal  to  . 


*.o  -«<"         ^^^f 


.OJ 


and,  therefore,  these  terms  are  alternately  greater 
ai\d  less  than  the  original  fraction ;  and  hence  it 
follows,  that  the  value  of  thfe  last  is  always  con- 
tained between  any  two  consecutive  terms  of  tlie 
converging  series. 
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Now,  in  order  to  demonstrate  the  latter  part  of 
the  proposition,  let  ns  consider  the  difference  be- 
tween any  converging  fraction,  and  the  original  one? 
to  which  it  is  an  approximation.  For  which  purpose, 

let  -Q  be  the  fraction  immediately  preceding^;  and 

X 

let «  +  -  be  the  complete  quotient,  correspQi^ding 
to-;  also,  for, the  sake  pf  simplifying,  put 

JL 

X 

% 
then  we  shall  have,  the  same  as  in  art.  139^ 

from  which  wc  derive. 

M        V  JP''^-P9°         ___±J__  A 

M    p^    (p^^—p'^gyu'        ±u' 

Whence  we  draw  the  following  conclusions : 

1 .  That ,  and ^,  have  always  dif- 

fcrent  signs. 

2.  That  the  difference ~  < -^r ;  which  may 

^      q     q  •  • 

therefore  always  be  represented  by  —^  when  rf<  1. 

3.  That ~  is  less,    abstracting    from    iti 
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sign,  than ^ ;    the    former  being   equal    tp 

■qt,  and  the  latter  to  -qT — ; ot;   that  is. 


M         p  1       '        1  - 

-^=3 — X — 7—- 5,  and 

N       q       q      qu^q 


N       y°      q^      qu'-tq 


X 

Now  u\^  w  +  -;  and,  therefore,  w'  >  1,  and  5  > 5^, 
from  the  nature  of  .these  fractions ;    much  more, 

then,  is  -o  >  ~.      Since,    therefore,    the   difference 

9      9 
between  any  converging  fraction  and  the  original 

is  less  than  the  difference  between  the  preceding 

one  and  the  original,  it  follows,  that  the  value  of 

any  fraction  -  approaches  nearer  to  that  of  —  than 
any  one  which  precedes  it. 

PROP.  V, 

•  143.  To  convert  the  square  root  of  any  given 
number  n  (not  a  square)  into  a  continued  fraction, 
and  thence  to  a  series  of  converging  fractions,  ap- 
proximating towards  the    v^. 

It  is  evident,  in  the  first  place,  that  tliis  series 
must  be  infinite ;  because  the  square  root  of  a  num- 
ber not  a  square  cannot  be  expressed  by  any  ra- 
tional fraction  (art.  18);  but  we  shall  find,  tli^t 
the  quotient,  whence  the  series  of  converging  frac- 
tions are  derived,  will  be  periodical ;  and,  therefore, 
the  extraction  may  be  carried  on  at'  pleasure.     The 
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method  of  transformation,  in  tliis  case,  will  be 
better  shown  by  a  partial,  than  by  a  general  ex- 
ample; and  we  shall,  therefore,  first  extract  the 
square  root  of  19,  and  afterwards  show  the  ap-r 
plicatipn  of  the  same  method  to  the  extraction  of 

any  quantity  pf  the  form ;  n,  m,  and  p,  be-: 

ing  integers. 

Extraction  of  ^\^  in  Continued  Fractions. 

^  1  ^viS!  +  4  vi9-t-4* 

3 


V19+S      ^19*2 


»    I 


V19+3         V19+3 


2 


^/l9  +  3  -v/19  +  3 


6 

> X  T ~^  1  "1         7~: =  1  + 


VI9  +  2  ^^19  + 2 


3 

=2-\ r =2+ — — — -  =  2  + 


W9  +  4  ^19  +  4 


^^j9l4^^^W9-4^  ^^^ 


And  here,  since  we  have  obtained  the  same  ex- 
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]M^ession  a$  tre  began  with^  we  may  cUscontiiiae  our 
extraction;  as  the  quotients  4;   2,  1,  3,  1,  2,  8; 
2,  1,  3,  1,  2,  8;  2,  1,  &c.;   must  necessarily  recuf 
again  in  the  same  or^er,  ad  infinitum. 
Now  if  we  substitute  for  the  fractions 

V19  +  4      V19  +  3      ^/l9H-3      W9  +  3     ^ 

— ,  ;; 9   "^ — z >  *5cc. 


3^.6' 

itheir  fespectiye  values,  as  found  in  the  foregoing 
pperation^  we  shall  have  . 


V19  +  3 


1    ,  I 

'^lASTs  1-^3  +  i     1 

8  +  &c^ 

and,  therefore,  the  square  root  of  I9  has  been 
transformed  into  a  continued  fraction,  as  Avas  re- 
qnired :  and  hence  it  is  obvious  that  the  same  may 
be  converted  into  a  series  of  converging  fractions* 
as  in  art.  136  5  thns, 

Quotients,   4,    2,    1,     3,      1,      2,       8, 

^         J,  4     9     13     48     61      160     ^ 

Conv.  frac.         p   ~,   -,   -,   - ,   — ,    &c. 

each  of  which  fractions  expresses  the  square  root 
of  19  nearer  than  any  preceding  onp,  as  is  evident 
from  art.  142 ;  and  it  is  manifest,  that  they  may  be 
continued  at  pleasure  to  any  degice  of  accuracy 
required. 
The  operation  ia  this  pturtial  example  is  obvious : 
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we  first  find  the  greatest  integer  contained  in  ^\^^ 
which  is  4,  whence 

W9-4 
Vi9=4  +  — '^ ; 

and  this  quantity  being  transformed  to  the  follow- 
ing form,  by  multijilying  both  numerator  and  de- 
nominator by  VI9  +  4,  we  have 

>,/19-4  3  1 

^19  =  4+ 7 =  4  +  — — — 7  =  4  + 


VI9  +  4  A/19-f4 
•  3 
We  then  proceed  to  find  the  greatest  integer  con- 
tained in J  which  is  2 ;  hence  this  fraction 

becomes 

-/19  +  4  VI9-2  6  1 

^ =2+-^^—^ =2+ =  2+ . 

3  ^3  ^^/19  +  2  ^19  + 2 


5 

And  in  the  same  manner  we  find  the  greatest  in- 
teger contained  in  this  last  fraction^  and  sq  on^  till  wc 

-t/19  — 4 
arrive  at  the  fraction ,  which  being   the 

same  as  the  firsts  all  the  terms  will  again  recur  in 
the  same  order,  ad  infinitum  \  and,  consequently,* 
the  operation  from  that  period  may  be  discon- 
tinued. And  it  is  obvious  that  the  same  prin- 
ciples may  be  applied  to  any  quantity  of  the  fonu 

VN  +  M 
P 

144.  The  above  operation,  which  is  tedious  ac- 
cording to  the  method  that  has  been  explained,  and 
which  was  necessary  in  order  to  show  the  origin  of 
the  rule,  becoipes  extremely  simple,  by  observing  the 
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following  law  in  the  formation  of  the  successive 
quotient;  viz.  let 


n 
yig  +  m' 
n 


=  tt+    &c. 


^u' +  &c. 


represent  any  two  consecutive  fractions  in  the 
foregoing  example,  u  and  u'  being  their  respective 
quotients,  then  will 

m^ssnu  —  m,  and 
19-OT'* 


n  = 


n 


,» 
> 


90  that  each  value  of  m\  n\  and  u^,  is  deduced 
from  those  m,  n,  and  u,  in  the  preceding  fraction : 
hence  the  foregoing  operation,  by  means  of  this 
law,  will  stand  thus ; 


^/19  +  P 

I 
^/19+4 

3 
VI9+3 


=  4+  &c. 


=  2+  &c. 


5 

yi9  +  3 
A/19  +  3 

5 

&c. 


—  =1  +  &c. 


=3  +  &c. 

=;  1  +  &c. 

&c. 


1  .4-0  =  4; 


3  .2-4  =  2i 


5  .  1-2=3; 


2.3-3=3; 


5  .  1-3=2; 


19-4' 


1 

19-2' 

3 

19-3' 

3   .. 
19-3' 

2 
19-2' 

=  3. 


=  5. 


=  2. 


=  5. 


=  3. 


Where  the  calculations  oil  the  right  hand  of  the 
line  are  set  down  only  to  explain  the  operation, 
but  they  are  unnecessary  when  this  is  once  under- 
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stood;    and  hence  the  extraction  of  the   square 
root  by  this  method  becomes  very  simple. 

145.  Tliis  law  has  at  present  only  been  deduced 
from  observation,  but  the  universality  of  it  may  be 
demonstrated  as  follows : . 

Let 

VN  +  w  VN  +  m  — WW  - 

=w4- 9  and 


n  n 

— =tt+  &c. 


be  any  two  consecutive  fractions  derived  from  the 
VN,  N  being  any  integer  whatever  not  a  complete 
square ;  then,  from  tlie  na^ture  of  the  operation,  we 
must  have 

v'N  +  m'  n 

? ^ 7 \y  ^^ 

and  since  this  product  is  au  integer,  n  and  nf  being 
each  whole  numbers,  it  follcnvs,  that  mf^nu^-my 
for  otherwise  the  product  of  the  two  factors  woulcl 
not  be  rational ;  whence  again 

(  v^-f  m')(  VN  — m')===N--m^=nn^,  or 

n  = 


n      ' 

so  that  the  law  is  universal. 

And  hence  the  square  root  of  any  number  n,  not 
a  complete  square,  may  be  extracted  in  the  follqw-. 
ing  manner,  supposing  a  to  be  the  greatest  in- 
teger contained  in  v^i^,  and  t*,  «/,  u'\  &c.,  the 
greatest  integers  contained  in  the  respective  ffftc-t 
tions  to  which  they  correspond;  viz. 


Gondnued  Tractions* 


iSi 


VN+0 
'    1 


a  -f&c. 


u 

4/N  4-  W' 


=w'  +&C. 


92 


/^ 


=u"  +  &c. 


&c.         &c. 


1  •  a  — O 


N  —  m 
=3w;    


e 


n  .  M  —  m  »=  w  ; 


//  .tt'  — m'  —  m'''; 


n^w"^m'^^w'''; 


N'  -  W 


^ 


n 

N  — 7tt 


//a 


i^tt. 


n^ 


n 


N  — m 


///a 


n 


// 


n''\ 


And  by  continuing  thus  the  extraction,  we  shall 

always  arrive  at  a  fraction  equal  to  — ;  after 

which,  the  quotients  will  recur  again  in  the  same 
order,  ad  infinitum,  as  will  be  demonstrated  in  the 
following  propositions. 

146.  Thus  the  extraction  of  v'SS  (omitting  the 
calculations  on  the  right  hand  side  of  the  line,  which 
are  supplied  very  readily  as  we  proceed)  becomes. 


=  4+  &C. 


1  +  &c. 


=3+  &c. 


=  1  +  &c. 


=  8+  &c. 


=  1  +  &c. 


^/23  4  0 

1 
^/23  -f  4 

7 

V23  4-3 

2 
^23  +  3 

7 

V23  +  4 

1 

V33+4 

And  having  thus  arrived  at  a  fVa^ttoa.  ^qual  to 
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the  second — —^  the  op^ation  may  be  dis- 

continaed^  as  the  quotients  after  this  recur  in  the 
same  order  as  at  first ;  and  hence  we  may  calculate 
the  series  of  fractions  converging  towards  ^/23  to 
any  degree  of  accuracy  required ;  thus : 

Quotients,  4;  I,  3,  1,  8;  1, 3,  1,  8jl,  &c. 
f.  r  4      5      19      24      211 

Conv.  frac.         p    p   — ,    —,   — ,  &c. 

Scholium.    Numbers  falling  under  any  of  the 
following  forms,  viz. 

2 

have  their  square  roots  very  readily  extracted  by 
continued  fractions,  the  period  of  circulation  never 
exceeding  three  terms :  thus,  for  examples. 


1 

V17  +  4 


=  4+  &c. 


=  8+  &c. 


1 
which  last  quotient  will  be  repeated,  adinfinitunu 

—=3+  &c. 


1 

=  1  +  &c. 


W5  +  3 


6 

>v/15  +  3 


=6+  &c. 


1 

the  two  last  of  which  quotients  will  be  repeated  as 
before. 

And  it  is  the  same  with   all  numbers   fallings 
under  any  of  the  above  forms. 


1  
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PROP.  vr.   ^ 

.147.  The  series  of  quotients  arising  from  the 
ex  •  1  .iction  of  the  square  root  of  any  number  n,  not 
a  Sji^^ire,  will  be  periodical. 

We  iiave  already  seen,  that  this  has  been  the 
case  u:  ^'le  partial  examples  which  we  have  given 
in  tlie  Joregoing  proposition ;  and  it  is  here  pro- 
posed to  demonstrate,  that  this  law  must  ne- 
cessarily have  place  for  every  possible  value  N, 
when  it  is  not  a  square. 

P^    P     P^ 
First,  let  us  suppose  ^,    -,   ^,  to  be  any  con- 
secutive fractions,   converging  towards  the     ^s; 
and  let  m°,  m,  u\  be  the  corresponding  quotients, 
te'  being  supposed  the  greatest  integer  contained  in 

-               -                .          >v/N  -h  m  '  -         .       _ 

the  complete   quotient    :    so  that,   m  the 

following  expressions, 

O  / 

U    ,        Uy        U  f 
P^  P  P'  ^  • 

^,  S    ~y  &c.,  we  have 
9      9     9 

p'  ^up+p"" 

And  if  instead  of  u  we  take  the  complete  quo- 
tient — ,    whence  u  was  derived,    we   shall 

n 

have,  in  the  place  of  the  foregoing  equation, 

p +/>'' 

VN  = '^ (art.  139). 

q -hfl^ 

n       .^ 
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which  becomes,  by  reduction, 

q  v'NH-  qm  +  q  ?i 

whence  we  draw  the  equation 

qs  +  .^{qm  -f  q^'n)  =/>  vn  +  /> w  +  p^n ; 

and  since  here  we  must  have  the  rational  part  equat 
to  the  rational,  and  the  irrational  to  the  irrational, 
we  obtain  the  two  following  equations : 

p  =  qm  +  (fn. 
Multiply  the  first  by  j°,  and  the  second  by  if,  give* 

5^^N  ^p^m + p^q^n^ 
pp""   ^qp^'m-^pYn; 
Aefi,  by  subtraction, 

qq°^  —  pp^  =  (pq^  —  qp^)ni,  and 

PP-^qq==(pq''-qp°)n; 

this  last  being  derived  in  a  similar  manner,  by 
multiplying  the  first  equations  by  q  and  p. 

Now,    by  the  property  of  continued  fractions 
(art.  140),  we  have 

pf-qp^'^  +  i^  if^>  VN; 

Whence  it  appears,  that  pq^  —  ^/>°  has  always  the 
tame  sign  as  jot?  —  ygq ;  because,  if  -  >  v^\  —  >  n  ; 
and,  consequently,  pp>^qq9  and  the  contrary,  if 
-  <  ./N ;  and  hence  again  it  follows,  that  n  is  always* 
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positive^  becanse  ^— nw^(P9*'"*^^)^^  ^^^ 
pp-^vqqr  and  {P9^''9P^)i  ^^^  always  the  sam^ 
sign;  And  this  furnishes  ns  with  the  means  af 
ascertaining  the  limits  of  m.  aqd  n ;  for^  since 

»'  = :  (art.  145); 

and  n  and  w'  are  positive,  it  is  evident,  that  mf^  <  n, 
orin'<  >v/N;  ali§o^  m' being  an  integer,  it  can  never  ex- 
teed  the  greatest  integer  contained  in  vn.  And  since 
m^nti-'ln'  (by  the  sdnie  article),  or  ni^-fn^^nUi 
and  m  and  m'  are  each  <  ./n;  it  foIloVs^,  that 
neither  n,  nor  ?/,  nor  w/^,  can  be  greater  than 
m  +  w'i  and  ^^e  have  seen,  that  neither  winorm'^ 
can  exceed  a  (supposing  a  to  be  the  greatest  m^ 
teger  contained  in  v^^),  therefore,  neither  n  nor  u 
can  exceed  2a;  or,  which  is  the  same,  ia  i^  the  limit 
both  of  fn  stnd  the  qncitieiit  u. 

And  hence  it  appears,  that  in  the  transformatiori 
of  v^N  into  continued  or  converging  fractions/ 
Vhich  (from  art.  145)  has  always  the  form    _ 

a/^^.  +  O  « 


.  1 

— tt 

•r 

(XU. 

vTN  +  m 
.  ri 

=« 

+ 

&C. 

n. 

=±u' 

+ 

&C.' 

VN  +  w" 

=«'' 

+ 

&C.' 

&c.  &c. 

since  m,  n,  atid  u,  can  never  exceed  certain  limits; 
that  is,  m  not  >  a,  n  not  >  2a^  and  u  not  >  2a: 

u 
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iilBO^  the  estpres^ion  iteeif  being  infmite^  tihe  same 
values  of  m  and  n  m«st  necessarily  oeme  ti](gether 
tXL  mfinite  iidinKer  of  times;  aod  tkns  form  a  series 
of  perioral  quotients,  wbicfa  will  eoutiime  to  be 
repeated  ad  inJinituM^  as  we  have  sieen  in  the  partial 
examples  in  art.  .1 4^*  —  a«  £.  d. 

l>ROP.  VII. 

148.  ]n  any  series  of  quotients  derived  firom  v^i 
t^e  ^(H>n4  is  that  which  first  recnrs^  and  com- 
mences the  secpnd^  and  all  the  othef  periods  of 
^roi^UtiQu;  that  isj  the  quotients  always  recur  in 
tbe  same  order  as  at  firat^  excepting  only  the 
first  a,  which  expresses  the  greatest  integer  con*- 
tfiiaed  iq  v^* 

In  oi:der  to  dem^matmte  this  (since  we  know 
that  the  quotients  recur  in  periods)^  we  ahal) 
suppose  the  first  period  to  be 

a;  a,  P,  y,  8,  &c.  -  -  -  X,  tt,  w'>  ^\  ^tc;  and 

«      -      .      -.      *     -     -    -     tuf^  if^  n^^  yf*^  &c,, 

part  of  the  second  period;  and  then  prove,  that 
X = U7,  the  quotient  preceding  X  =»  that  preceding 
Wy  and  so  on  to  a;  which  must,  therefore^  ne- 
cessarily be  that  quotient  which  commences  each 
of  the  periods^ 
Let,  then,    . 

a\  ot,  3,  y,  -  -*  -  X,  u,  «',  w",  &c.  fi7, «,  ti',  w'^i 
a  f_p^  p^  p 

represent  any  series  of'  quotients,  and  their  corre* 
spending  converging  fractions ;  also,  let 


\ 


o 


vTM-fa  VN  +  w"^       js^  +  » 


VN  +  m        VN^m 


n  n 


Ibe  the  coihrespoiiding  complete  quotients. 

Then,  from  what  has^  been  demonstrated 
(art.  145),  we  hare  n  — jn*=ifm*,  and  N— m*=snn; 
whence  n^^ n ;  and  We  shall  also  hare  (by  the  tam# 
lirticle)  m«xn**— Tix^j  and  m  =t tcm  —  tti; 


tn  — m 


Whence  we  draw  g — =»x— tii.    Bfit  (art.147) 

WW 

ym  +  5®« ak »,  brms^^ — r-j  and  since  -  is  an «►• 

proximate  r alne  of  v^»  we  must  hare  -  =^  tf  +  i 

fraction  -   {a  beiiig  as  abdre  the  greatest  integfer 
In  vn)^  and  heiice  result 

And  since  (f<qi  from  the  uaiord  of  cdiitintied 
fractions,  we  shall  hate  a  —  m<n\  and  in  the' 
same  manner  d-^m^<n^,  a— m<ns  and,  there* 
fore,  a  forfiotiy  m®  —  m  <  n^    But  we  hare  found 

>X— lii,  which  must  necessarily  be  an  in- 


m^—m 


n 


teger  or  sero^  because  Ji  and  tir  are  each  whole  num'- 
bers ;  and  since  m^ — m  <  nP,  this  cannot  be  an  in- 
teger ;  it  must,  therefore,  be  zero,  that  is,  m® = m, 
or  X  =  tOi  And,  in  the  same  manner,  it  may  be  prored^ 
that  the  quotient  preceding  w  is  the  same  as  that 

u  9 
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preceding  X,  and  so  on  till  we  arrive  at  the  quotient 
a ;  and,  consequently,  it  is  this  wjiich  first  recurs, 
and  commences  every  period.  —  a.  e.  d. 

PROP.  VIII. 

.  1 49.  The  last  quotient  of  every  complete  period 
of  quotients  is  equal  to  2a,  a  being  the  greatest 
integer  contained  in  -v^. 

,  Since  we  know  the  period  of  circulation  by  the 
foregoing  proposition,  we  may  now  represent  the 
series  of  quotients,  converging  towards  '  v^,  and 
their  corresponding  converging  fractions,  as  fol- 
lows;  viZi 

a;  a,  ^,  y,  8,  *  X,  w;  a,  ^,  y,  -  -  -  X,  «;  &c. 

SO  that-  is  the  converging  fraction,  which  cor- 

responds  to  the  last  quotient  u,  of  the  first  period 

^y  3>  7>  K  &c.  X,  u;  and  let 
.v/N  +  m 
n 

be  the  complete  quotient  whence  u  is  derived ;  that  is, 

=?«+  &c. 

n 

thep,  on  the  same  principles  as  in  art.  14^, 

'>v/N-|-W         o 

J? +0'' 
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Now,  if  Ave  attend  to  the  law  of  formation,  we 
shall  have, 

V^  +  tf 


N  — a"^* 


for  the  complete  quotient,  answering  to  ~,  which 
will  be  equal  to  that  succeeding 


n 


Bat  it  is  obvious,  fromart.  145,  that 
^/N-fm  w  —  fnu  —  m) 

n  n  ' 

and  the  succeeding  complete  quotient  is 

A/N  +  (7iM-m)       vN  +  a 


^  —  (nu  —  m)         N  — a** 
n 


whence  nu-m^ a,  and,  consequently,  we  have 


V^-^-m           juTs  —  a 
— - —  =  M  + ^ 

It  also  follows,  from  the  above,  that 
N  -  (nu  -  my    N  -  a* 

n  n  ' 

whence  we  have  n=  l ;  ahd,  therefore, 

yN  +  m  A/N-a 

^       =  M^  +  — - — ,  becomes 

VN  +  m 


n 


and,  substituting  this  value  of  ^^^^^^^^  in  the  original 


n 
expression  for   >v/n,  viz. 


i04  (kmtiimed  Fructiao$, 


P^ +  »** 

VN=^- 

a ^+;?^ 


ir<9  dednG^  immediately  this  equation, 
which  fiiniishes  the  two  following  eqnationsj, 

^e  secop4  ^  wl^ich  give3  by  diviaioi]^ 

whence  again  it .  fbUowt^  that  u  —  ifh  the  greatest 

integer  contained  in  ^ ;   bnt  as  this  fraction  is  an 

approximation  towards  VN,  the  gr^test  integer*, 
contained  in  it  is  a :  we  have,  therdbre,  u—a^a^ 
or  u=s2ai  that  U,  the  last  quotient  in  the  period 
5?  2a. — a.  IS.  B. 

PROP.  XX. 

1 50.  The  equation  />^  -^  n^'  =  1  is  always  possibly 
in  integers,  if  n  be  any  integer  number  whateveir 
not  a  square. 

For,  by  the  foregoing  proposition,  the  complete 
quotient  answering  to  the  kt^t  quotient  in  any 

period^  as =tt+  &c.,  is  such,  that  u=^2a 

(a  being  the  greatest  integer  contained  in  V^); 
and^  consequently,  as  we  have  ;Bcen^  n^l,  because 


T — "^^ 
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9«  is  the  liittit  of  tiU  (art.  147)^  tibereforo  tn^2a. 
If,  now,  we  represent  by  — o  >  and  ~,  two  converg- 

ing  fractions,  the  latter  correspondii^  to  the  qpo-* 
tient  2a,  we  have  also  (by  art.  147)  ^. 

but,  in  the  ptjeseilt  case,  n  =  1 ,  and pq^ — p^J  =^  ±  Ij 
by  the  property  of  continned  fractioils ;  therefore, 

J9*  — Ny*=  ±1; 
the  upper  sign  having  place  when  -  >  v^,  and 

the  lower  one  when  *-  <  ^/n. 

9 
Bat  all  the   converging  fractions  in  the  even 

j^aces  are  >  ^/n,  and  all  those  in  the  odd  places 

<  VN,  as  is  evident,  because  they  are  alternately 

greater  and  less  than  vn,  and  the  first  is  always 

less  than  ^n  ;  but  since  these  periods  of  quotietita 

recuf  ad  hjfinitumj  if -,  the  first  faction  answering 

to  the  quotient  2a j  be  not  in  an  even  place,  it  must 
necessarfly  be  so  when  that  quotient  recurs  again ; 
and,  consequently,  the  equation 

is  always  possible,  n  being  any  integer  smmber  not 
a  square ;  and  there  are  an  infinite  number  of  values^ 
that  may  be  given  to  p  and  g,  which  answer  the 
conditions   of  the  *  equation ;    viz.  every  fraction 

P  ,      . 

-  standing  in  an  even  place,  and  corresponding  ta 

the  quotient  2a.  —  oi.  E.  d. 
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Cor.  1 .  It  appears,  from  the  foregoing  proposi- 
sition^  that  the  equation 

is  also  possible  in  all  cases  where  the  quotient  2a 
occurs  first  in  an  odd  place,  and  that  there  arq 
likewise  an  infinite  number  of  values  that  may  be 
given  to  p  and  y,  which  will  answer  the  required 
conditions ;  but  if  2a  occur  first  in  an  even  place« 
then  the  equation 

}8  impossible. 

Cor.  2.     Hence  also  the  indeterminate  equation 

x^  —  ay*  =  %^ 
is  always  possible  in  integers ;  for  the  equation 

x*  —  ay*=l,  gives 

this  equation,  therefore,  is  always  solvible  in  in- 
tegers ;  which  has  in  fact  been  otherwise  demon- 
strated ii^  Part  I. 

151.  It  will  not  be  ami$s  to  illustrate  what  has 
been  demonstrated  in  the  foregoing  propositions  by 
a  few  examples: 

Ex.  1 .  Find  the  valuer  of  x  and  y  in  the  equa- 
tion 

Here  we  haye,  by  the  conversion  of  a/15, 

Vl5^0 

=  3  +  &c. 

—  =1  +  &c. 


6 

a/16  +  3     ^      p 
:: =  6+  &c. 


15-3*      ., 

1  .3-0  =  3;  ' =  6. 

1 

6.  1-3  =  3;  r. =1. 


6 


1.6-3  =  3i  &c. 
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Quotients,  3^  1,  6,  \,  6,  &c. 
Fractions, 


4 

Now  the  first  fraction  ~,  which  answers  to  the 

1 

quotient  2a,  is  in  an  even  place ;  we  have^  therefore^ 
j?=?4,  andy=l,  which  gives 

4*-15.1*=l. 

... 

Ex.  3.    Find  the  valaes  of  x  and  y  in  the  equa- 
tion 

x*-i7y=i. 

First, 
V17+O 


=4+  &c. 


VI7  +  4 

"    »  ■    ■  " 

1 

yi7  +  -* 

- 

1 


=  8+  &c. 


=  8+  &c. 


^17 -4« 
1  .4-Q==4;  ' r  =  l, 

1  .8-4  =  4;  -^--^- =1. 


I 


1  .8-4  =  4;  &c. 


Quotients,  4,  8,    8,    8,  8,  &c^ 
Fractions^        T'  "cT-  * 

And  here^  the  first  fraction  corresponding  to  8 
being  \t\  an  odd  place^  we  employ  the  second, 
l^hich  gives  a: =33  and  y=8,  whence 

33*-17.8'=l. 


^m.^ 


9Q8 
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Ex.  3«    Fiud  the  valaes  of  x  aad  ^  in  the  equa* 
tion 

.  First, 

13-3* 
1.3-05=3;  


W3^-0 


I 
>v/13  4-3 

4 
V13  +  1 

3 
^13  + 2 


^3  +  &c. 


=  1+  &c.      4,1*-3»1; 


^13  + 1 


=  1  +  &c. 


=5=  1  +   &C. 


4 
V13  4-3 


-=1  +  &c, 


5^6+  &C, 


13-1' 


=4. 


=3. 


4 

13-2*       ^ 
3,1-15=2;  : =  3. 


3.1-25=1; 


3 
13-1* 


=  4. 


3 

13-3*       , 
4,1-1==3; =1- 

4 

1.6  —  3=3=3^  &C. 


which  last  gives  the  cjaotient  2a^  or  2  . 3  s  we  bave^ 
therefore,  for 

Qaotients,3,l,l,  1,  1,    6;     1,      l,  1,  1,6;  l^&c* 

„        .  3   4  7   11    18   119   K37  256  393  649 

fractions,     ^  ^, -,—,_,_,—,—,  ^^^,^g^. 

Now  here  again  •  the  first  fractioit  answering  to 
the  quotient  6,  being  in  an  odd  place,  we  proceed 
till  we  meet  with  6  a  second  time,  which  wfll  ne- 
cessarily be  in  an  even  place;    and  Ae  fraet^n 

corresponding  to  it  is  -— ,  so  that  ^=5649  and 

^  =  180  are  the  least  values  of  x  and  y^    that 
answer  the  conditions  of  the  equation 

0^-13/^1. 

If  the  proposed  equation  had  been 

ac*-i3f/=-l. 


-^■—  ■».        — 
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w^  should  have  had^  x^  18  and  y  s=5,  for  the  least 
b  values  of  x  and  y  that  satieiy  thie  equation, 

\  But  if  the  ftrst  fraction  answering  to  die  qootieiit 

^  Sa  he  not  found  in  an  odd  place  when  it  first  occon^ 

then  it  follows^  from  what  has  been  demonstrated^ 

that  the  equation 

ar*  —  N j^  =?T  —  I 

is  impossible^  as  we  have  before  observed, 

152,    SfchoUum.   The  solution  of  the  equation 

is  one  of  tha  most  important  problems  in  the  in* 
determinate  analysis^  it  being  necessary  to  the 
solution  of  many  other  interesting  questions  of  this 
kind;  and,  notwithstanding  the  method  we  have 
given  is  direct  and  simple,  yet  the  least  values  of 
X  and  y  in  many  cases  being  very  great,  the  task  of 
iSnding  them  is  very  laborious :  thus  the  least  voltes 
of  X  and  y  that  solve  the  equation 

/n^  — sny«:l,  are 
jr=:  2783643736*0,  and  y=  19162705333, 

And  the  equation 

«*-6658/5=l 

has  the  least  values  of  x  and  y  as  follows ;  viz^ 

_  f  1661007252579773I839820799846220132 
^     \      4702014613503. 

^  f  6983536164167704S715777594022302100 
^     \      2391003072. 

These  circumstances  have  induced  a  few  cele- 
brated mathematicians  to  form  tables  of  the  values 
if  X.  ami  y,  necessary  for  the  solution  of  the  equa- 
ion  a?*— Ny=l. 
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Euler  first  undertook  this  task,  for  all  values  of 
N  from  1  to  100,  M^hicli  was  afterwards  doubled  by 
Lagrange,  both  of  which  tables  are  given  in  the 
second  volume  of  Euler  s  Algebra.  But  Legendre 
has  extended^  the  same  to  upwards  of  1000,  at 
least  for  the  solution  of  the  equation 

and  he  has  shown  the  method  of  deducing  from 
them  the  solution  of  every  possible  equation 

trhether  the  numbers  in  his  table  give 

x'  — Ny=— 1,  orx*— Ny^=-1: 

a  part  of  this  table  is  ,subjoined  to  the  present 
work,  which  will  be  found  useful  in  many  cases. — 
See  Table  II. 

PROP.  X.. 

163.  Given  the  difference  between -and  v^';  viz. 

p  S 

S  being  less    than    tmity,   to   find  the    necessary 

conditions  for  the  value  of  8,   that  -  may  be  a 

fraction  arising  from  the  extraction  of  v^. 

Let  the  sriven  fraction  —  be  converted  into  a  series 

of  converging  fractions,  giving  the 

Quotients,   tf,    6,        c, u. 

a     aft  +  1  V^     P 


Conv.  frac. 


1' 


?      9 


m     *     —^ 
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Now  if  -  be  a  fraction  converging  towards   v^,- 

it  follows,  that  all  the  quotients  a,  by  c,  &c.  are 
likewise  obtained  from  the  same  development; 
and,  consequently,  that  the  quotient  u  is  followed 
by  others,    w',  u'%  u"\  &c.     Let  now  the  com- 

pkte  quotient,  answering  to  the  fraction  ^,  be 


i       « 


,/N  +  m 


V 


then  we  have,  on  the  same  principles  as  in  art.  147, 

V -  +  p 

n 


q +  9 

'  n 

Or,  by  substituting  for  the  complete  quotient 

^  =  /A, 

n 
the  above  expression  "will  become 

Whence,  by  substituting  for  vn,  we  have 

P^P"9-P9° J 

which  last  expression  must  be  eqnal  to  — j- ;  that  is, 

i— _SL_-  .    or  8=— 2-^ 
t     q\qV^  +  qy  qi'.  +  q" 

Now  since  ft  is  the  <!omplete  quotient  corr«- 
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tponding  with  the  fraction  S  it  must  be  positivef^ 
and  greater  than  unity,  and,  therefore,  S  <  — —s-i 

and  hence,  conversely,  if  — ^-5-  >  L  the  value  of  pk 
must  necessarily  be  positive,  and  greater  than  unity  ^ 
and,  consequently,  -  tvill>  in  this  case,  be  a  frac- 
tion converging  towards   ^. 

That  is,  if  -  be  any  fraction,  and  the  difference 

P  8         ,  -         o 

9  9"  9  +  9  V 

the/i  is  -  a  fraction,  which  arises  in  th^  develop- 
ment of  v^  into  converging  fractions.  Which  is 
the  condition  required  to  be  found. 

PROP,  xi^ 

154^     If  the  indeterminate  equation 

X^  —  'Sf/^^  ±  A, 

be  possible  (a  being  <  vn),  a  must  be  found  in  the 
denominator  of  one  of  the  complete  quotients^ 
cirising  frcnn  the  development  of  v^n. 

It  appears  from  art.  1 47,  that  when  a  is  found'^ 
in  the  denominator  of  any  complete  quotient,  a» 

P^       »' 

that  is,  wten  n=X^  and  — q,   ^,  be  ttro  conVerg- 


-«   ■" 
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ing  fractions^  the  latter  corresponding  with  this 
complete  quotient^  we  ahall  have 

1^— N9*=»a(^^— ^^g);  or,  since 
pq^—p^g^  ±  1)  we  obtain 

p'— NJ*=±A. 

And  it  is  here  proposed  to  demonstrate^  that  this 
equation  can  only  have  place  when  a  is  thus  found 
in  the  denominator  of  one  of  the  complete  quo- 
tients^ derived  from  vn,  a  being  always  sup- 
posed less  than  ^/y. 

Now>  firsts  from  the  equation 

-  />*— N5*=±A,  we  obtain 


p-q  ^/s 


p-^q  v^ 

+  A 


;  or 


p  

q  qip-^qv^) 


Andy  if  W6  represent^  as  in  the  foregoing  article, 

^*—  v^  by  — r^  we  have 
q  ^  q^ 


S 


+  A  .        ±  Aq 


o  —   i  — ly  or  8= 

9*      ?(P  +  9VN)  P'rq^rt^ 


Let  now  -o^be  the  converging  fraction  preceding 
-,  in  the  aeries  of  fractions  arising  from  the  develop- 
ment of  -;  then,  by  tlie  preceding  article,  w^ 
liave  to  prove  that 
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p  +  q  v^     9  +  9°  ' 
for  in  that  case  it  necessarily  follows,  that  -  is  aC 

fraction    arising    from    the    development  of    vw 
(art.  153). 

Now,  since  -  —  ./n = —5-,  we  have 
,9  9 

/>=9v^-f-;  again,  if 


\q 


<  — ^—^,  so  is  also 


p  +  qV^      q^q 

a(?  +  ?°)  <  (/>  +  9  Vn)  ; 
or,  substitating  for  p,  it  becomes 

S 

a(9 +  ?'')<  (29^^  +  -)- 

Now  this  inequality  is  readily  demonstrated ;  for 
it  may  be  put  under  the  form 

29^-^A(9-h90+->o, 

8 
(9  +  9^)(  VN-a)  +  (9-9^)  VN  +  ->0; 

and  since  >v/n  >  a,    and  q  >  q^,  the  whole  of  this 
expression  is  positive ;  and,  therefore,  >  0,  at  least 
,  when  S  is  positive ;  and  if  S  were  negative,  we  should 
have  evidently 

and,    therefore,    in   either   ca&e  the  inequality  is 
established ;  that  is^ 
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bnd^  cbnseqtietitly^  -  is  fouiid  among  tke  fractions 

coilver^nff  toirard»  tlie   vt*- 
,  Therefore^  when  it  is  re(|iured  to  find  the  rallies 
of  X  and  jf  in  the  equation 

K  being  <  v"^^  we  mtidt  convert  n  into  a  continued 
fraction,  by  the  forms  given  in  art.  1 45 ;  and  if  >^  be 
fonnd  in  the  denominator  of  ^ny  ope  of  the  com- 
plete quotients  obtaiil^  by  this  development^  We 
shall  have  the  solution, sought^  by  finding  the  con- 
verging fraction,  answering  to  this  quaiient,  which 
solution  will  give 

Hccordtfig  1^  Hkf^  fracdqit  is  found  in  an  even  or  ddd 
fJ^ce;  and  if  a  hfe  not  fountf  In  ajx  odd  place>  the' 
latter  equation  is  impossible ;  and  if  a  be  not  found 
in  the  denominator  of  anjr  of  these  completie  quo- 
tients, we  nfay  be  assured,  that  the  proposed  equa- 
tion is  impossible  tinder  either  sign.  ' 

m 

£xi  1 .,    Find  the  values  <jf  x  and  if  in  the  equa- 
tion 

first,  by  the  devdopment  of  vS3>  we  have 

-i/tS  +  O 


1 

Vf^3-h4 


4+  &c. 


1  +  &c. 


7 

*-— — «3+  &c. 


"TTS-  — 
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and  in  this  last  fraction^  2  being' found  in  the  de« 
nominator^  we  have 

Quotients^  4,  1,  ^y  &e. 

_  4    5. 

Fractions,  .     -y,  #-,  &c. 

the  last  of  which,  answering  to  the  qnotiest  3,  give* 
x  =  5j  andy  =  l;  so  that 

as  was  required. 

Ex.  2.     Required  the  possibility  or  impossibility 
of  the  equations  •  ^ 


l.x'-l7/=-.2. 


First,  by  the  development  of  v^Tj  we  have 

.Ji^ 3t4-F&c. 


^'^7  +  4     ^       . 


1 
&C.  &,C; 

whence  it  follows,  that  since  neither  2  nor  3  enter» 
into  the  denominator  of  the  complete  quotients, 
the  equations  are  all  impossible. 

Cor.  1.    The  indeterminate  equation 

is  always  impossible,  if  a  >  1  and  <  >C/(«*  -hi);  be- 
cause the  complete  quotients  arising  from  ^{a^  4- 1 ) 
have  only  unity  enter  for  a  denominator:  we  must 
of  course  except  those  cases  also  in  which  a  is  a 
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»  ■ 

eomplete  square^  as  these  will  alirays  be  possible 
frofh  the  *equatie)i  a:*  —  n^  =  J .  a    ' 

Forj  by  the  fdrms  atf .  145,  we  have 


1* 


=5    0+  &c. 


=  2a+  &c. 


1 

ifljiicli  Iftst  complete  quotient  will  be  repeated  to 
infinity.  ^ 

Cor.  2.     Tlie  indeterminate  eqaatian 

is  also  impossible,  under  the  same  limitations,  be*- 
"tause,  by  art.  l'46i  we  have    • 

^- atl  +  5tC. 

* ^ — '  ■       .«=2(a— 1J+  «cc. 

tod  these  tWo  last  complete  qdotients  will  be  re^ 
peated  dd  infinitwh;    arid,  consequently,  only  1 
and  2(^a  —  1 )  will  ev^er  be  found  in  thfe  denominators 
.   of  them. 

Cor.  3.    The  indete'tminate  equation 

n  idways  impossible^'  if  a  >  1  and  <  a,  excepting, 
as  l)efere,  tlK>se  jsases  in  which  a  is  a  complete 
aquare4 

For  .  ^ 

'    ■  ■ '  ■  =   a  4-  ocCrf 

X2 


m^^jm^t^i^mi    v^r^i^f^mimmm^90»^^^-m'^mmmm^c:S3 
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a 

v(rf  +  ft)  +  a 


=2    3  +  &C.  - 


2a  +  &c. 


1 

The  two  last  of  which  fractions  will  Gontinnalj  j 
recur;  and,  eonseqoently,  the  equation  is  always 
impossible  under  the  above  limitations. 

Cor.  4.     The  indeterminate  equation 

is  always  impossible^  if  a  >  1  and  <  (a  —  1  )^  except 
the  cases  in  which  ▲  is  a  complete  square. 

For 


1 

^/(a*-a)  +  (a-l) 
a-l 


(a-l)+  &c. 


3S'3  +•  &c. 


s2f«-l)+.  8cc. 

,       1  ^         ^ 

I 

which  two  last  quotients  will  be  repMted^  asl)efore, 
€ul  infimtum;  and,  therefore,  no  number  under 
the  above  limitations,  will  enter  into  their  denomi-* 
nators;  and,  consequently,  tlie  eqiuition  is  ira- 
possible* 

ft 

PROP.  XII. 

155.    If  a  be  a  prime  number  of  the  form  4ii  +  1^ 
the  equation 

ar*-^«y'sa  — I 

is  always  resolvible  in  integers. 
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Let  p  2uotd  If  be  least  values  (except  I  and  O)  that 
satisfy  the  e^oaJtion 

then  it  is  ({bviaas  that  q  wa^t  be  even^  fqr  if  it  was 
odd,  y'  would  be  of  the  form  8n+  l^Taiid 

aq^+l^(4n+\)x  {Snf  +  l)  +  I *4n'' -h 2^ 

which  cannot  be  a  sc^u^iF^:  siace,  then,  q  pust  b^ 
even,  let  vd  ipalce  qss2^mny  m  and  u  being  iu-- 
tegei*^  prime  to  each  others  'then  we  $h^l  hc^v^ 

•  /)'  —  1  =i»4mV;  but  p  being  odd,  and,  eon$equeatly> 
J?*—  1  mSn',  it  follows,  that  eitbeir  m  or w  is  even, 

"^and  the  other  odd,  for  otherwiise  W'^  should  uot 
have  jp*— lm8»'i  and  they  cannot  be  both  even, 
because  they  are  prime  to  e^h  other.  Let  us  ther^* 
fore  suppose  n  to  be  odd,  then  thfe  equation 

(P  + 1)0«--  1)  5»4fl»iV, 
in  which  the  factors  j» 4- 1 ,  and\p— l^^qpn  have 
only  the  common  unsure  2  (fiXii^  tim  must  n^ 
cessarxly  have  place,  because  p  is'qdd)f  "ivill  be  re- 
sol  vible  into. the  four  following  fprnw : 


2n\ 
2anf. 


Now  the  second  and  fourth  of  these  forms  gi^e 
l5=wi'  — an^,  or  ls=n*  — a«^*; 

which  equations  cannot  have  placie,  because  m  and 
n  are  less  than  p  and  q\  and  these  last  were  the 
least  that  satisfied  the  equation  p*  —  aj'*  =  1 .  There 
remain,  therefore,  only  the  first  aud  the  thirdj^ 
which  give 


K.4.-kiw: 


aio 
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and  one  of  these  equations  must  necessarily  obtain; 
but  either  of  them  resolves  the  equation 

■ 

which  is,  therefore^;  always  possible^  when  a  is  a 
prim^  number  of  the  form  4»  + 1 .  It,may  also  be 
observej^  that,  of  the  above  twp  equations^  the  last 
is  the  only  one  that  can  .obtain ;  for,  since  n  is  odd 
and  m  even^  it  is  evident  that  ihe  first  cannot  be- 
come equal  to  —  1 . 

Cor.  It  results  from  this  theorem,  that,  when  a 
is  a  prime  number  of  the  form  4fe  + 1 ,  every  num- 
ber N^ar'  — ay*  is  also  ^Xi.a3i!*—y^\  for  since,  in 
this  case,  we  may  suppose  m^  —  OfP^^  —  1,  we  shal][ 
have 


PROP.  XIII. 

■i 

1 56.     If  4  be  a  prime  number  of  the  form  8w  H-  3^ 
the  equation  * 

}S  always  resolvible  in  integers. 

For  let /?  and^  be  the  least  numbers  that  satisfy 
the  equation 

then  it  is  obvious^  that  p  and  q  cannot  be  both  even 
nor  both  pdd :  we  must,  therefore^  have  either  p 
even  and  q  odd,  or  q  even  and  p  odd ;  which  di- 
vides this  proposition  into  two  distinct  cases. 

Case  1  •     IVhen  p  is  ev^  and  q  odd. 

Here^  if  we  make  q  =  mn,  these  quantities,  m  and 
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fly  being  supfposed  prime  to.e^ch  othef^  and  both  odd 

nnmb^r^,  tlie  eqnatioui 

can  ohly  be  resolved  into  factors  in  two  different 
*  ways ;  r/^u 

'  \  p—l  =«*.  '  1  j»— i  =an'. 

The  second  of  whiclT  forms  gif  es  m*  —  an^ = 2,  which 
cannot  obtaiif ;  Jor  m  and  n  being  both  odd^  and 

a 

vrt*8»r  +  3,  we  have  an* +  2  =m%  or 
ini'st5(8fl!' +  3)(8«"  +  1)  +  2*8n'"  +  2, 

which  is  impossible.  Thejjpforc,  if  either  of  these 
forms  he  po^sible^  it  n^jist  be  the  first,  which,  by 
snbtrjctfon,  becomes  n*  —  aw*  =  —2;  in  which  case 
the  etjna^on  x^^ajf^  —2  will  be  possible. 

Case  2.     When  q  is  even  and  p  odd. 

Here  we  may  make  q^2mn\  whence 

*       •  '  .".    il'-l=4amVi 

but  since  J*)  is  odd,  /)''tfe8tt'+l ;  and,  consequently, 

4mW5*i8w'; 

.  therefore,  cithpr.  n  or  m  is  eyen,  and  the  other  odd : 
let,  then,  /)  bie  odd,  and  the  equation 

ife which  the  factors  (/?+l)  and  (/?— l)  must  ne- 
.  cessarily  have  a  common  measure  2  (and  they  can 
have  no  oth^r),  is  resolvible  into  the  four  following 
forms  $  viz^-      ^ 


r/>+l  =  2flfn%  //>  +  !  = 


2a»*. 

=  2n% 
2am*. 
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the  first  fotm  gitts  if  -  am*  -  - 1 ,  f^hidi  M  ini:* 
possible ;  for,  since  n  is  odd  and  fn  eveUj 

1**5*54^'+  1,  and  (l»i*ai54|i-^ 

to4^  consequently^  their  difference  cannot  b^  <e^Ual 
to -I. 

The  second  form  ^ves  m*  —  afi*  =  1 ;  and  thus 
p  and  g  would  not  be  th^  least  numb^rs^  that 
satisfy  iiie  equation 

jp*-a5r'=l; 

which  is  contmry  to  the  hypothesis, 

The  third  form  gi^^s  tn^  —  arf^  —1,  which  is 
also  an  impossible  eqvatiKm ;  fpr  pii  being  even,  we. 
should  have 

which  can  ne^^er  become  equal  to  ^  1 . 

The  fourth  form  gives  the  same  result  as  the 
second^  and,  therefore^  c^mnpt  obtain  fpr  the  same 
leason.  ^ 

« 

Hence  it  a|»pears,  thfit,  of  the  several  forms 
which  have  been  given  to  the  equation 

only  one  of  them  can  be  possible^  and  this  k  th^ 

equation 

< 

which  adses  in  our  first  case,  where  we  suppose 
q^mn:  this,  therefore,  must  necesdarily  obtain; 
that  is,  the  equation  ' 

i 

is  always  possible  in  integers,  if  a  he  a  prime  num- 
ber of  the  form  8n  +  3, 
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PROP.   XIV. 

157*     If  a  be  a  prime  number  of  the  form  8n  —  1 , 
the  equation 

is  always  resolvible'  in  integers, 

I'pr  let  p  and  q  be  the  least  nnmbers  that  establish 
the  equation 

then  we  may  have  either  q  ^  mn,  or  9  =  2i;in,  ac- 
cording c|8  wi^  snp|x>9e  q  to  be  odd  or  even,  which 
give  the  four  f<dlowing  resdlutions  of  the  equation 

p^-l»ufi  viz, 

•      (p^l:^2am\  .    ( p+l=^2m\ 

Th^  first  of  which  fprms  gives 

am*  — »*=2, 

an  equation  that  cannot  obtain,  because,  m  and  n 
being  both  odd,  the  first  side  is  of  the  form 

(8»-  l){Snf  +  1)  -  (811''  +  1) s^8u"'~  2, 

which  can  never  be  equal  to  2^ 

The  third   form'  gives   awi'— »*=1,    which  is 
also  impossible ;  for  if  m.  and  n  were  both  odd,  then 
am*  — «•  would  be  eveQ>  and,  therefore,  not  equal 
'  to  1.     If  m  was  even  and  n  odd,  then 

am'-rftteW-f  3, 

which  cannot  be  equal  to  1 ;  and  we  hav^  tlie 
same  result  by  taking  n  even  and  m  odd:  therefore, 
this  ^equation  is  impossible. 


314  Continued  Fractiom. 

m 

The  foTirtlx  form'gives  m^^arf^  1,  which,  cannot 
have  place;  because  p  and  q  are  the  least  numbers 
that  satisfy  the  equation  j9*  —  a7*=  1. 

Therefore,  the  second  is  the  only  possible  fonh^ 
and  this  gives 

and,  consequently,  the  proposed,  equation 

is  always  possible,  whon  a  is  a  prime  of  the  form    . 
8n-l.  '     • 

J 58.     Cor.     If,  in  the  equation  j!i'-r.a|y'=l,  we' 
resolve  a  into  any  two  factors  prime  to  each  other, 
^s  m«,  we  have,  by  transposition,^ 

which  equation  may  be  decomposed  into  factors     • 
four  different  ways  j  viz^ 

I 

From  which  result  th?  foi^r  following  equations ; 

2  2 

•7.  =:  mng^  —  A*,      T^*  =  —  m^h\ 
J  */. 

wherey* must  be  either  1  or  3>  which  numbers,  being  * 
successively  substituted  for^  give  the  following 
eight  combinations;  viz. 

1.    (  m^  —  nh^^ly  3.    f«g'  — wA*=l, 

?.   \mg'^nh'^2,  4,  \vg'-nih'^2:^ 


F 


> 
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bat  of  these^  the  seventh,  viz.  ^^mnh^^  1,  cannot 
have  place;  because  we  suppose  here,  as  in  the 
foregoing  proposition,  that  p  and  q  are  the  least 
values  that  satisfy  the  equation 

'p^—ojf^X^  or p^  —  ntnq^^l. 

Now  by  means  of  these  decompositions  .we 
readily  draw  the  followng  eonclnsions: 

1  •  If  the  numbers  m  and  n  are  both  of  the  form 
dn-^-^yXxo  one  of  the  bottom  eqaations  can  obtain; 
for,  in  this  case,  whatever  forms  we  give  to  the  two 
sqnares  §**  and  A*,  die  eqiiatiops  will  be  of  one  of 
the  forms  4n,  4ii  -H,  471  +  3,  no  one  of  which  can  be 
(equal  to  ±  2.  The  fifth  equation  is  also  impossible 
on  the  sdme  suf^sitiQns  because  this,  by  transpo- 

sitiou^    gives     -: — ^^o'  ^^  niteger, .  whereas  we 

Jiav6  shown,  that  no  number  that  is  the  sum  of  two 

■  sqnares  prime  to  each  other,    can   be  divided  by^ 
numbers  of  the  form  4n  +  3  (art.  1 06,  and  leiipna-4j ' 
page*  200), 

There  remains,  then,  only  the  two  equations  I 

■  and  8,  ene  of  which  must,  therefore,  necessarily 
obtain;  and  hence  we  draw  the  following  remark- 
^ble  theorems. 

i.  If  v^  and  n  be  both  of  the  form  4ii-^3',  the 
isqudtion 

wi*t*  —  ^*  ==  ±  1 

toiil  be  almays  possible  in  integer  numbers;  that  iV,  * 
under  one  or  other  of  the  signs  -h  or  —  1 . 

If  we  soppose  m  and  n  to  be  both  of  the  foi'm 
4w+  1,  then  the  same  reasoning  will  apply,  except 
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to  the  fifth  equation,  and,  therefore^  in  this  case^ 
our  theorem  must  be  expressed  thus : 

3.  If  m  and  n  be  both  qfthe  fonn  4n  +  1,  then 
one  of  the  equations 

;c^  — m/!y*t=  —  1,  or  wjr*— «y*sx  j;^  i^ 

will  always  he  resolvihle  in  integetsx 

And  in  a  similar  manner  we  may  dednce  the 
following  theorem^  which  n  still  more  general. 

3,    If  m.  and  m!  he  two  prime  numbers  of  the 

Jbrm  4n  +  3,  and  n  a  prime  number  ^  the  form 

An'  4- 1 ,  it  will  he  always  possible  to  satisfy  one  of 

the  three  following  equations : 

» 

72  x^-'mm'y^=i±  i, 
ma;'  — m'fiy*=±  1, 
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CHAP.  II. 

\ 

On  the^  Solution  of  Indetenninate  Equations 

of  the  First  Degree* 

PROP.  1. 

159.  To  Sjid  the  values  of  x  and  y  in  the  ecjiui- 
tion 

We  have  al ready  considered  this  equation 
(art.  141),  and  it  is  only  repeated  here  to  preser^'C 
uniformity^  and  to  offer  a  few  remarks  that  could 
not  he jproperly  introduced  in  that  article. 

First,  it  juay  be  observed^  that -a  and  b  must  he. 
prime  to  each  other,  for  otherwise  the  equation 
will  be  impossible;  because  the  first  side  of  the 
equation  would  be  divisible  by  the  common  divisor 
of  a  and  i^  Imt  the  other  side  ±  1  would  apt.  But, 
if  a  aad  b  have  these  conditions,  then  the  equation 
is  always  possible  in  integer  numbers.    , 

Now  we  have  seen,  that  if  •^,S  be  any  two  con- 

cecutive  terms  of  a  series  of  converging  iractionsi 
then  p^q^q^p^  ±l\  find,  therefore,  ix>  find  tlie 
values  of  x  and  y^  in  the  above  equation,  we  have 

only  to  convert  v  intp  a  aeries  of  converging  frac- 
tions^ and  to  assunpic,  fw  llwe  fsantities,  the  terms 
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of  that^  which  immediately  precedes  t;  so  shall  wtf 

have  ax  —  hy^^  ±\,   the ' upper  sign  having  plac^ 

when  y  <  I  and  the  Wer  wheli  ^  >  ?.- 
X     0  •  X     b     ' 

Let,  then,  p  and  5^  be  the  terms  of  the  fraction 
preceding  j ;  then,  if  aj  —  Jp  =  —  1,  we  may  convert 

it  into  + 1 ,  hy  making  x  =  hm  —  g,  and  1/  =  nwi  —^y 
w;hich  evidently  gives 

•  6(i/n  —  j)  —  i(a7/t  — 2?)  =i  +  1 . 

And,  on  the  contrary,  if  a^  —  ip  =  +  J ,  it  may  be? 
converted  to  —  1 ,  by  a  similar  substitution ;  and  it 
is  evident,  that,  by  means  of  the  indeterminate 
letter  fn,  an  indefinite  number  of  solutions  may  be 
obtained  in  both  cases ;  and  when  we  require  no 
change  in  the  sign,  then  we  have  a?  =  &m  +  r, .  and( 

Ex.  1 .     Find  the  values  of  x  and  y  in  the  equa- 
tion 

I5x-l7y=l. 

First,  by  the  rule  for  continued  fractions, 

16)17(1 

.      2)15(7 


"V 


1)2(2 

Qnotient8,     1,    7»    2. 
Gonv.  frac.         -,   -,   j^i 

*  • 

whence  />=8,  and  9  =  7j  which  giv« 

I5jp-17<?=;+.1> 
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therefore,  the  general  values  of  x  and  y  are  '     • 

x=xl7w-h8,  andy=15w  +  7i 

.  and  hy  assuming  m  —  0,  1 ,  2,  3,  &c.,  we  shall 
have,  for  the. con-espoitding  values  rf  «  aud.y,  as 
fofldATs:  ••      '  ■  ;    , 

«=<8,  25,  42,  59,  76,  93,  110,  &c 
.5^  =  7,  22,  37^  52,  67,  82,.  97,    &C. 

Kjpc.  2^.     Find  the  general  values  of  x  and  j/  in 
the  iBde^erniViate  equation 

i3j?-g!jr=i. 

H^r^,  by  the  rule  for  continued  fractions, 

'  '         •  4)9(2 

1)4(4 

t      Qnodents,    I,  •  2,    4. 

re  1     3     13 

Conv.frac.  -,   -,   — . 

whencej?=3,  and  ^=2,  which  gives 

^nd,  therefore,  the  general  values  of  op.  and  y  are 
x^9m^2y  jyad  y=lSw-r3; 

and  assuming  7n=l,  2,   3,  4,  &c.,  we  have  the 
coiTesponding  values  of  a?  and  yi  as  follows : 

a?=:  7,    l6,  25,  34,  43,  62,  6l,  &c. 
y=alO,  23,  36,  49,  62,  76,  88,  &c. 

These  two  examples,  with  what  has  been  before 
done  in  the  preceding  chapter,  will  be  sufficient  to 
render  the  student  ready  in  the  solution  of.  any 
equation  of  the  above  form,  which  is  the  more  ne- 
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cessaty,  as  we  sball  see  that  every  indeterminattf 
equation  of  the  first  ^gFoe^  which  has  a{iy  possible 
soIatioit>  depends  tipon  the  eoldtion  of  the  equation 

PRO? .  II- 

a 

1 60.    To  ilttd  the  general  v4»es  of  X  and  y  in 

the  equation 

First,  #ith  regard  to  the  limits  of  possibility  of 
this  equation,  it  may  be  obser?e(I,  that  a  md  h 
must  be  prime  to  each  other^  or,  if  they  have  a 
common  divisor,  c  must  have  the  same,  for  other-* 
wise  the  equation  is  impossible;  and.  if  each  of  ^ 
these  quantities  have  a  common  <iivisor,  the  whole 
equation  may  be  divided  by  it,  and  dms  reduced  to ' 
anothef^  in  which  a  and  h  are  prime  among  theuf-  • 
selves;  for,  if  this  cannot  be  efl^cted,  the  equation 
canncpt  obtain  in  integers.     Supposing,  tiiien,  a  an^l 
b  to  be  prime  to  each  other,  and  q  and  p  tb^e  lea^t 
numbers  that  fulfil'  the  condition^,  of  the  equatipn 

determhied  by  the  foi^oiug  proposition,  then  it  is 
fvtdent  that  we  shall  ha\  e 

making,  therefore,  x^cf^  and  y^cp^  we  shall 
have  the  solution  required :  but  it  is  obvious  that  the 
Same  fesult  ^I'ill  be  obtained  by  writing  Xr^mb-^-cgj 
And  y 5=  via  +  cp^  which  gives  ^so 

a(mb  +  €fj)  —  b{fna  +  cp)  =  ±  c; 

where,  by  means  of  the  indeterminate  m,  an  in-" 
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aefinite  number  of  valaes  of  x  and  y  may  be  obtained^ 
And  we  may  always  convert  the  value  of  the  equa- 
tion from  H-  c  to  —  c^  to  from  —  to  -h ,  by  taking 
cp  and  cq  negative^  and,  in  this  case,  m  positive,  in 
order  that  dc  and  ^ may  be  so;  for,  if 

d,cq  —  h.cp^-^c;  theti 

■ 

a(wft— cjf)  — i(ma  — cp)==  —  C;  and  if 
a.cq  —  b .cp=^  "Cy  then  will 
a{mb  —  cq)  —  b{ina  —  cp)  =  -f  c. 

4 

So  that  the  general  values  of  ±  aild  1/  atej 
x  =  mh±cq\  a^id  y  =  7na±q7y 

ff 

the  upper  sign  having  place  for  cq  and  ep^  when 
the  expression  aq  —  bp  has  the  same  sign  with  c  in 
the  given  equation,  and  the  lower  one  when  it  has 
a  diflFerent  sign. 

Ex.  !•     Find  the  values  of  x  and  1/  in  the  in- 
determinate equation 

9a?-13j/=10- 

First,  iQ  the  equation 

we  have  q  =  3  and  |>  =  2,  which  gives  -f  1 ,  the 
same  sign  as  10  in  the  proposed  equation;  and, 
thereforer,  the  general  values  of  x  and  y  are, 

X  =  ism  +  30,  and  y  =  9»H-  20. 

Therefore,  assuming  successively 

w=  -2,    -1,  0,  1,-2,  S,  4,  &c., 

we  have  the  following  corre8)>6nding  values  of  x 
and  t/,  which  are  all  deduced  from  the  first  two, 
by  adding  successively  to  the  values  of  x  the  co- 
efficient of  ^y,  and  to  y  the  coefficient  of  x. 

Y 
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i  =  4,   17,  3a,  43,  56,  69,  82,   &C. 
y=3,   U,  20,  29,  38,  4^,  56,  &c. 

Whence  we  obtain  the  foUowiDg  solutions : 

9.  4-13.  2  =  10, 
9.17--13.11=»10, 
9\30- 13.  20  =  10, 
9.43-^13.29  =  10, 
&c.  &c. 

Ex.  2.     Find  the  values  of  x  an<I  y  in  the  in- 
determinate equation 

7a:- 12^=  19.       . 
First,  the  equation 

79~12/>=±1, 
giyes  J  =a  6  and  j» = 3,  from  which  is  derived 

75-12/?=-l, 

which  is  a  different  sign  from  19  in  the  given  equar 
tion ;  therefore,  the  general  values  of  x  and  y  are, 

0?=  12m— 5.19,  andy  — 7w^~3  .  19;  or 
x=12m  — 95,        and  y  =  7^— 37- 

Whence  we  obtain  the  corresponding  values  of 
X  and  ?/,  by  assuming 

m  =  9,  10/  11,   &c.; 

and  it  is  obvious,  thfit  we  cannot  take  m  <  9,  be- 
cause we  should  then  have  x  and  y  negative ;  and 
these  values  of  x  and  y  are  deduced  from  each  other^ 
as  in  the  foregoing  example,  by  simple  addition. 

a?=13,  25,  37,  49,  61,  73,  85,  &c. 
.    y=   6,   13,  20,  27,  34,  41,  48,  &c. 
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PROP.  III. 

i6l.     To  find  the  general  values  of  x  and  y  ini 
tbe  equation 

ax  +  hi/  =  c, 
and  to  ascertain  the  number  of  possible  solutions^ 
that  the  equation  adpiits  of  in  integers. 

In  the   fdregoing  proposition,    where  the   dif- 
ference of  two  quantities  was  the  subject  of  investif 
gatioii,  we  found,  that  tbe  nuniber  of  solutions  was 
infinite,   providing  a  and  b  were  prime  to  each 
other;  but  when  we  consider  the  sum  of  th^  two 
quantities,  as  in  the  present  Case,  the  number  of 
solutions  is  always  limited,  and  in  many  cases  the 
equation  is   impossible;    we   have,    however,    de- 
monstrated  (art.  41),  that  this   equation  will  al- 
ways admit  of  at  least  ofne  solution,  if  a  and  b  be 
prime  to  each  other,  and  c>ab—(a-hb);  and  it  is 
proposed,  in  the  present  propositionv  to  ascertain 
the  exact  number  of  solutions  when  the  equation  ib 
possible^   and  to  point  odt  more  atccorately  die 
limits  of  possibility. 

Thc^  solution  of  the  indeterminate  equation 
finlj  ax-^hf^c 

depends,  like  that  in  the  foregoing  propositiont^ 
upon  the  equation 

aq  —  hp=  ±  1, 
though  its  connexion  with  it  is  not  so  readily  per** 
ceived. 
For  let  p  and  q  be  the   terms   of  the    con- 

verging  fraction,  immediately  preceding  -r,    thexk 

we  shall  always  liave  either 

aj  — Jp  =  i,  or  ip  — dj=l; 

Y  2 
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and,  in  this  case,  it  is  indifferent  which  of  the  twd 
terms  is  the  leading  one,  because  we  are  only  con- 
sidering the  sum 

ax  I-  bi/  =  c. 

Let,  then,  aq  —  bp^l^  then  we  have  also 

a.Cfj  —  b.qD  =  C', 

and  it  is  evident,  that  we  shall  have  the  samQ  result 
if  we  make 

x  =  cq  —  niby  atid  y^cp--  ma ; 

for  this  still  gives 

o(ry  —  v\b^  —  b{cp  —  ma)  =  c : 

assuming,  therefore,  for  m  such  a  value,  that 
cp  —  ma  may  become  negative^  while  cq  —  mb  re- 
mains positive^  \ve  shall  have , 

a{cq  —  wi)  -t-  i(ma  —  cp)  =  c  j 

ahdi  consequently j  x^cq—mb^  and  y^ma-^cpi 
but  if  m  cannot  b^  so^aken  that  cp  —  ma  shall  be 
fiegative,  while  eq-^mb  remains  positive,  it  is  a 
proof  that  the  proposed  equation  i^  impossible  in 
integers.  And,  on  the  contrary,,  thje  equations 
will  always  admit  of  as  many  solutions  in  whole 
numbers,  as  there  may  be  different  values  given  to 
m,  such  that  the  above  conditions  may  obtain.  , 

And  hence  tve  are  enabled  to  determine,  a  priari^ 
tlie  number  of  solutions,  that  any  proposed  equa« 
tion  of  the  above  fonn  will  admit  of;  for,  since  we 
must  have  cq  >  nib,  and  cp  <  ma^  the  nultnber  of 
solutions  will  always  be  expressed  by,  the  greatest 
integer  contained  in 

cq     cp 
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JIB  Is  evident,  because  m  mast  be  less  than  the  first 
of  those  fraction  Sj  and  greater  than  the  second ; 
and,  therefore,  the  difference  between  th^  in- 
tegral  part  of  thein  will  express  the  xjumber  of 

different  values  of  ^,  except  when  -^  is  a  com- 

plete  integer,  in  which  case,  as  wi<  -r-?  we  must 

take  the  next  less  integer;  or^  which  is. the  same^ 

h 
we  must  <;onsider  t  HS  a  fraction  in  this  case^  ^d 

reject  it ;    but  this  must  not  be  done  with  the  other 

quantity,  because  in  >  — . 

Ex.  1.     Required  the  values  of  x  and  .5^  in  thq 
f^c[uation 

9a:+13j/  =  2000, 

and  the  num.ber  of  possible  solutions  in  integers^ 
First,  in  the  equation 

tv^e  have  at  once  />=2,  and  5=»3;  therefore,  the, 
jmniber  of  solutions  will  be 

200a  X  3     2000  X  » 
-^.-—^  =  461-444  =  17. 

Which  are  readily  obtained  from  the  formulae 

x^cq-mby  and  i/spma  —  cp;  or 

X  =  6000  —I3m,  and  y  =  97^1  —  4000 ; 

in  which,  assuming  m  =  445,  in*  order  that 
Qm  >  4000,  we  shall  have  the  following  solutions, 
^ucli  of  which  is  deduced  from  the  preceding  onpj^ 


c 
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by  adding  successively  9  for  the  values  of  3^,  an^ 

subtracting  13  for  those  of  x. 

a?=216,  302,  189,  176,  163,  160,  13/,,  &a 
y=      5,      14,     23,     32^     41,     50,     59,  &c. 

That  kj 

9,216  +  13.  6=2000^ 
9 ,202 +13. 14=2000, 
9.189+13.23  =  2000, 
&c.  &c.  &c. 

Ex.  2.     Let  there  be  proposed  the  equation 

llx+13y=i90 

to  find  the  number  of  solutions,  and  the  values  of 

.  •      .  .  .       *    •  •      •  » 

ic  and  y. 

First,  in  the  equation  ' 

Uq-I3p=l, 

we  have  q=6,  and  y  =  5 ;  therefore, 

190-6      190-5      fl^     o«     , 

whence  it  follows,  that  there  is  only  one  possible 
solution,  which  we  readily  obtain  from  the  formulse 

x^cq  —  mh^  andy^ma  — cp;  or 

j?=  190.6- 13»f^  andy=llw- 190.6: 

where,  by  taking  m  =  8^,  in  order  that  1 1  m  >  1 90  .  5, 
we  have  x  =  9,  and  y  =?  7^  which  gives 

11.9+13.7  =  190, 

as  was  required. 

Ex.  3.  How  many  different  ways  may  lOOO/.  be 
paid  in  crowns  and  guineas  ? 

Putting  X  for  the  guineas  and  y  for  the  crowns, 
and  reducing  lOOOt  to  shillings^  we  have 
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2lJ[?  +  6y  =  20000; 

and  it  is  required  to  determine  the  number  of  sqi- 
lations  that  this  equation  admits  of  in  integers, 
For  this  purpose  we  have  the  equation 

which  gives  9  =  1,  and/?==4;   then  we  hare  ' 

CO      cp      20000     80000 

^ ^sii — ^ =  IQO" 

that  is,  1000/.  may  be  paid  190  different  ways,  by 
the  combination  of  crowns  and  guineas.  In  this 
example  we  deduct  1  from  the  result,  because 
20000  -5-  5  is  an  integer. 

Cor.  If  it  were  proposed  to  pay  lOOoL  in 
guineas  and  moidores,  then  we  must  have 

2lx  + 273^  =  20000, 

which  is  an  impossible  equation ;  the  first  side  of  it 
being  divisible  by  3,  but  the  other  side  not, 

PROP.  IV. 

162.  To  find  the  values  of  x,  y,  and  «,  and  the 
pumber  of  solutions  of  any  equation  of  the  form 

In  the  first  place,  we  may  observe,  that,  if  any 
one,  or  more,  of  the  coefficients  a,  6,  or  c,  be 
negative,  the  number  of  answers  is  indefinite. 

For,  let  b  be  negative,  then  the  equation  may 
be  put  under  the  form 

in  which,  by  means  of  the  indeterminate  y,  an  in- 
definite number  of  values  may  be  given  to  the  second 
side  of  the  equation;   and,  consequently,  also  to^ 
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X  and  z :  we  need,  therefore^  only  consider  equa- 
^    tions  of  the  form  above  given,  in  which  the  quan- 
tities^are  all  cpnijected  together  by  the  sign  + . 

Now,  in  tjiis  equation,  as  in  that  in  the  two 
foregoing  propositions,  if  a^  b,  and  c,  have  each  a 
common  divisor,  which  d  has  not,  it  becomes  im- 
possible ;  but  if  only  two  of  them,  as  a  and  i,  have 
a  common -divisor,  the  equation  is  still  possible ;  but 
it  requires,  in  this  case,  some  other  considerations, 
which  shall  be  explained  at  the  conclusion  of  this 
proposition :  we  shall,  therefore,  in  the  present  in- 
stance, limit  our  investigation  to  the  case  in  which  • 
two,  at  least,'  of  the  coefficients  are  prime  to  each 
other. 

The  solution  of  the  equation 

ax  +  by  +  cz^d 

m 

depends,  like  those  in  the  foregoing  propositions^ 
upon  the  solution  of  the  equation 

for  let  one  of  the  three  terms,  as  cz^  be  transposed* 
to  the  other  side  of  the  equation,  then  we  have 

ax-\'hy=^d—cZy 

in  which  the  values  of  x  and  y^  as  determined  in 
the  preceding  proposition,  will  be 

x=^{d—cz)q^mh,  £indy=ima—{d—cz)p{ 

that  is,  by  substituting  (d-rcz)  for  c;  which  is  the 
only  respect  in  which  this  equation  differs  from  that 
of  the  last  problem.  And  here  the  only  limits  to  be 
observed  are, 

1st,  cz<dy  2d,  vib<  {d'-cz)q; 

3d,  ma>{d'-cz)p; 
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by  attending  to  which,  all  the  possible  values  of  x, 
y,  and  Zy  may  be  obtained :  but  as  these  questions 
generally  admit  of  a  great  number  of  solutions,  the 
object  of  inquiry  is  not  ^o,  much  tq  find  the  solu- 
tions themselves^  as  tq  determine,  a  priori^  the 
number  that  the  equation  admits  of  in  integers. 
Now  we  have  seen  (art.  l6l),  that  in  the  equation 

ax  4-.  fey  =  c, 

the  number  of  solutions  is  generally  expressed  by 
the  formula 

cq      cp 

g,  and  p  being  first  determined  by  the  equation 

< 

ay  —  ftp  =  ±  1 . 
If,  therefore,  in  the  equation 

we  make  successively  z^l,  2,  3,  4,  &c.,  the 
pumber  of  solutions  fqr  each  value  of  z  will  be  as 
below;  viz,  , 

,  ,         T                                   (rf-   €)q     (<^-    c)p 
ajc-\'  hi/  =  a—   c.  num.  or  solu.  ; —  -  — , 

ax  +  hij  =  d-2c,    ^     .     -     . ^ , 

aa:+6y  =  a  — 3c,    -     r     -     -     1 

&c.  &c. 

The  sum  of  which  will  be  the  total  numbcf  that 
the  given  equation  admits  of;  and,  therefore,  in 
order  to  find  the  exact  number  of  solutions  hi  any 
equation  of  tliis  kind,  we  must  first  asrertain  the 


a 
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sum  of  all  the  integral  parts  of  the  arithmetical 
series, 

(rf-c)7     id-ac^q     (d-3c]g     (d'-4c)q      ^  , 

r — ir^^' — r— ^  +  ^ — z — '  + r- ^+  &c.and 

bob 


{d-c]p     (d-2c)p     {d-3c)p     (d-4c)p 
a  a  a  a 

and  the  difference  of  the   two  will  be  the  exact 
number  of  integral  solutions. 

Now,  in  both  these  series,  we  know  the  first 
and  last  term,  and  number  of  terms ;  for,  the  ge- 
neral terms  being 

{d'-cz)q         ,  {d—cz'^p 

J — -J  and ^, 

b  a 

we  shall  have  the  extreme  terms  by  taking  the  ex-t 

d         . 

treme  limits  of  z;    that  is,  z=l   and  z<-;   which 

c 

last  value  of  z  also  expresses  the  nopiber  of  terms 
in  the  series. 

Hence,  then,  having  the  elements  of  the  pro- 
gression given,  we  readily  find  the  $ums  of  the  two. 
whole  series;  and  if,  therefore,  we  also  find  the. 
sums  of  the  fractional  part  of  the  terms  in  each,  we^ 
shall  have,  by  deducting  it  from  the  whole  sum,^ 
that  of  the  integral  part  of  the  series,  as  required. 
The  latter  part  of  this  problem  is  readily  effected; 
for,  the  denominator  in  each  term  being  constant, 
the  fractions  will  necessarily  reair  in  periods,  and 
the  number  in  each  can  never  exceed  the  denomi- 
nator: it  will,  therefore,  only  be  necessary  to  find 
the  sum  of  the  fractions  in  one  period,  whirh,  being 
multiplied  by  the  number  of  periods,  will  give  the 
sum  of  tlic  fractional  part  of  the  terms,  and  these. 
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taken  from  the  total  sum,  will  give  the  sum  of  the 
integral  part  of  the  series;  then,  from  what  has 
been  before  observed,  the  dilference  of  the  two 
sums  will  be  the  number  of  solutions  required.  It 
should  also  be  obsei'ved,  that,  when  the  number  of 
terms  does  not  consist  of  an  exact  number  of  periods 
pf  circulation,  the  remaining  terms,  or  fractions, 
must  be  summed  by  themselves,  which  is  also 
readily  effected,  as  they  will  be  the  same  as  the 
leading  terms  of  the  first  period :  and  it  must  also 

be  remembered,  that  t  is  to  be  considered  as  a 

b 

fraction  in  the  first  series,  but  not  ~  in  the  second, 

a  ■ 

as  is  explained  at  page  325. 

Ex.  1.     Let  there  be  proposed  the  equation 

to  find  the  number  of  solutions  which  it  admits  of 
in  integers. 

224 
Here  the  greatest  limit  of  s  <  — -  is  20 ;  also 

in  the  equation 

bq-lp^l 
we  have  9  =  3,  je?==2,  a  =  5,  and  6  =  7;  ^^d,  there- 
fore, the  two  series  of  which  the  sums  are  required, 
beginning  with  the  least  terms,  will  be 

-    3.4     3.15     3.26     3.37      ^       3.113 

7         7  7  7  7 

,       2.4     2.1b     2.26     2.37       ^       2.113 

2d,   -r-+-r~  +  ~r""^~r~^  ^^- ""7~- 

3  5  5a  5 

3  -'1 1 

The  common  difference  in  the  first  boin«r  — r— ,  «'t:Kj 
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2.11 
in  the  second  — ^- — ,  and  the  number  of  terms  \i\ 

5 

each  20;  whence  we  have 

930,  for  the  Slim  of  the  firs^,  and 
8685  for  the  sum  of  the  second. 

Also  the  first  period  of  fractions,  in  the  first 
series,  is 

5316427 

7    7    7    7    7    7    7 

and,  in  the  second  series,  ^he  first  period  of  frac-» 
^ons  isj> 

3  2     4      1 

~  +  0-h-"H h-~=2; 

5  5      5      6         • 

—  being   considered   as    a    fraction     in  the   first 

5 

(art.  162),  but  not-  in  the  second. 

Now  the  number  of  terms  in  each  series  being  20j^ 
we  have  2  periods  and  6  terms  of  the  first  series,^ 
=  2 . 4  -f  the  first  6  fractions  =  1 1 ,  for  the  sum  of  * 
all  the  fractions;  and,  therefore,  p30— 11— 919> 
which  is  the  exact  sum  o^  the  integral  terms,  first 
series.  And,  in  the  second,  we  have  4  periods, 
=  4.2  =  8:  and,  therefore,  868  —  8  =  860,  the  sum 
of  the  integral  terms  of  the  second  series:  and^ 
hence,  according  to  the  rule, 

919-660=59 
is  the  number  of  integral  solutions. 

Remark.  This  example  is  the  same  as. 
prob.  11,  page  191,  Simpson's  Algebra,  where 
the  number  of  solutions  is  said  to  be  sixty;  but;, 
upon  examination,    it  appears,   that  one  of  tha 
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sixty  which  he  has  given  cannot  obtain;  that  is^ 
x=cl4,  x  =  10,  and  y  =  14;  which  error  being 
corrected,  gives  59  for  the  number  of  solutions,  as 
above. 

Ex.  2.     Having  proposed  the  equation 

7J?  + 93^  +  ^35^=^9999, 

it  IS  required  tp  determine  the  number  of  its  solu- 
tions in  positive  integers. 

9999 
Here  the  greatest  limit  of  %  <  — —=434 ;   akp 

in  the  equation 

7^-9P=l5 
we  have  j  =  4  and/?=3,  a=jr  and  i=9;  also 

9999-23.434=17: 

therefore,  th^  series  whose  sums  are  required  are  as. 
follow;  viz* 

4^     4^     4^  1^ 

9         9         9  9 

.    3.17  ,  3.40  _  3.63^   -     3.997g 

7         7  7  7 

The  commop  diftereace  in  the  first  being 

4 .  23  2 
=10-; 

9  9 

znd,  in  the  second, 

3.23       6 

also  the  number  of  terms  in  each,  434,  that  b^ng 
the  greatest  limit  of  z. 

Hence  we  have  the  sum  of. 

First  series,       =963769-; 

Second  series,   =929349. 


•        •■  ^BI*** 
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Also  the  first  period  of  fractions  in   the  first 
series, 

5792468I3 

•     --i--  +  -  +  -  +  -  +  -  +  --h-  +  -  =  5: 

99    9    99    9    999 

,  434  2  .11 

and  =  48-,  or  48  periods  and  two  terms 

9  9*^ 

573 

=  6.48 -h--f-=  241- 

9    9  9 

And,  in  the  second  series,  the  first  period  of 
fractions  will  be 

2     1  6543 

-■  +  -  +  0  +  -  +  ~  +  ~  +  -=3; 

7    7  7    7    7    7 

434 
and  -^ —  =  62,  or  62  periods :  therefore^ 

62.3  =  186. 

Hence, 
^     ^  3  3     ^nr^^^r.  r  integral  terms,  first  se- 

963769^-24i--963528|      ^S^.  ^^^ 

^  ^    f  integral  terms,  second 

92^349  ^18G  =929163 1      ^^^^^ 

Whence    the  |  ^ 

ditterence,    J 
is  the  number  of  integral  solutions  required.' 

1 63 .  Cor.  We  have  at  present  only  considered  the? 
case  in  which  two,  at  least,  of  the  given  coefficients 
are  prime  to  each  other;  and,  when  this  is  not  the 
case,  the  following  transformation  wifl  be  requisite, 
and  which  wall  be  better  explained  by  a  partial 
than  by  a  general  example. 

Let  it  therefore  be  proposed  to  find  the  number 
of  solutions  that  the  equation 
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Ua?  +  1 5^  +  20Z  =  100001 

admits  of  in  positive  integers. 

By  transposing  20^,  and  dividing  by  3,  we  hav« 

Ax  +  5y  =  33334  -  "Jz  +  — ;7— ; 

o 

^ \ 

and  as  this  last  nmst  be  an  integer,  put  — ; —  =  z/, 

or  5^=3«^+  1,  and  this  being  substituted  for  s:,  the 
above  equation  becomes 

1 2a:  +  1 5j/  +  20(3w  +  1 )  =  100001 ; 

or,  dividing  by  3,  and  transposing 

Ax  +  by  -f  20m  =  33327, 

the  number  of  solutions  in  which  Avill  be  the  same 
as  in  the  original  one,  but  in  this  u  may  become  O, 
as  we  shall  in  that  case  have  s;  =  1 . 
Now  here,  the  greatest  limit  of    . 

33327 


u< 


20 


^=1666, 


and  the  equation 

bq-Ap-l 

gives  9=1  and  />=  1 ;  whence  the  series  will  each 
consist  of  1 667  terms,  because  %i  may  =  0,  and  their 
sums  will  be 

7     27    47    67      ^      33327    ^  1 

J  7  27  47  i^^    ^    33307       ^    4 

'^^  ^5^iHH^  ^''  ~y-^=55567773; 

and  the  fractions  of  the  first  series  will  be- 

3     3     3      „ 
-  +  -  +  -+  &C.; 
4      4      4 
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tvhere,  each  term  having  the  same  fraction>  the 
sum  will  he 

-X  1667=12507. 
4*  •  4 

Iri  the  second  series  the  fractions  arer 

2     2     2 
5     5      3 
the  sum  heilig 

7x1667  =  666^; 
and  heilce  we  have 

69459727-  1250-=  6944722, 

4  4 

65567777--666  7=5556111. 

5  5 

Whence  the  total  ntmrber  7  _    ,, 
of  solutions,  J  "~   *^ 

When  there  are  four  or  more  unknown  quan- 
tities, the  number  of  possible  solutions  is  found  in 
a  similar  manner^ 


PROP.  V. 

164.  Having  given  any  number  of'  equations 
less  than  the  number  of  unknown  quantities  which 
enter  therein,  to  determine  those  quantities. 

Let  there  be  proposed  the  two  equattoni^ 

to  find  the  values  of  x,  ^,  and  z. 

Multiply  the  first  by  of  and  the  second  by  a> 
whence,  by  subtraction,  we  obtain 


qf  the  First  Degireei  3^7 

bf ,  dividing  each  of  these  kpcrira  coefBdeiits  b^ 
its  greatest  common  divisor^  if  they  haire  any, 
and  representing  the  re3tilts  by  l/\  c^^,  d'^^  thig 
equation  becomes 

Find  now  the  valnes  of  5/  and  z  id  this  eqiiatioQi 
and  thtee  being  substituted  for  them,  in  the  eqiui^-^ 
lion 

will  give  the  fcdrredpondiiig  yalnes  bf  i;  of  which 
those  that  are  fractional  mqst  of  course  be  r^i^edi 
and  also  those  that  render  {cz  +  bj/)>di 
Ex.  Id    Giving 

io  find  atl  the  integral  valued  of  x,  jf^  add  x; 
Multiplying  the  first  h^  3^  we  have 

9x  +  25^  +  49«  s  3920^ 
•  "Whence^-  by  subtraction,  we  hav^ 

10^  +  26:2!=  1240; 

5y+14«=620: 
and  here  the  values  of  ^  and  z  are  found  to  b$^ 

y=lia,  96,  62,  68,  64,  40,  26,  12} 
«=      5,   10,  15,  20,  26,  30,  86,  AQi 

And  of  these  the  only  two  that  give 

660  — 7«-6i? 
3  ^ 

M  integer,  are  t)><9  following;  vix. 


{ 


{ 
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{ 


z^lSr,  and y  =  82;  whence  x=l5, 
z  5=  39, 1  and  y =40  5  whence  x = 50, 


Remark.  Though  this  method  of  solutiott 
never  fails  of  giving  all  the  possible  values  of  x, 
t/,  and  z,  in  equations  of  this  kind^  yet  we  may 
frequently  shorten  the  operation  in  particular  case»^ 
in  the  following  manner : 

Having  obtained,  as  above,  the  equation 

5^+145;  =  620, 
we  have,  by  division, 

...,:  .   y=124  +  35;--, 

sb  tlidt  z  must  be  a  multiple  of  5;  make,*  then, 
z  =  bUy  and  we  obtain 

y=  124  — 14m;      ' 

which  values  of  y  and  z,  substituted  in  the  first 
equation,  give 

3a?-35M=  —60,  or  3x  =  3ou  —  6o^ 

whence  u  must  be  divisible  by  3 ;  t^e,  therefore, 
M  =  3^,  and  we  obtain  ' 

x=:35f~20,^=i24-42/,  and«=15^: 

the  value  of  y  limits  t  not  to  exceed  2 ;  assuming, 
therefore,  #=1  aivl  3|  we  have  exactly  the  same 
«olution,as  abov^e^, 

PROP.  VI. 

16*5.     To  decompose  a  given  niuneral  fraction 
having  a  coriiposite  denominator  into  a  nurtiber  of 
simple  fractions  having  prime  denominators. 
-  This  is  in  fact  only  an  application  of  the  fore- 
going propositions  to  this  particular  case;  for  let 


ojf  the  First  Degree.  .  335 

in  . 

—  be  the  given  fractidni  arid  stippdde^  iti  tW  first 

instance^  that  its  denominator  consists  of  two  prime 
factors,  or  n=aft,  it  will  then  be  to  find 

m     p    q 

— T.=^*fT,  or 
ab    a     0 

•  /        ■  J 

in  which  equation,  having  determined  the  values  of 

p  and  q.  we'shallhave  ~  and  r  for  the  fractions  re- 

quired ;  and  as  many  different  ways  may  any  such 
fractioB  be  decomposed  into  others,  as  the  above' 
equation  admits  of  integral  solutions. 

If  the  given  frattion  be  -r-,  then  we  may  first 

resolve  it  into  two  fractions,  and  one  of  thejse^udo 
two  others ;  thus,  let 

abc     ab     c* 

then  we  havef 

■? 

and  Having,  from  this  equation,  found  the  valued 
tfp  and  q,  we  shall  have  i    > 


in       p     q 
abc     ab     c* 


Again,  let 


p  ^r    s 
ab''  a     }f 


whence  we  obtain 

^X2 


134*0  tHi^dl'fnSitate  Probhm 

.'fiifldrend  s-m  ihk>eqTiatioD^  so  shall  we  Jiare 

m       r    8    q 


abc      a'  h'  e 

as  required.  And  we  may  proceed  in  the  same 
manner  to  decompose  any -given 'fraction  having  a 
composite  denominator. 

Ex.  1 «     Find  tvto  fractions^  the  denominators  of 

vrhich  arc  5  and  7>  whose  sum  is  equal  to  — . 

Make 

2  +  2  =  1^ 

7     5     35* 

which  fdrnishes  the  equation 

1 

'AW-fi6yc  we  have  j>«b  1  and  ^  «=  2 ;  therefore^  -  and 

-  are  the  fractions  required;  for  these  give 

1     3_19 

7"*"5""35' 

Ex.  2.    Find  three  fractions^  the  smn  of  which 

shall  be  equal  to  — -■• 

315 

Having  first  found  the  denominator  to  be  equal 
to  the  product  of  the  three  factors  5 . 7  -  9>  U  follows 
immediately^  that  these  three  numbers  must  be 
the  denominators  of  the  fractions  sought;  and  if 
the  given  fraction  cannot  be  decomposed  into  three 
fractions,  having  tbes^  denominators^  it  is  in  vain 
to  seek  the  decomposition  in  any  others. 

Supposing,  then^  in  the  first  place^ 


'^m 


96     9     315' 

we  haw 

Sy»4  afif  4401:} 

which  give  qa»4  tmd  psaag,  wfaeiu» 

401_^    4 
316"35''"9* 

And  now,  in  order  to  deco^npose  — ,  we  mtujt 
have 

wMch  ^ves  ^  =  2  and  j/s3^,  whence 

29     3     3  ,  401      2     d     4 

— S5— ,  — ,  and — 3=— 4 — h— • 
35     &'   7'         315    5    7    9* 

as  required. 

% 

PROP.  VII. 

l66.  To  find  the  least  nnmbev  that  is  contained 
nnder  tW0|  three^  or  more  given  forms ;  or,  \vluch 
is  the  same,  to  find  the  least  number  which,  being 
divided  by  |pven  numbers,  sbaU  leave  giveii  re- 
inainderSf 

it  is  required  to  determine  the  lei^st  yalne  of  n,  that 
inlfila  th^e  qonditionSf  Or,  it  is  required  to  find 
the  least  munber  k,  such  that;»  being  divided  suc- 
cessively by  a,  a',  af\  kc,^  the  remainders  shall 
he  ft,  V,  b^y  &c, 
First,  since  am  +  ft =05^^+  ft',  we  have 

oan-o^n^ft'-ft; 


■^ — ' r*«"*r"T«».  -^^B^"^  -mJ  ^-1.. i^T^^^. 
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0nd;  therefore^  in  this  equation^  the  least  values  of  m 
and  n  (hy  art.  l6o),  then  will  am-^b,  or  afn-i-b^^ 
express  the  least  number  that  fulfils  the  first  iTfto 
conditions :  let^  now,  this  number  be  called  c,  then 
it  is  evident,  that  every  number  of  the  form  ac(q  -h  c 
will  also  fulfil  these  contritions,  and  we  must  pro^ 
Ceed  to  find 

aa'q  +  c  «  a^^p  +  b'%  or  aa^q  —  a''p  =  b'^  —  c; 

that  is,  the  least  values  of  q  and  p  in  this  equation, 
30  shall  we  have  a,a!q  4^  c  for  the  least  number  that 
answers  tiie  first  three  conditions,'  which,  being 
called  dy  we  shall  have  aa'a'^r  +  rf,  as  a  general  ex- 
pression for  all  numbers  of  this  latter  class  r  an4 
thus  we  may  proceed  to  any  required  extent. 

Ex.  1.  Find  tl^e  least  number  which,  being  di- 
vided by  28,  19,  and  15,  shall  leave  for  reii^aiitclev^ 
respectively  1 9,  16,  and  11. 

Here  we  have 

28w*-hl9=19?i+15=i6j^  +  ll;4      .;  , 

now,  in  the  equation  '  *.,.;!  i/i  < 

19R->-28m^4^  M!i  r 

the  least  values  of  m  and  n  are  (aS'  idt^t^i^nined  Hby 
art.  160)  m  =  8  and  w  =  12,  whence  '  ^  ■   h*«. 

28m-fl'9=19n+ 15  =  2435  '    ' 

and  we  have  now  to  find  '        '      '^ 

28.19^-1- 243  =  152^+11,  or'5325f~l5;?--232, 

in  which  eqnation  p—5li  and  i^  — 14^  whence 

532  J  +  243  =  1 6>  +  1 1  =  7691, 

which  is  the  least  number  having  thp  req;uir^d  cqpp 
ditions. 


■»J-^  — IP^^C^ 
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Miscellaneous  Examples. 

1 .  Find  the  least  values  of  x  and  y  that  falfil 
the  conditions  of  the  equation 

Ans.    56  and  Q. 

2.  Find  all  the  values  of  x  and  y  that  the 
following  equation  admits  of  in  integers : 

13x+14y  =  200, 

Ans.    lo  atnd  5. 

3.  Find  the  integral  values  of  x  and  y  in  the 
equation 

27^  +  39^  =  7432/ 
or  prove  there  are  no  s\ich  values. 

Ans.'  Impossible. 

4.  To  find  whether  the  equation 

70^+133^  =  71 
is  possible  or  iitipos^ible.  Ans.    Impossible. 

5.  Find  two  fractions  having  6  and  7  for  de- 
nominators^ whose  sum  is  equal  to  — •, 

3a 

Ans.    -  and  -• 

7        ^ 

6.  Find  three  fractions  having  prime  denomi-- 
pators,  whose  sum  is  equal  to  Irrr- 

^^"^  ?  r  TV 

7.  What  number  is  that,  which,  being  divided 
by  9  and  13,  shall  leave  for  remainders  5  and  12  ? 

Ans.    77. 

8.  Can  lOoZ.  be  paid  exactly  in  the  present  gold 
coin  of  this  kingdom  ?  Ans.    Impossiblen 
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9*    Required  sach  values  of  x  and  y,  in  thijf 
indeterminate  eqnatioi^ 

7x  + 1^=1921, 

that  their  sfun  sf^y  may  b^  the  least  possible. 

|0.    Find  hpw  many  solutions  the  equation 

admits  of  in  positive  integers.. 

ll«    Find  such  yalpe^  of  Xy  y^  and  z^  in  the 
l^uat^li 

{|^+Il3/+13«  =  SP00, 
that  their  ;uin  ^  +  j;  +  s;  may  be  a  minimum. 

13.    Find  the  least  number^  tbat:»  being  divide4 
(ucces^vely  by  the  nine  digits, 

1,  3,  3,  4,  5,  6,  7?  8,  9, 
shall  leaye  respectively  for  remainders  the  digital 

p,  1^  3,  ^,  4.  5,  ^,  r,  8, 


w» 
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On  the  Solution  of  Indeterminate  Equations 

of  the  Second  Degree^ 


PROP,  i^ 


167.  Tq  find  the  values  of  x  \x\  the  inder 
^nninate  eqiiatipn 

Though  this  problem  fall  tiiider  the  general 
form  of  equations  that  are  investigated  in  the  folr 
lowing  propositions^  yet^  as  (hefp  are  «ome  con- 
ditions of  the  coefficient^  that  render  the  solution 
more  simple  than  Qther3y  it  wiU  be  proper  to  state 
It  few  pf  those  particnlws,  without,  however,  mul* 
tiplying  the  p[ile9  tOQ  pinch,  which  wquld  only 
lead  to  emb^i^rassment,  ^  it  is  by  far  better  to  em- 
ploy oi^e  general  method,  that  embraces  all  cases, 
fdthongfa  the  operation  >nay  be  a  littl^  longer,  than 
to  give  a  numbejr  of  particfilar  rules,  suitable  only  to 
S|s  many  partiailar  conditions.  We  shall,  therefore, 
consider,  in  this  place,  only  the  tl^ree  following 
pases;  viz.  when 


•v"  • 


rc  =  q,    ox  ajf  +bx 

<  a^wfy  or  mV  +  i*  +  (r    =z*; 

\^c^m^^  or  x^     4-6j?+in'  =  ;s^ 


\ 
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168.     Case  1.      To  find  the  value  of  x  in  the 
indeterminate  equation 

aa^  +  bx^z*. 

Here  we  may  assume  z  =  xy^  and  hence  we  obtain 

aa?*  +  Jx=x*y%  or  axr^b=xy^. 

Whence  x  =  -5 ,  which  will  become  more  ce- 

y^  —  a  . 

P 
neral  by  making  ^f = - ;  and,  substitiiting  this  value, 

^e  have 

bq' 
^-f^aq'' 

in  which  expression  p  and  q  may  be  taken  any  in« 
tegral  values  at  pleasure. 
f^x.  1 .     Required  the  value  of  x  in  the  ecj^u^tioii 

Here^  since  a;s5  and  $=7>  the  value  of  a?  be-9 
comes 

in  which  ^  and  9  may  be  taken  any  numbers  what^ 
ever:    by    assuming  />=.3   ahd    9  =  1,    we    have 

7 
ar=7,  which  jractiou  will  \k  fqund  tQ  answer  thft 

required  conditions, 
Ex.  2.     Required  the  value  of  J?  in  the  equation 

^ince  a=  2  and  6=  —  3j  we  have 


^- 
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And^  by  assuming  'q^4  and  ^jx^ du,   we.  have 

a: = -— -    which  fraction  will  be  found  to  answer  the 

•   /  .   *;  '  .        ^  ..  " 

required  conditions. 

In  both  these  examples  we  have  arrived  at  fracr 
tional  results;  but  integral  ones  may,  in  all  cases^, 
be  found,  at  least  whenever  h  i^  positive ;  fop,  in 
that  ease,  the  denominator  is  always  of  the  form 
P^  —  aq^j  which  we  have  seen  (art.  150)  may  be  made 
equal  to  unity ;  but,  when  h  is  negative,  this  con- 
dition is  not  always  possible,  beftause  the  equatioA 

aq^—p^^\y  orp^r-ay'=  — .1, 

is  not  always  resolvible  (cor.  1,  art.  1 50).   * 

Ex.3.  Find  such  integral  value  of  a:  as  will 
fender  the  equal^on 

fatioual. 

Jlere  we  have  from  the  general  solution 

and,  therefore,  w^  p^ust  fin4  sucli  values  of  p  and 
5,  that  will  give  '     . 

which,  by  art.  1*5 iV  are  found  to  be  p=^€4Sf  and 
5=180,  whence      ...» 

x=7y?=5:f  •180*=:a26«op,         ...  t 

which  is  the  least  integer  having  the  required  con- 
ditions. -  \v 

1 69.     Case  3^  •   To  Jind^  thf  values  of  x  in  the 
ind^erndnate  equqtioH 

mx  '{■bx-{'V=sz\ 
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Assune  z^mx-^y,  tiien  we  hove 

liVTiepcc^  by  cancelling  wV, 

4 

Or  if^  in  order  to  generaluie,  we  make  y  »-,  tfak 
becomes 

|n  which  e^preisioq  p  and  ^  may  be  assumed  at 
pleasure. 

Ex.  1,    Jleqnired  tb^  value  of  x  in  the  equation 

Here,  since  m=r3^  b^J,    c  =  5,    the  valu(?s  of 
^  are  contained  in  th<;  expression 

in  which^  by  assuming  ^  st>  4  and  9=323  we  have 

f  ^:;i:i  PTJ  Fhicb  IV^ption  an^wfrs  ^e  condition 

pf  the  equatlpn* 
£x*  3«    Requi]»d  the  value  of  4^  in  the  equation 

Here  m  9  3^  ii^?^P>  C^^i  ther^ftffe^  the  general 
value  of  4  is 

By  taldng  ys?i  and  y=l  ^e  have  ^r?r,  whfcl^ 


r 
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fraction  will  be  found  to  answer  the  required  con-* 
4iti0ns. 

170.    Case  8*     To  find  the  imhjte  of  9:  in  the 
indeterminate  equation 

Assume  x = m  +  xy^  then  we  have 

Whence 

h  —  ^my 

y  -a 
Which  is  exactly  the  reciprocal  of  the  expression 
-dednced^for  the  value  ^ofj?^  in  the  preceding  case,  ex- 
cept that  we  have  a  instead  of  c ;  and  if,  in  order  to 

render  it  more  general,  we  make  5^=^  it  becomes, 

__bq*-2tHpq 

X—  ^  a      9 

which  latter  equation  may  always  be  resolved  in 
inters,  .because 

18  always  possible  (art.  150);  and  this  is  true 
whether  b  be  positive  or  negative,  as  we  have  only, 
in  the  latter  case,  to  make  either  pot  q  negative ; 
or,  which,  is  still  tire  «ame,  assume  z^m—xy  in- 
$tMA  of  zsTifn^xy. 

Ex.  1 .    Find  the  integral  value  of  x  in  the  equa- 
tion 

6ji*  +  7J?+l  =  «*. 

Here  we  have  a»5,  6=7>  ^="1^  whence 

'fiow,  in  <Mrder  th&t  we  may  bare 
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p^^bq""-! 


9 


we  find,  by  art.  1 50,  p  =  d  and  7  =  4,  whence  x = 4tfy 
which  number  will  be  found  ta  answer  the  required 
conditions.  . 

Ex.  2.  Find  an  integer  value  for  x  in  the  equa- 
tion .; 

*  .    .   ■ 

Since  a  =  7y  A=— 5,  andm  =  i,  we  have 

f~7q\ 

And^  in.  order  that  this  denotniriator.  may  be 
equal  to  unity,  wq  must  jfind,  by  art.  1 50,  the  values 
of  p  and  Qj  such  that  this  condition  may  have  place, 
which  arq  p  =  8  and  j  =  3 ;  whence  is  obtained  a? = 3y 
which  mak^ 

7.3*-5.3  +  l=r> 
as  required.  .    ^  ^ 

Kteuce  It  follows,  that  when  integral  values  of' 
X  are  required,  we  must  have  particular  values  of 
p  and  9,  obtained  by  m^ans  of  art.  1 50,  or  of  the 
table  subjoined  to  this  volume;  but  when  only 
fractional  values  are  required,  then  we  may  a^sunie 
p  and  q  equal  to  any  numbers  at  pleasure.         * 

171.  Cor.  The  foregoing  solution  will  hold,  whe- 
ther m  be  known  or  unknown ;  in  fact,  wheii  in*  h 
indeterminate,  it  may,  in  the  expression 

_  hq^  —  2mpq 

be  assumed  at  pleasure;  and  the  solution  is  still 
more  general,  if  m  also  enters  into  the  middle  term 
with  Xy  thus,  for  example,  if  we  write  y  for  m, 
the  equation  under  the  latter  guppositiou  will  be 
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which  may  always  be  fonnd  in  integers  by  assuming 

in  which  expressions  p  and  q  may  be  assumed 
at  pleasure;  and,  consequently,  integral  values 
obtained  for  x  and^  ad  libitum  (art.  lOl). 

Ex.     Find  the.  values  of  x  and  y  in  the  equation 

Here  a=3  and»fe  =  5;  therefore,. 

An<l, ,  as6Uming  p  =  3  and  9  f^  1,;  we  have  -r  =?=  1 1 
andy  =  6,  which  values,  substituted  fq^  a?  and  3/.  in 
the  proposed  equation,  give 

3. ll'  +  5.11. 6  +  6^=27*.  , 

And  other  values  may  be  found  by  changing .  those^ 
of  ^  and  gf. 

If  J='0,  and  the  proposed  equation  be 

then  the  values  of  x  and  ^  are 


'••»    i 


■  i        ^  ; 


^ 


=  2;>?= 


?•-«?*• 


.  Wfaocfa  is  exactly  the  result,  obtained,  at 'cor.  3, 
art.  54.. 

m 

Remark.  A  few  other  partial  rules  might  have 
.  been  added  here  for  particular  cases  or  conditions 
of  the  coefficients ;  but,  as  the  principles  explained 
in  the  following  "propositions  embrace  every  pos- 
sible form  of  equation^  a  multiplicity  of  rules  for 
conditional  equations  seems  to  be  both  unnecessary 
and  impi^oper. 
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PROP.  lU 

1^2.  Every  mdetenuiaate  equation  of  the  secotii^ 
degree,  containing  two  unknown  quantities,  ma|' 
jb?  ri^uced  to  the  form 

Let 

represent  any  indeterminate  equation  of  the  second 
degree,  in  which  a;  and  5^  ate  the  two  indeterminatesy 
and  a,  A,  c,  d,  e,  sjiiy,  any  known  integers  posi*^ 
tive  or  negative,  or  zero;  then  I  say,  that  thi» 
equation  may,  in  all  cases,  be  reduced  to  the  morc^ 
rilLplefonn 

For,  first,  multiply  the  proposed  equation  by  4a^ 
wluch  makes 

40**  -f  4abxy  +  4acy*  +  4adx  +  4a€y  +  4a/'==0 ; 

add  i*^  +  2bdj^  +  tP  to  both  sides,  and  transpose :  S0 
shall  we  have 

{2ax  +  iy  +  rf)*=  (&y  +  dy-Aaicy^  -h ey  +/) j  or' 
2ax4-by  +  d     =  v{(%  +  4)*--4a(^  +  ^+/)}- 
And,  in  oirder  to  aibridge  the  latter  expression,  let 

ft*  —  4ac  -    -^    ^    -    -    -     —  A, 
2M-r4ae-    ^    -    -    -    '     ^^gf 

that  is,  A  will  itep^sent  the  multiples  of  ^,  2g  di6 
lUYdtiples  of  y,  and  h  tiie  abaolQJte  qtbantitjr  widdb 
contains  no  indeterminate  lettet.    Now  dieae  mob- 


{ 
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stiMtioDS  will  fnmish  the  two  following  equatiooB  > 

Multiplying  this  last  by  a,  -We  have 

Ay  +  2Agi/  -f  aA=  Af; 
adding  ^",  this  becomes 

(Aj,^gy=-A{f--h)+g%or 

(i^+^r-A<^=^«-AA. 

Substituting  again  Ay^-g^u^  and  g^—Jkh^Ui 
we  have 

W*— A/*  =  B5 

and,  therefore,   the  proposed  equation  has  been 
transformed^  as  required. 

And  it  is  obvious,  that  the  values  of  an  and  y  in 
the  proposed  equation  will  be  immediately  deduced 
from  the  solution  of  tiie  transformed  equation 

For  we  have 

Aysrg^u,  ofy=:-— ^;  and 

1        -i  t  —  d-^hy 

2ar  +  6i/  +  a  =  f.  or  xsa — '—^ 

^  2a 

CI*,  substituting  for  ^,  in  tliis  last,  we  hav0 

{t^d)i^^{u^g)h 
2aA 

AikA  since,  in  the  transformed  equation,  u  and  t 
enter  only  in  the  second  power,  we  may  take  t 
and  w,  in  these  last  expressions,  of  the  values  of 
X  and  y,  either  positive  or  negative,  at  plea3\ire ; 

2  A 
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and  when  the  solution  of  the  proposed  equation  i*- 
required  only  in  rational  numbers,  it  is  obvious, 
that  we  shall  have  it  immediately  from  any  rational 
values  of  t  and  u  in  the  equation 

M*  —  A<'  =  B ; 

but  if  the  proposed  equation  is  to  be  found  in  in- 
tegers, then  we  can  only  em])loy  such  values  of  t 
and  u  as,  when  substituted  in  the  expression  for  x 
and  yy  render  these  quantities  integral ;  in  conse- 
quence of  which  restriction,  the  solution,  in  these 
cases,  is  generally  very  tedious,  and  frequently  im- 
possible. 

Ex.  1.     Let  it   be   proposed  to   transform  the 
equation 

3ct*^-h8jy-3y-  +  2j:~5^  =  110,  or 
3 J?* -f  8xy -  3 j^^  4-  2x-  53/-  1 10  =  0, 

to  another  of  the  form 

Here 

a=3,  J  =  8,  c=  -3,  rf=2,  c=  -5,/=  -  110. 

Whence 

ft'-4ac=;:A=100 
g'^-^ah  =B=- 130284; 

therefore,  the  transformed  equation  is 

M*-100<^=  -130284: 

and,  if  we  had  the  values  of  t  and  u  in  this  equa- 
t;}bn,  those  of  x  and  y  in  the  original  one  would  be 
readily  obtained  by  means  of  the  formulas 

u—g'        ,        t^hy  —  d 
y=^' — —.  andvr= ~ — ^; 


{ 
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but  the  solotion  of  the  equation 

u^  —  a/^  =  B 

belongs  to  the  following  proposition,  the  trans- 
formation being  all  that  is  required  in  the  present 
case. 

Ex.  2.     It  is  required  to  transform  the  equation 

5a?V3a:  +  7         =y%  or 
to  another  of  the  form 

Here  (1  =  5,  i  =  0,  c^-l,  rf^3,  6=0,^=7. 
Whence  we  have 

bd—2ae=g=0,  \        ,   fi*  — 4ac=A=»  20, 

d'-4af=h=-l3l,}    ^^°  \^-ah  =8  =  636;' 

therefore,  the  transformed  equation  is 


u 


'-20/'  =  655:    ' 


1 1 


aqd  the  values  of  u  and  t  being  found  in  this  equa- 
tion, by  the  method  explained  in  the  following  pro- 
position, we  shall  have  those  of  x  and  y  in  the  on'^ 
proposed  from  the  expressions 

ti  —  g         ,        t  —  by-^d 
«/  = -J  andx  = . 

Remark.  The  general  equation  above  ^ven  m- 
cludes  every  possible  form  of  an  indetf«^«atoate  equa- 
tion of  the  second  degree,  a©-*  we  have  seen  that 
this  is  always  reducible  X»  the  form 

^  —  A^'  =  B ; 

and,  conseq«ently,  on  the  solution  of  this  last 
depends  that  of  every  possible  rwac  wuivu  «iu  nnam 
in  indeterminate  equations  of  this  dimension;  but 

iA2 


■1  ■-■■.-  ^J     ■  ^  ^    "• 
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it  should  be  observed,  that,  in  the  solution  of  the 
equation 

X  V 

we  may  have  t  and  u  fractional,  as  ti=-  and  f  =-, 

z  %. 

whence  the  above  becomes 

x"        y' 

•     •  z^        z^ 

X^—A7/^=BZ^', 

an  equation  in  which  the  indeterminates  x,  y,  and 
z,  are  all  integral,  as  well  as  the  known  quantities 
A  and  B;  and  as  all  possible  cases  are  reducible  to 
this  form,  the  solution  of  it  becomes  the  more 
particularly  interesting. 

PROP.  in. 
173.     In  all  cases  in  which  the  equation 

is  possible,  it  may  be  transformed  to  another  of  th^ 
form 

x'^-t/'^cz^ 

We  have  already  (at  art.  53)  given  a  rule  for 
judging  of  the  possibility  or  impossibility  of  every 
equation  of  the  form 

-.1  a?*  —  ffy*  =  B2:*, 

or,  more  gen^riOl^  of  the  form 

but,  in  that  place,  we  weVb  jiot  able  to  show  the 
absolute  possibility  in  those  ciw^es  in  which  the 
given  equation  fell  under  a  possible  f«m ;  we  shall, 
■mwuvw,  uy  iiiuaub  of  flais  proposition,  show,  that 
♦very  equation  faUing  u^der  a  possible  form  13 
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really  resolvible,  and  the  contrary  when.it  falls 
nnder  an  impossible,  which  latter  part  is  in  fact 
proved  in  the  article  above  mentioned. 

Having,  therefore,  first  ascertained  the  possibility 
of  the  equation 

by  the  proposition  above  mentioned,  the  trans- 
formation of  it  to  another  of  the  fbrm 

will  be  effected  in  the  manner  following:  but,  before 
entering  upon  this  subject,  it  will  be  proper  to 
make  a  few  preliminary  observations ;  viz.     . 

1 .  The  indeterminates  x,  y,  and  2,  may  be  con- 
sidered as  being  prime  to  each  other,  as  appears 
from  lanma,  art.  47-, 

2.  Tlie  given  quantities  a  and  b  may  be  sup- 
posed to  have  no  square  divisor ;  for  let  a  =  a'/:*, 
and  B  =  b7%  then  the  equation  becomes 

3^-x\kyy  =  j^\lz)\  or 

by  making  hy  =  y\  and  1%  =  z\  we  may,  therefore, 
always  consider  a  and  b  as  containing  no  square 
divisor. 

3.  The  indeterminate  y  is  prime  to  b;  for  if  y 
and  B  had  a  common  divisor,  x^  must  necessarily 
have  the  same ;  and,  therefore,  x  and  y  would  not 
be  prime  to  each  other,  which  is  contrary  to  what 
has  been  already  demonstrated:  and  the  same 
reasoning  is  equally  applicable  to  a  and  «. 

4.  The  quantities  a  and  b  may  always  be  sup- 
posed positive;  for  if  they  be  not  both  positive,  the 
equation  may  always  be  transformed  to  another 
similar  one,  in  which  the  resulting  quantities^  re^ 
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presented  by  a  and  b,  will  be  both  positive:  thus, 
the  only  possible  cases  are  the  four  following ;  viz, 

1st,  A  positive,    b  positive. 
2d,  A  negative,  B  negative. 
3d,   A  positive,    B  negative, 
4th,  A  negative,  b  positive. 
•Which  give  the  following  four  equations : 

1  St,   X^  —  Aj/'  =  -f  BZ^. 

2d,  x^  +  Af=^-hz\ 
3d,  X*  —  Ay*  =  —  Bz^ 
4th,  Jp^  +  Ay'  =  -j-  B2^     , 

Now,  I  say,  that  the  three  latter  equations  are 
impossible,  or  reducible  to  the  first  form,  in  which 
A  and  B  are  both  positive. 

For  the  third  and  fourth  equations  are  exactly 
similar,  by  only  transposing  the  quantities  a^,  and 
B«*,  and  each  of  these  is  reducible  to  the  first 
fonn ;  for  multiply  x^  +  Ay*  =  bj2*  by  b^  and  trau§r. 
pose,  then  it  become^ 

B'A*  —  ABy*  =  ba*, 
which  is  precisely  the  form  of  the  first ;  and  the 
second  is  evidently  impossible  from  its  natura. 
Hence,  therefore,  it  appears,  that  if  in  the  pro- 
posed equation  a  and  b  are  not  both  positive,  it 
piay  (if  it  be  b,  possible  equation)  be  transformed  tp 
a  similar  one,  in  which  the  resulting  quantities,  re- 
presented by  A  and  b,  shall  be  both  positive. 

We  may,  therefore,  in  what  follows,  consider 
A  and  B  as  being  both  positive,  as  containing  nei- 
ther of  them  any  .square  divisor;  and  the  three  in- 
detenninates  J?,  y,  and  z,  as  integers  prime  to 
each  other;  also  y  prime  to  b  and  z  prime  to  a: 
which  being  premised,  we   shall  proceed  to  the 
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transformation  of  the  given  equation,  as  announced 
in  the  head  of  the  proposition. 

174.  Transformation  of  the  equation 


to  the  fomi 


Q  o  ft 


a;'^-y^  =  c^^ 


In  the  first  place,  let  us  suppose  b  >  a,  for,  if  it 
were  otherwise,  we  should  have  only  to  put  the 
equation  under  the  form 

x'-b^'  =  a/, 

in  which  we  have  a>b;  so  that  we  may  always 
suppose  the  coefficient  of  the  second  side  of  the 
equation  to  be  the  greatest  of  the  two,  unless  in 
case  of  equality,  which  case  forms  a  separate  pro* 
position. 

Let  then,  in  the  given  equation, 

J?*  —  Ay^  =  b^*, 

B  >  a,  and  since  we  have  y  prime  to  b,  hy  the 
foregoing  article,  we  may  make  x^ny  —  Bj/  (cor.  1, 
art.  40),  n  and  y'  being  two  indetemiinates;  which 
expression  being  substituted  for  x,  in  the  above 
equation,  it  becomes 

«y  —  ^nByy'  +  B^y'^  —  Ay^  =  b^^  ; 
or,  dividing  by  b  and  transposing, 

w*  — A 


and,  since  b  is  prinie  to  y,  it  is  evident,  that  n'  —  a 
must  be  divisible  by  b,  for  otherwise  the  equality 
could  not  obtain,  all  the  other  j)art  of  the  equation 
being  integral  j  in  fact,  our  rule  for  ascertaining 
the  possibility  of  the  proposed  equation  (art.'  53) 
depends  upon  the  condition  of  the  equation 


• 
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»*— A 


=  e 


B 

being  an  integer:  let,  then. 


n*  — A 


B 


^  being  the  greatest  square  contained  in  the  qno^r 


w*  — A 


tient  of ;  and  this  valne  being  su()stitiited  for 

B 

r  in  the  above  equation,  gives 

B 

B'Ay  —  2ni/y^  +  By-* = »'• 

Now  we  have  before  shown  (art,  44),  that  all 
squares  are  of  the  same  form  to  modulus  B,  as  the 
squares 

l^  ?•,  3^  &c.,  (iB)^ 

and,  therefore,  the  least  value  of  n  will  neA^er  exr- 
ceed  4-B :  we  shall,  therefore,  be  sure,  by  trying  all 
the  intermediate  numbers  from  1  to  4<b,  to  fall 
lipon  the  possible  values  of  n  between  the  limits  1 
and  iB,  that  render  the  above  expressiop  an  in- 
teger. 

Suppose,  then,  we  have  found  one  or  many  values 
of  w  within  the  above  limits,  which  have  the  required 

conditions  of  rendering an  integer,  we  must, 

with  each  of  these  values,  continue  the  transforma- 
tion in  the  following  manner;  viz. 
Repeating  again  the  equation 

and  multiplying  by  B^/r*,  we  have 
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B'^Ay  -  2nB'%y + B'B*y'  =:b'av,  or 
(b^%  -  ni/y + b'b  AY*  -  »y  ^ = ^'k'z" ; 

und,  since  n*  —  A  =  b'b/t*,  this  becomes 

(B'%  ~  ny  )*  -  Ay'^  =  B'i'sj*  i 

or,  making  B'A'y  — ny=a?^  and  ZrV  =  ^'*;  we  hayc, 
for  the  transformed  equation, 

x'^-Ay^'sB'^s^ 

which  is  exactly  similar  to  the  equation  first  prorr 
posed,  except  that  in  this  B'<-fB,  for  n<4B, 
therefore  w*  — A  <Jb';  and,  Consequently,  since 


n*  — A 


=  B'ft', 


we  mast  have  b'  <  4-b, 

We  have,  therefore,  transformed  the  given 
equation  to  a  similar  and  dependent  one,  of  which 
one  of  the  coefficients  is  less  thaq  in  the  equation 
proposed ;  and  if,  in  this  hew  equation,  b'  be  equal 
to  unity,  or  to  any  square,  the  equation  is  trans- 
posed as  required.  And  the  values  of  x',  3/^,  and  z\ 
being  determined  in  this,  will  give  us  the  values  ^^ 
1/,  and  z^  in  the  original,     Fur  M'e  have 

1st,  X  ==wy     —By', 

2d,  cif^B'k'y  —  nu'^ 
3d,   z'^hz. 

From  the  second  of  these  we  have 

^'^    bT    ' 
which  therefore  thus  becomes  known. 
And  the  first  gives 

x'  ^-m/ 


^i^^f 
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And  the  third  reduces  immediately  to 

--  J,- 

Bat  if  neither  of  the  above  conditions  have  place, 
that  is,  if  b'  be  neither  equal  to  a  square  nor  to  unity, 
we  must  first  ascertain  whether  b'  be  still  >  a,  and 
if  it  be,  we  may  proceed  in  the  same  manner  to 
|;ransform  this  last  equation  to  another  similar  one, 

in  which  last  b''  <  ^15' :  proceeding  thus,  by  suc- 
cessive transformation,  we  must  be  finally  brought 
to  an  equation  in  which  b' "^  or  c  <  a. 

Having  arrived  at  this  equation,  by  transposing, 
we  shall  hav^ 

jn  which  now,  we  have  a  >  c. 

If,  then,  we  represent  this  new  equation  by 

^  —  Cj/   =A.2  , 

we  may,  by  proceeding  exactly  as  above,  reduce 
this  to  another  similar  and  dependent  equation, 

or,  calling  a^*"^  =  d,  to  this, 

a;^-c/*  =  Di'^ 
in  which  a^"\  or  d  <  c  ;  or,  by  transposing, 

in  which  0  d.     Representing  this  anew  by 

we  may  proceed  to  reduce  it  in  a  similar  manner  to  the 
preceding  one.  Since  then,  at  every  step,  we  reduce 
the  coefficients,  so  that  a  <  p,  c  <  a,  d  <  c,  &c.,  it 
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{s  obvious,  that  we  must  finally  arrive  at  one  that 
is  equal  to  unity ;  for  it  has  been  seen  thaf  these 
coefficients  arc  always  positive,  and  they-  can  never 
become  =0.  Now  it  is  impossible  for  ^  series  of 
integers  to  go  on  continually  decreasing,  under 
these  conditions,  without  one  of  tlieni  becoming  at  > 
last  equal  to  unity;  and  hence  it  follows,  that 
when  the  equation 

is  possible,  it  may  always  be  transformed  into 
another  equation  of  the  form 

which  last  equation  is  always  resolvible  (by 
art.  54);  and,  from  the  values  of  the  indeter- 
minates  in  this  last  equation,  we  mciy  proceed  by 
successive  steps  to  those  of  x,  y^  and  2:,  in  the 
original  one  proposed,  by  means  of  equation^ 
analogous  to  those  in  the  preceding  part  of  thi^ 
proposition;  viz. 

.1/  -h  m/  , 

z' 
k 

175.  From  what  has  been  explained  in  the 
above  article,  we  derive  the  following  simple 
method  of  aiTiving  at  the  final  equation,  without 
absolutely  performing  the  operation,  which  it  wa» 
necessary  to  explain  in  order  to  show  the  principles 
pn  which  the  transformation  was  effected. 


ff^ 


%^ 
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It  appears  from  what  has  been  said,  that,  iit 
order  to  eflFect  the  successive  reductions,  we  must 
make  the  following  calculations. 


a?^-A/=B  Z^y 


;i?-a/  =  b'V, 


n    —  A 

B 
7t^^-A 

B' 

n'''-A 


B 

&c. 


// 


-=b'  k% 

-^=b"'A'^ 
&c. 


a7*-Ay  =  B^*V,  or'cz*, 

till  we  have  c  <  a  ;  then,  transposing,  our  calcula- 
tion must  be  carried  on  again  in  the  same  manner 

fis  above:  thus, 

I     n^  -c 


a:«-cy^  =  A'«% 

;i:*-c/  =  A'V, 


A 

«'* 

— 

C 

A' 

n'"- 

C 

=a'  r, 


A 

&C. 


// 


&C. 


.r  -  cf  =?  A^"*^^^  or  D«*, 
jn  which  expressions  *%  /*,  &c.,  are  the  greatest 


n*  — c 


integral  squares  in  the  quotient :   which  re- 

t 

ductions  and  transformations  must  be  continued, 
till  we  arrive  at  the  equation  required ;  that  is,  in 
which  one  of  the  coefficients  above  represented  by 
A,  B,  c,  &c.,  becomes  unity;  and  having  found 
the  value  of  the  indeterminates  in  this  last,  we  shall 
arrive  at  those  of  Xy  y^  and  «,  in  the  original  equa- 
tion, by  means  of  equations  analogous  to  the 
following : 
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a;'  +  ivif' 


y= 


n'k 


i 


In  the  above  forms,  tlie  accents  of  a?,  j/,  and  r, 
are  omitted,  to  avoid  coniiisiou ;  but  the  reader  will 
be  aware  that  these  letters  are  not  of  the  same 
value  in  any  two  of  the  preceding  equations.  It 
may  also  be  proper  to  add,  farther,  that  though, 
in  order  to  show  the  successive  transformations, 
we  have  employed  several  forms,  yet  there  are  few 
practical  cases  in  which  these  are  numerous. 

Ex.  1 .     It  is  required  to  transform  the  equation 

to  another  of  the  form 

and  hence  to  determine  the  values  of  x,  y,  and  z, 
in  the  equation  proposed. 
Here  we  have 

11  --»*^-»' 

by  assuming  n  —  4,  whence  b'  =  1 ;  and,  therefore;^ 
the  transformed  equation  is 

./  a/*-  5^*=  «^,  or 

Now  the  general  values  of  xf  and  y  ia  this  equa- 
tion are  (by  art.  54) 

y=  p*  +6ot*=14, 
Si's  p*  ~6m»=  4, 
if'^Spm  =  6,, 


^ 


^  • 
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that  is,  by  assuming  /? =3  and  m  =  1 ;  whence  thosd 
of  X,  y^  and  Zy  in  the  equation  proposed,  are 

•^  B  A  1  ^ 

^  =  7y/-B/  =  4.38-11.6  =  86, 

■ 

which  numbers  answer  the  required  conditions,  foi* 

86*-5.38-=11.4^ 

And,  by  giving  different  values  top  and  ?/?,  various 
other  integral  solutions  may  be  obtained. 

Ex.  2.  Required  the  values  of  Xj  y^  and  «,  in 
the  equation 

a•^-12/  =  132^ 
First, 

by  assuming  /2  =  5;  whence  we  have,  for  the  trans^ 
formed  equation, 

in  which' we  readily  find  a?'=  4,  2;'=  2,  and  y  =  1 ; 
A'hence 

.r'  4-  ny'  _  4  +  5  ,  _ 


x^ny  —  ^y'^b.^—  13.1  =32, 

=    2, 


;s'  2 


% 


k  1 

which  numbers  answer  the  required  conditions,  for 

32'- 12.9"=  13. 2'. 
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In  these  two  ex£imples,  we  have  arrived  at  the 
*  equation  required  by  tlie  first  transformation,  in 
which  cases  we  readily  find  integral  values  for  a?, 
jfy  and  z ;  but  if  two  or  more  transp'ositions  be  re- 
quisite, tlien  we  must  be  satisfied  with  fractional 
results,  at  least  we  cannot  always  obtain  integral 
ones,  under  those  conditions. 

Ex.  3.  Required  the  values  of  x,  y,  and  jr,  in 
the  equation 

First, 

—— — =bA^  =  6, 

by  assuming  n  =  1 4,  and  thus  we  have  b'  =  6 .  A*^  =  1 , 
so  that  the  transformed  equation  is 


f  .r'*-10y'^=   6^^  or 


Then  again, 

by  assuming  n'=4,  whence  c=l,  and  the  new 
transfonned  equation  is 

ar'*-6»"*=  y"\  or 
x'«-  y"»=62"*; 

in  which  last  we  find  readily  jf'  =5,  ^  =  1 ,  and 
«''=2.  And  having  thus  obtained  the  values  of 
the  indeterminates  in  this  equation,  we  readily 
deduce  those  of  x\  y\  and  %'\  and  hence  again 
those  of  Xy  y,  and  z^  in  the  equation  proposed. 
Thus, 


{ 
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,    a?''  +  nV      5+4.2  . 

a?'  =  «V-C«"=4.13-10.3  =  3i8, 

,   y"  1 

•^      /  1 

which  numbers  answer  the  conditions  of  the  eqoa* 
tion 

and  hence  again  \ve  have 

_*-'  +  n/    ^  32-1-14.1        __23 
^~    b'A'       ~        6  ~T* 

23  22Q 

«=nv-31/=14.y-31.1=-^, 

z'  13  ,„        39 

and  these  fractions,  or  their  numerators  only,  will 
answer  the  required  conditions ;  for 

It  will  ht  readily  observed  here,  that  the  first 
set  of  equations,  whence  we  derive  the  values  of 
j/,  y%  %\  are  exactly  analogous  to  the  last,  from 
which  we  find  x,  3/,  and  %\  the  only  difference 
being,  that  %''  and  y"  stand  respectively  in  the 
place  of  3/'  and  z'  in  the  preceding  one,  as  must  ne- 
cessarily be  the  case,  because  the  equation  we  trans- 
formed was 

in  which  %'  occupies  the  place  that  is  given  to  j/  in 
th<i  first. 
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PROP.  IV. 

176.  To  find  the  values  of  x,  y,  and  z^  in  the 
equation 

X^  —  AJf^  =  AZ^. 

In  the  foregoing  proposition^  We  havef  always 
Supposed  one  of  the  coefficients  to  be  greater  thaii 
the  other ;  and  though  we  may  still  make  use  of  a 
similar  principle  when  they  are  equal,  and  thus 
include  both  these  propositions  under  one,  yet,  as 
the  present  admits  of  a  simple  process,  it  will  be' 
better  to  consider  it  separately. 

Since  then 

a?  —  Ay'  =  \z^y 

it  follows  that  x  is  divisible  by  a,  and  as  we  may* 
always  suppose  a  to  contain  no  square  factor,  there- 
fore x=s  a  j/,  or  x^  ^  ijjc"^ '^  whence  we  have 

A V*  —  Ay*  =i  A5J*,  or 
r/^  +  si^       ^Ax^: 

and  since  here  A  contain^  no  square  factor,  x\  y^ 
and  z^  may  be  considered  as  prime  to  each  other; 
because,  if  they  had  a  common  measure^  the  whole 
equation  might  be  divided  by  it,  as  we  have  before 
seen:  this  then  being  the  case,  make 

y^nz  —  Ajf^  whence 
)r— 2ws;y +Ay^=x*; 

therefore  n*  -f  1  must  be  divisible  by  a,  for  other- 
wise the  equality  cannot  obtain :  let  then 

=  aT,  or  M*  +  1  =  aa'A:% 

2  B 
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which  substitution  gives 

a'A-V  -  2nzy'  +  a/' = j;"*. 

Multiply  both  sides  by  a'A*,  and  we  have 

a'Ts;' - 2A'nk^zj/  +  (w'  +\)y'^^ A'a^k\  or 
(AA'2-7?/)^+y*  =  A'a^A-% 

or^  for  the  sake  of  abridging^  make 

aTz  ^  w?y^  =  s',  and  x'^^k"  =^  x''\ 
and  our  equation  becomes 

2'*+y2=AV^ 

which  is  exactly  similar  to  the  ecjuation  proposed^ 
except  that,  in  this,  a'<^a;  and  if  a'  be  now 
unity,  the  equation  is  resolved,  as  we  have,  in  that 
case,  only  to  find 

the  solution  of  which  is  given  cor.  3,  art.  54.  But  if 
a'  be  still  >  1 ,  we  must  proceed  in  the  same  manner 
to  reduce  it  again  to  a  simitar  equation,  in  which 
A''<-i-A';  and  it  is  manifest,  that,  by  thus  con- 
tinually decreasing  the  values  of  a,  a',  a^,  &c-,  we 
must,  at  last,  arrive  at  a  term  equal  to  unity ;  and 
then  the  equation  will  be  transformed,  as  required. 
And  from  the  values  of  the  in  determinates  in  thi* 
last  equation,  we  arrive,  by  successive  steps,  to 
those  of  x,  y,  and  «,  in  the  equation  proposed, 
for  in  each  of  these  we  shall  have  analogous  equa- 
tions to  those  first  obtained  \  viz^ 

y    =nz     -  Ajr,  whence  z  =  — ^^ ; 

x'  '=-}^kH  —  ny\   -  -  -  y  ^nz  —  Kyf\ 

of' 
iffk^af*  -  -  -  .r^=r-^  and  ap=Aa?^ 

k 


.  .     _«       m*    t^    .^ 
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£x;  1 .    Find  the  valued  of  x,  y,  and  z,  in  thd 
equation 

First j    making    x^lSa/"^    the   above    equatiod 
becomes^  aflter  division^ 

y*-|-is'=13x^;  also 

by  assuming  n=6;  whence  a' =2,  aiid  A*=l,  sd 
that  the  transformed  equation  will  be 

Now  nere  we  have  a  known  case,  namely,  when 
y  =  1,  z^^  1,  and  a/'=  1 ;  whence  again 

z'-^-ny'      1  +  6.1 

^  =*n2-Ay^6. 3  — 13.1  =  2, 
,     ^'  1 

"^         /fc  1  =^'  , 

ahd,  consequently,  j/=13j/=13,  ^=2,  ahd^^^j 
are  the  values  of  a:,  y,  and  «,  required  for 

13'- 13.2'=  13. 3^ 

177^.  Scholium.  This  problem  may  also  be 
resolved  upon  principles  entirely  different  from  th^ 
foregoing;  for  it  is  demonstrated  (art.  105),  thatth« 
sum  of  two  squares  can  only  be  divided  by  num* 
bers  that  are  also  the  sums  of  two  squares;  «md, 
consequently,  when  the  equation  "  reduced  to  th«? 
form 

It  is  evident,  that  both  a  and  3<*  are  the  stims  of 
two  squares,  because  y*  +  z*  ie  divisible  by  ea<^  of 

2^2 
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those  quantities ;  and,  farther,  it  has  been  shown 
(art.  91),  that  the  product  of  two  numbers,  each 
the  sum  of  two  squares,  is  of  the  same  form- 
Hence,  then,  we  have  the  following  solution: 
assume  A  =j9*  +  y^,  and  ^''^=y*-l- }'%  then  will 

ip' + 9')  X  (;>" + r )  =  (;'/  ±  mJ  +  (??'  +/9)' ; 

that  is, 

and,  consequently. 

In  which  expressions  p  and  q  are  known,  being 
the  roots  of  any  two  squares,  of  which  a  is  the  sura, 
and  p'  and  5"  must  be  such,  that  p^  +  q^^  =^  od^^  any 
square 3  that  is  (by  cor.  3,  art.  54), 


{ 


p'  =  7n^  —  n^y 


q'  =  2/7in, 

with  which  values  any  equation  of  this  kind  may 
be  solved ;  and  it  is  obvious,  if  a  be  not  a  number 
of  the  form  p^  +  9*3  that  the  proposed  equation  is 
impossible,  either  in  integers  or  fractions. 

Ex.  1 .     Required  the  values  of  Xy  y,  and  z,  in 
the  equation 

From  the  foregoing  formulae  we  have 


iy=pp'±qq\ 


Z=pq  +pq. 
Also, 

therefore^  />=8  and  y=  1,  orjp  =  7  and  g=4. 


{^': 
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Again^ 

=  m*  — 7i'  =  3,     d,  &c., 
2m7i     =4,  12,  &c.i 

by  assuming  m  =  2  w  =  l,  7W  =  3  w=2,  &c. 

Now  these  values,  substituted  for  jp,  y,  j^'',  j',  ia 
the  above  f ormulae,  give  the  following  results : 

?/  =  28,  20;  37,  5;  52,  28,  &c. 
'z  =  29,  35;  l6,  40;  9I,  101,  &c. 
x=    5,     5;     5,     5;   13,      13,  &c. 

Each  of  which  sets  of  numbers  will  answer  the 
required  conditions  of  the  equation. 

Cor.  1.  The  same  principle  is  equally  ap- 
plicable to  the  solution  of  certain  other  forms  of 
equation ;  viz.  to  the  following : 

^  +  y  =A2:-, 

00\-2f=-AZ\ 

x^  —  by^  =  Az\ 

For  as  these  formulae  can  only  be  divided  by 
numbers  of  the  same  form  as  themselves  (art.  105, 
et  seq.) ;  therefore,  when  any  of  these  are  possible, 
A  is  of  the  same  form  as  the  first  side  of  the  cor- 
responding equation,  ;c*  being  likewise. so;  and  then 
again,  the  multiplication  of  twq  formula  of  this 
kind,  as 

(/  ±  a(f)  {p''  ±  a^)  ^3^±ay'' : 

that  is,  they  give  a  product  of  the  same  form. 

Hence,  then,  representing  the  above  equations 
by  the  general  form 

x"'  +  oy^  =  Aa% 
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the  solution  piay  be  obtained  as  follows :    Find 


{ 


p^  +aq*  =A, 


the  latter  of  which  equations  is  readily  found  by 
art.  54^  and  the  former  is  always  possible  if  the 
equation  be  so;  and  having  thus  found  the  values 
of  p,  gr,  p%  and  g^y  we  shall  have 

(/)/  ±  aqq'y  +  a{pq'  +fqY. 

Whence  again  we  derive,  by  comparispn, 

r  x=pp'±  aqq'y 
\y=pq'+p'q. 

Ex.  1.     Required  the  values  of  j:*,  y,  and  «j|  i^ 
the  equation 

Here^  a  is  of  the  form  x*  +  2y',  fqr 

therefore,  p^2  and  g  =  1 . 

Also,  assuming  z^  =  3%  we  have 

therefore,  ^  ^  1  and  5'  =  2. 
Whence, 

*=pp'±2y^=6,  or  2; 
y  =??'+.  ?/  =  3,  or  6. 

Which  numbers  answer  the  required  conditions ; 
for, 

6*  +  2.3*  =  6.3% 
2V2.5^  =  6.3\ 

And  various   other  values  might  be  found  hy 
assuming  any  other  square  for  z^y  which  has  th^ 


{ 


{ 
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form  p'^-^^q^;    and  this  may  always  be  done  by 
squaring  any  number  of  the  same  form. 

Ex.  2.     Required  the  values  of  x,  y,  and  «,  in 
the  equation 

Here,  a  being  of  the  form  jf  —  5y'*,  or 

A=:ll=4*-5.1'; 

therefore,  /?  =  4  and  q  =  l. 

Also,  assuming  z*  =  2%  we  have 

2«  =  2*  =  3*-6.1'; 

therefore,  ^  =  3  and  9^  =  1 , 
Whence, 

r  X =;>/>' ±599' =17,  or  7; 
ly=J»9'±  «P'=  7,  or  1. 
Which  numbers  give  the  following  results : 

17«-5.7*=11.2% 
7*-5. l'=11.2^ 

And  various  other  values  might  be  obtained,  by 
assuming  other  squares  for  z^^np^—bq'^^ 

It  will  be  observed   here,  that  the  ambiguous 

signs  in  the  compound  expressions  for  ss  and  j/  are 

±  and    +   in  the  first  example,  but  ±  and  ±  in 

,the  second;   that  is,  the  ambiguous  signs  ar^  + 

and  +,  when  the  connecting  sign  is    +    iq  the 

proposed  equation,   but  +  and  +  when  that  sign 

is  —  :  the  reason  for  which  change  will  become  ob-. 

vious  by  considering  the  nature  of  the  two  products* 

Cqr,  2.     In  the  above  equations,  we  know  im-» 

mediately,  from  the  form  of  a,  whether  the  equa^ 

tions  proposed  be  possible  or  impossible ;  as  in  the 

former  case,  a  must  have  the  same  form  as  the 

fint  side  of  the  equation  with  which  it  is  connected^ 


{ 
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at  least  with  an  exception  in  the  two  last,  when  a  is 
even  (see  art.  108  and  I09).  And  thus  far  these  equa- 
tions may  be  considered  as  forming  a  separate  class, 
but  in  other  respects  the  same  principles  may  be 
employed  for  any  equation  whatever;  that  is,  when 
A  is  of  the  same  form  as  the  first  side  of  the  equa- 
tion in  which  it  enters ;  but  when  it  is  not  of  that 
form,  it  does  not  imply  the  impossibility  of  the 
proposed  expression,  as  is  the  case  in  those  wq 
have  been  considering. 

PROP.  V. 

178.     Every  equation  of  the  form 

X®  —  Ay^  =  B.^% 

in  which ,  and ,   are  both  integers,   is 

resolvible  in  rational  numbers. 

We  have  before  investigated  this  theorem 
(art.  53),  but  it  will  be  observed,  the  rule  thence 
deduced,  although  perfectly  correct,  is  deficient  in 
this,  that  it  is  not  demonstrated,  when  an  equation 
falls  under  a  possible  form,  that  it  admits  of  a 
rational  solution ;  the  only  certain  conclusions  being 
with  regard  to  impossible  forms:  it  is  therefore 
proposed,  in  the  present  proposition,  to  supply  this 
defect,  by  demonstrating  the  absolute  possibility 
in  the  former  case,  the  tnith  of  which,  or  of  the 
above  theorem,  results  as  an  immediate  conse- 
quence of  the  transformations  effected  in  the  pre- 
ceding propositions,  and  the  demonstration  of 
art.  52.  But  in  order  to  render  the  investigation 
as  simple  and  conclusive  as  possil^le,    it  will  be 
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proper  to  resume  here  the  forms  of  reduction,  as  in 
^rt.  175;  viz. 


0?'  — Ay  =  B  a% 


a?*  -  \f  =  b'.^% 


X*  —  Aj/*  =  B^"' ;2*,  or  cz^y 


W      —  A 

B 
W'*-A 


=  6'*', 


B 


; ^B"n 


&c. 


&Cf 


fn  which  last  equation,  b^"*^,  or  c  <  a. 
Then  again. 


J?*  — cy  =  A^*, 


x^  —  cy*  =  Afz^y 


x^  —  c^-  =  A^^^it',  or  d;^*, 


«^ 

— 

C 

A 

n" 

— 

C 

A' 
&C* 


=A"r, 

&C. 


till  we  have  d<  c;  and  so  on,  as  has  been  before 
explained,  in  art.  175,  k^,  /^'^  &c.,  /*,  Z'^,  &c., 
being,  as  in  that  article,  the  greatest  squares  con- 
tained in  the  respective  quotients,  arising  froiii  the 
division  of  n^  — A,  w*  — c,  &c.,  by  b,  a,  &c.  And 
it  is  to  be  demonstrated,  in  the  present  proposition, 

that,  if  it  be  possible  to  find ,  and  ,  both 

integers,  that  all  the  other  above  analogous  forms 
are  also  possible  in  integers;  and,  therefore,  that 
the  equation 

x^  -  \y^  =  hz^ 
is  reducible  to  a  dependent  equation  of  the  form 

x'^—y'^  =  cz^i 
in  which  last  form  the  solution  may  always  be  ob- 
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tained,  and  whence  the  values  of  x,  y^  aad  %,  ia 
(he  original  equation^  also  become  known. 
Now,  first,  if 

B 

we  have  evidently,  by  transposition, 


r?  —  A 


9 

but  if  — —  be  an  integer,  so  likewise  is 

(«  —  uh'y  —  A 
b' 
tvhere  the  indeterminate  u  may  be  so  assomed,  that 

(n  —  «b')  <  ^b'  ; 
therefore,  calling  (n—uB')=n',  we  have 


—  =  B"r} 


B 

and,  consequently. 


W^-A 


b" 


an  integer;  and  here  again  we  haye  also 

(w'-«b")*-a 


b" 


an  integer;  or,  making  n'  —  «B"==n", 


n"»-A 


b" 


an  integer,  and  so  on,  for  as  many  transformations 
as  are  requisite ;  that  is,  if gives  an  integral 

quotient,  so  likewise  will  all  the  other  analogous 
forms 
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w'^-A    n'^^-A 


^1  we  arrive  at 


b'    '       b'' 


U*  — A 

=  C. 


,    &C. 


b(-) 


yAaid  it  therefore  now  only  remains  to  be  shown^ 
that,  if  : be  an  integer, is  so  likewise  5 

for,  this  being  demonstrated,  it  will  follow,  froni 
what  18  shown  above,  that  the  analogous  forms 

will  also  give  integral  quotients;  and,  therefore, 
that  the  possibility  of  the  original  ec|uation  de- 
pends upon  the  two  conditions  of 

n*— A  ,  m^  —  B 

,  and  , 

B  A 

being  integral. 

In  order  to  demonstrate  this,  let  ns  repeat  Again 
pur  first  equations, 

w*  —  A        ...         ,          n'  -  B  b'  ft* 
=  B  A? ,      whence s=  1 1 

B  A 

B  A  ' 

&c.  &c.      -  -  -    &c,  &c, 

«*•  -A         „  a*  -B<"'cft» 

B^'>       ^'^^  A  ^' 

and,  consequently,  bb'A*,  bVT%  b'VA''*,  &c.,  are 
found  amongst  the  remaiiiderB  of  the  squares 
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n\  n'\  n''\  &c. 
to  modulus  a;  that  is, 

px  +  ^B'k\  p\  +  ^\V'k\  &c. 

are  all  possible  forms,  when  compared  with  a  as  a 
modulus.  But  we  have  demonstrated,  that  the 
product  of  a  possil)1e  and  impossible  form  alwayu 
produces  an  impossible  form  (art.  53),  therefore, 
B  and  b'  must  be  of  the  same  kind,  with  regard  to 
possible  or  impossible,  to  modulus  a  ;  for  if  B  was 
a  possible  remainder  to  modulus  a,  and  b^  an  im- 
possible, then  would  bb'A'*  be  also  impossible,  as  is 
evident  from  the  proposition  above  quoted :  but  we 
have  seen  that  bb'/t*  is  a  possible  remainder,  and, 
consequently,  b  and  b'  are  both  of  the  same  kind, 
as  to  possible  or  impossible,  to  modulus  a.  And, 
in  the  same  way,  we  shall  have  b''  of  the  same 
kind  to  b',  and,  therefore,  also  to  b  ;  and  the  same 
of  the  other  quantities  b'',  b'^',  &r.  to  c :  therefore^ 

It be  an  mteger,  or 

m^  ^p\  +  b^ 

we  shall  have  also 

/J^'' i^;?  A  +  c ; 

and  the  same  reasoning  will  apply  to  eveVy  trans- 
formation. Now,  since  the  solution  of  the  pra- 
posed  equation, 

depends  upon  its  transformation  to  the  form 

{|nd  this  transformation  depending  upon  the  pos- 
sibility of  the  integral  quotients  above  stated;  alscv 


'-  **->^»> ..  ■  -^  ^^    ,  .    ,,    I  ;,km  w*,-^*m^  .^^.  ,i  ^     MVf    ^  ^ ' Jg-aUJAIUkJ^UJ^gpi^iBff 
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these  having  their  possibility  involved  in  those  of 
the  two  conditions 

«^  — A  *  m"  — B 


>  and 


B     '  A      ^ 


being  integers:  it  follows,  that  when  these  two 
obtain,  the  solution  of  the  proposed  equation  may 
always  be  obtained  in  rational  numbers.  —  a.  e.  d. 
Cor.  And  in  the  same  manner  it  may  be  shown, 
that  the  equation 

Q  O  0 

AX  —  By-  =  c%* 

is  always  possible,  if  it  falls  tinder  a  possible  form, 
according  to  the  method  employed  at  art.  53. 

Lemma. 

179*  We  have,  in  the  foregoing  propositions, 
given  a  general  method  for  solving  all  possible  in- 
determinate equations  of  the  second  degree,  and  of 
ascertaining  their  impossibility  when  they  admit 
of  no  rational  solution;  and,  in  the  following 
article,  it  will  be  shown,  how,  from  one  known 
case,  an  infinite  number  of  others  may  be  obtained ; 
but,  before  we  proceed  to  tliis,  it  will  be  advan- 
tageous to  the  reader  to  collect,  under  one  point  of 
view,  all  that  has  been  demonstrated  in  this  and 
the  foregoing  chapter  relating  to  the  equation 

x^  —  Ny*  =  ±  A . 

First,  then,  it  has  been  demonstrated,  in 
art  105,    that  the  equation 

is  always  resolvible  in  integers,  providing  n  be  not 
an  exact  square.     As  to  the  equation 
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it  is  only  resolvible  in  certain  cases ;  that  is,  wheii 
the  fractions  arising  from  v^  recuf  in  periods^ 
consisting  of  an  odd  nnmber  of  terms.  Also  the 
equation 

is  always  possible,  if  a  be  found  in  the  dendminatof 
of  any  of  the  complete  quotients  arising  from  tlief 
v^ ;  but  the  equation 

is  only  possible  when  a  is  found  in  the  denominator 
of  one  of  the  complete  quotients,  that  occupies  an 
even  place;  and,  consequently,  the  corresponding 
fraction  an  odd  place.  In  all  these  cases,  however^ 
if  there  be  one  solution  possible,  there  are  an  inde- 
finite number  of  others;  and,  in  the  following  pro- 
positions, it  is  proposed  to  find  general  expressions 
in  which  the  values  of  x  and  y  are  contained  for 
each  of  the  above  cases. 

PROP.    VI. 

180.  To  find  the  general  values  of  x  and  y  m 
the  equation 

.1'^  — Ky=  ±1, 

from  the  values  of  p  and  q  in  the  equation 

f^^q^^  ±1. 

The  present  problem  divides  itself  into  threef 
cases,  on  account  of  the  ambiguous  sign  ± ,  which 
are  as  follow ;  viz.  To  find  the  values  of  x  and  y  in 
the  expression  *^  — n^',  under  the  following  con- 
ditions : 
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1st,  X*  — Ny'*;!,  from  the  known  case;?*  — N9*=      1; 
2d,  j:*  — Ny  =  l,   ------    j»*  — N9*=— 1; 

3d,  J?*- Ny*  =3-1,    -  -    -    -    />^-N5r*=?-l. 

Case  1 .     Resolve  -the  two  equations 
^*-Ny*=l,  and  a:'~Ny'=l, 
into  the  factors 

then  we  have  also 

(jp  +  y  v^)*(p-y  ^»=l-=l: 

equating  these  with  the  factors  in  x  and  y,  we  ohtain 

a?+y  vT^  =  (/>  +  q' -/n)*. 

Whence  again,  by  addition  and  subtraction^ 

j;  = 

2  ' 

y= ^::;;# ^ 

which  values  of  x  and  y  will  always  be  integral, 
and  will,  therefore,  be  the  general  values  sought; 
and  these  are  evidently  infinite  in  number,  because 
m  is  indefinite. 

Case  2.  The  same  method  may  be  followed 
here  as  in  the  preceding  case,  except  that  the 
powers  represented  by  the  exponent  m  must  be  even^ 
in  order  to  convert  —  1  into  +1,  as  is  obvious 
from*  inspection;  and,  therefore,  the  general 
values  of  x  and  y,  in  this  case,  are 
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Gase  S.  Here  again  we  hate  evidently  the 
same  result  as  in  the  former  cases^  except  that 
the  powers  of  m  must  now  be  odd,  for  every  odd 
power  of  —  1  =  —  1 ;  therefore,  the  values  of  x  and 
y  are  now 

The  number  of  values  of  x  and  y  being  indefinite'^ 
as  in  the  former  cases. 

Let  us  now  illustrate  these  rules  by  a  few  ex- 
amples. 

Ex.  1.     In  the  equation 

having  given  /?=  13  and  9  =  4,  to  find  the  general 
values  of  X  and?/  in  the  equation 

a?'-14/=l. 
Here,  making  wi  =  2,  we  have 

(15  +  4  Vl4)'  +  (16-4  ^/14)* 
.r  = ^ 1 =  449, 

(15  +  4  Vl4)*~(l5-4  ^14) 
^  2  v'14 

which  give 

449^-14.120'==!: 

and  other  values  may  be  found  by  assuming  any 
other  power  instead  of  the  second. 

Ex.  2.     Given  j9  =  4  and  5  =  1,  in  the  equation 


bf  ihe  Secofnd  Degf^e^i  38^ 

to  find  the  values  of  x  and  tf  in  the  equation 

Here  we  have  again 

2  * 

,_(4+  ^17)«-(4-vl7)»_ 

^^ t:^ ^' 

whence 

33'- 17.8'=!; 

and  other  values  may  be  found  by  assuming  any' 
bther  even  power  instead  of  the  second. 

Cor.     This  method  of  deducing  the  Tallies  of 
X  and  y  in  the  equation 

from  those  of  p  and  q  in  the  equation 

is  very  useful  in  finding  those  values  of  x  and  y^ 
beiqg  much  more  ready  than  continuing  the  ex- 
traction by  continued  fractions ;  because^  whenever 
the  fnintis  sign  arises,  it  always  happens  before  the 
pbis  sign ;  this  will  be  evident  from  the  following 
example. 

Ex.  3.    To  find  the  values  of  x  and  y  in  the 
equation 

We  find  in  five  terms,  proceeding  by  continued 
fractions,  that,  in  the  equation 

J9  —  1 8  and  9  »  5 ;  therefore,  without  pursuing  th% 
extraction  any  farther^  we  have,  by  means  of  tbt 
above  formulae^ 

a  c 
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X  — -^ =  049, 

(18  4-5  W3)'-(l8-5  <v/13)* 

y= 7. — r;; =  180; 

^  2  ^13 

which,  as  we  obsen^ed  above,  is  a  much  readier 
method  than  carrying  on  the  extraction,  as  in  ex.  3, 
art.  151. 

Ex.  4.     Given/?  =  4  and  9  =  1,  in  the  equation 

/-175°-=-i;       ' 

to  find  the  values  of  x  and  y  in  the  equation 

a;*-17y'=  -1. 

Assume^ 

(4+  vi7)'-(4-  ,/i7)' 

y= -a":^;!; =  6/5 

whence 

268'- 17. 67'= -1: 

and  other  values  may  be  found  by  assuming  any 
other  odd  powers  instead  of  the  third. 

PROP.  VII. 

[  181.  To  find  the  general  values  of  x  and  y  in 
the  equation 

X^  —  N^*  =  ±  A, 

A  being  <  v^. 

We  have  already  showna  how  the  first  values  of 
X  and  y  are  to  be  obtained  (art.  154),  and  shall 
therefore  now  suppose  that  tliese  values  are  known^ 
or  that  we  have  found  the  values  of  m  and  n  in  the 
equation 
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Hiid  also  those  oip  and  q  in  the  equation 

Then  it  is  obvious,  that 

(p^  —  ^q^)  X  (m*- Nn*)  =  ±  a; 
but,  by  art,  95, 

r  (pm  +  N^w)*  —  n(/>w  +  qTn)\  or 

tvhence  we  have^  for  the  values  of  x  and  y> 

C  x=pm±'sqn,  ' 

\  y^pn  ±qm4 

But  the  general  values  of  j9  and  q  in  the  equation 

/>'  — N5^=  ±  1, 

&re,  by  the  foregoing  proposition, 

^= ^ T"^ 

m  being  even  or  odd,  as  the  case  requires ;  whicti 

general  values  of  p  and  f ,  being  transferred  to  the 

formula 

f  X  ^pfn  ±  'sqTif 
Xy^pn  ±qm^ 

tvill  iumish  the  general  values  of  x  and  y  in  ikM 
*  equation  proposed. 

Cor.     If  the  known  case  be 

and  we  wish  to  deduce  from  this 

we  must  find  p  and  q  in  the  equations 

and  then 

ac  St 
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C  x=pm±vqn, 


f/=pn  ±qmy 

will  be  the  valaes  of  x  and  y  reqninedl 

And  generally^  if  the  known  case  hare  a  dii^ 
ferent  sign  from  the  equation  proposed^  then  W9 
must  employ  the  equation 

p*— N5*=  —1. 
But  if  it  have  the  same  sign^  the  equation 

is  that  from  which  the  general  values  of  x  and  y 
are  to  be  obtained. 

Ex.  1.  Having  given  the  values  of  m  and  n  in 
the  equation 

viz.  m=3  and  n=l,  to  find  generally  the  value* 
of  X  and  y  in  the  eqaation 

First,  in  the  equation 

we  have  ^  =  8  and  j = 3 ;  whence  the  above  formula 
give 

x=pm±Nj«,  I  ^j^^^.      f  x=3,  or  ^=46; 
y^pi  ±qm;  J  '  \l/  =  ^>  ory=17; 

and  it  is  obvious,  that,  by  finding  the  other  values 
ofp  and  q  in  the  equation 

P'-rq'^h 

we  should  readily  deduce  those  of  x  and  y  in  the 
equation  proposed;  but  it  is  perhaps  as  well  to 
consider  the  values  of  x  and  y  just  found,  as  new 
values  of  7/t  aad  n,  and  then  we  have  immediately 
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2/-pn±qm\j  \y=27i; 

and  so  on  for  other  values,  ad  infimtum. 

£x.  2.  Find  the  general  valaesr  of  x  and  y  in 
the  equation 

having  given  those  of  m  and  n  in  the  equation 

viz.  m^A  and  «  =  1 . 

In  this  equation,  since  the  absolute  quantity  has 
a  different  6ign  from  the  known  case,  we  must  eni'' 
ploy  the  equation 

p^^l3q^=  -1, 
which  gives  /?  =  1 8  and  9  =  5;  whence 

^=^±''?«''lthatis,  l^^^^t'^'*??' 
y^pn±qm\}  ^   \y^2,  or    38; 

M'hich  are  two  of  the  values  sought,  for 

7*- 13.   2'= -3, 
137*- 13.38*= -3; 

and  other  values  are  readily  found,  as  in  the  fore- 
going example. 


{ 


PROP.  VIII. 

182.  To  find  general  and  rational  values  of  x 
and  y  in  the  equation 

X*  — Ny*=  ±A, 

A  being  any  number  whatever. 

In  this  case  we  have  no  direct  method  of  finding 
integral  values  for  x  and  y,  as  we  had  in  the  fore- 
going propositions,  unless  a  fall  within  the  limits 
prescribed  in  the  last  problem^  in  which  case  the 
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solution  belongs  properly  to  that  article,  and  we 
have,  therefore,  in  this  place,  only  to  attend  to 
the  case  in  which  a  >  vn. 

Now  if  A,  though  greater  than  ^/n,  be  made  np 
of  any  number  of  factors,  as  a',  a'',  a'^%  &c.,  each 
pf  which  is  less  than  the  vn,  the  solution  of  the 
equation 

X*  — Ny=  ±A, 

when  it  is  possible,  may  be  deduced  from  those  of 
the  equations 

m*  —  N/i*   =  ±  A% 

m"* -Nn"  =  ±a'', 

w'''-Nn''^=±A''^ 

&c.  &c. 

because  the  continued  product  of  factors,  each  of 
the  above  form,  is  itself  also  of  the  same  form 
(art.  96)  i  and  we  shall  therefore  have 
(m*  -  vn")  {m^  -  vnT)  {rn'"^  -  >  w'^)  =  a?'  -  Ny'  =  ±  a, 

where  the  values  of  x  and  y  will  be  always  deter-i 
zninate,  and  integral  functions  of 

m,  n;    m-,  nf;    m^\  nf\  &c. 

For,  by  the  same  article, 

(m*  —  Nn')  X  (m'*  —  n«/*)  = 
{mm^  ±  vnn'Y  —  n  (mw'  ±  m^ny. 

And  making  now 

mm^  ±  vnn'  =  p,  * 

mn^  ±rn'n  =;a, 

we  have 

Again, 

(p»--N€t*)(m'^-Nn<"')  = 

(pm''  ±  Non'O*  -  N(Ptt''  ±  amy ; 


{ 


{ 


{ 
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makings  therefore, 

we  have 

(w'  ^  N»^)  (m'»  -  Nn'^)(m'^  -  nw''*)  =  i?*  ^  k/  =  ±  a- 

Also,  substituting  for  p  and  Gi,  in  the  foregoing 
values  of  x  and  y,  we  obtain 

X  =  m"{mm'  ±  vnn^)  ±  ^n^\?nnf  ±  m'n) , 
y  =  »''  (mw'  ±  xww')  ±  m  (inn'  ±  m'n) . 

Whence  x  and  y  are  determinate  and  integral 
functions  of 

wz,  n\  in\  n^\  m'\  n"i  &c,; 

which  are  known  integral  quantities. 

Having  thus  found  one  integral  value  of  x  and  y 
in  the  equation 

X*  — Ny=  ±  A, 

we  shall  have  the  general  values  of  those  quan- 
tities from  the  equation 

/-V}'=  ±1, 

as  in  the  foregoing  propositions;  that  is,  calling 
the  values  of  x  and  y,  found  as  above,  m  and  n^ 
the  general  values  of  x  and  y  will  be 

x^pm±'sqny 
y:=ipn  ±qm\ 

the  general  values  oip  and  q  being  expressed  by 

p^ 1 . 

the  indeterminate  power  m  being  even  or  odd>  a« 
the  case  may  require* 


•. 


{ 
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Ex.  1  •     Required  the  values  of  x  and  y  in  tik^ 
equation 

First,  having  resolved  —9  into  the  factory 
4-  3  X  —  3,  we  must  find  the  values  of  m  and  n^ 
|U)d  m'  and  fi'^  in  the  two  equations 

m*  --13»*  =  +3, 
m''-13w''=-3; 

fmd  als^  the  values  of  j9  and  q,  in  the  equation 

and  then  the  general  values  of  x  and  y  may  be  de- 
termined as  above ;  thus,  in  the  present  case,  we 
have,  from  exjEuhple  2  of  the  foregoing  proposition, 
?« = 4  n  ==  1,  m'  =^7  w'  =T  3 ;  whence  the  first  valuer 
pf^andyare 

a:==ww'±N»n'=2,  or  54; 
y^rnln  ±  mf^'=l,  or  15, 

And  by  means  of  these  values,  and  those  of  p 
^nd  q^  in  the  equation 

/-13y"=±l, 

an  indefinite  number  of  other  valuej^  may  be  ob- 
tained, as  in  the  last  proposition. 

PROP,  ix/ 

183.     To  find  rational  values  of  x  aiidy  in  the 
equation 

J?*  — Ny*=:  i:A, 

in  those  cases  in  which  a  cannot  be  resolved  into 
puch  factors  as  was  supposed  in  the  last  article. 
Y^hen  in  the  equation 


{ 
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A.  is  >  v^,  and  caimot  be  resolved  into  factors^ 
each  of  which,  is  less  than  vn^  we  have  no  general 
inethod  of  solutiou  for  integral  valnes;  in  fact, 
^he  equation  will  not  always  admit  of  such  vahies, 
although  there  n>ay  be  fractional  ones  that  will  ob^ 
tain,  which  is  not  the  caa^  if  a  <  v^,  or  resolvible 
into  factors  that  are  <  v^.  We  mfist,  therefore, 
in  this  case,  employ  a  different  method  of  solution ; 
jthat  is,  we  must  find  the  values  pf  t  and  u  in  th# 
equatioi^ 

by  art.  t7^>  and  then,  dividing  the  whole  by  z%  we 
)iave 


t  u 

QT,  making  -  =  m  and  -  =:  n,  this  equation  becomes 

and,  calling  this  the  known  case,  we  shall  have 
the  general  values  of  ^r  and  y,  by  means  of  the 
equation 

as  in  the  foregoing  article ;  that  is, 


y^pn  ±pm', 

only  in  this,  the  general  values  may  be  fractional 
instead  of  being  integral,  as  in  the  former  case. 

Hence  it  appears,  that  in  all  eases  when  one 
solution  is  given,  as  many  others  may  be  deduced 
from  it  as  we  please ;  and  when  the  given  case  is 
integral,  all  the  other  solutions  will  also  be  integral; 
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and  when  the  jfii-st  is  fractional,  all  the  other  des^ 
pendent  solntions  will  be  fractional  likewise. 

Cor.  The  methods  that  have  been  explained^ 
in  the  preceding  proj)osition,  for  finding  the  general 
values  of  x  and  7/  in  equations  of  the  form 

X"^  —  'Si/"  =  A, 

are  equally  applicable  to  equations  of  the  form 

jf  —  'Sl/^=Az\ 

as  is  evident s  because  this   equation  being  mul- 
tij)lied  by 

w3I  leave  the  second  side  of  it  the  same  as  at  first. 
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1 .  Find  the  least  integral  values  of  x  and  y  in 
the  indeterminate  equation 

Ans.    ^  =  9;  y  =  4. 

2.  Find  the  integral  values  of  x,  y,  and  z,  ii^ 
the  indeterminate  equation 

or  prove  that  there  are  no  such  values. 

Ans.     Impossible. 

3.  Rcquire'd  to  ascertain  the  possibility  or  im-. 
possibility  of  the  equation 

Ans.     Impossible^ 

4.  Find  the  least  integral  values  of  x  and  y  ia 
the  indeterminate  equation 

and  also  in  the  equation 
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Jf  the  latter  be  possible. 

Jm      J-^^^'y-^^  l5t  equation* 
\  Impossible,     2d  equation. 

5.  Find  the  two  least  integral  values  of  z  and  y 

in  the  equation 

^n,       /^=649^  842431; 
^^^^'      ly=180,  233640. 

6.  Find  the  least  values  of  x  and  y  in  the  equ^i 

Hon 

^«-13/=i4. 

Am      /^="9^ 

7.  Required  the  least  integral  square  that,  when 
^lultiplied  by  113,  shall  exceed  another  integral 
f^quare  by  unity. 

^         Arts.     |^=''^S 

8.  Required  the  least  values  of  x  and  y  in  the 
equation 

79r*-101/=l. 


99S 


CHAR  IV. 

Qn  the  Solution  of  Indeterminate  Equations  of 
the  Thtr(f  Degree,  and  those  qf  Higher 

DimemUms, 

PROP.  I. 

184*   To  find  rational  values  of  x  in  the  equation 

<KC'  +  Jo:^  +  ex  -f  rf=  2*. 

It  is  only  under  one  partial  condition  of  the  ah* 
ftolute  term  d,  that  this  equation  achnits  of  a  direct 
solution^  that  is^  when  (2  is  a  complete  square^  a^ 
|I==/*,  in  which  case  th^  equation  becomes 

or'  +  ftx*  +  cx-fy*=  «•; 

and^  when  this  condition  has  not  place^  we  have  no 
other  method  of  proceeding  but  by  trial ;  and  even 
when  it  has^  we  can  find  but  one  solution  at  a  time| 
^hich  is  obtained  in  the  following  manner : 

\st  Method.    Assume 
then,  by  squaring,  we  have 


flX*  +  ftx*  +  ex  +f*=f*  +CX  +  -Tj^X 


*,  or 


c* 


ox*  +  &r* = -7.7^?* ;  whence. 
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Ex.  1.     Required  the  value  of  i;  in  the  equation 

Herca=l,  6=1,  c  =  3,  andy=l}  therefore^ 

c^^4bP     6 

23 
which  value,  substituted  for  x,  gives  «* = (— )*,  as  re- 

quired. 

^d  Method  of  Jinding  the  value-  of  x   in  the 
equation 

ax^  +  hx*  +  ex  +J^^  z% 

Assume 

z=:J^+gx  +  hji?l 

then,  by  squaring,  we  have 

Now  make 

/-^qfh^b, 
and  there  will  remain 

ax^^2hg3?  -k'li^j^l  or 
a— 2Ag 


{ 


X  = 


But  the  two  preceding  equations  giv« 

X='r?9  and 

Which  values,  being  substituted  for  h  and  g,  ift 
the  above  expression  for  x,  give 
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Ex.  2.     Required  the  value  of  x  in  the  equatibii 

Here  we  have  fl= —5,  6  =  6,  c= —4,  andy=^l; 
which  values,  substituted  in  the  above  expression, 
give  x=  —  1,  which  number  answers  the  conditions 
of  the  question. 

If  we  employ  the  formula  obtained  by  the  pre- 
ceding method;  viz. 

fJT  z^  ■■■.  »      «    ■ 

we  find  x  =  7,  which  also  answers  the  required  con-^ 

ditions. 

RemarJc,  It  should  be  obserA^ed,  that  thougti 
these  two  methods  generally  give  different  results, 
yet,  when  one  of  them  fails  (as  is  the  case  when 
i=:0  and  c=0  at  the  same  time),  the  other  fails 
also;  and  we  must  then  have  recourse  to  the 
method  that  is  explained  in  the  following  pror 
positions:  but  even  this  cannot  be  employed  un- 
less we  know  one  case  in  which  the  equation  ob  - 
tains. 

PROP,  n.' 

185.  Having  given  the  value  of  m  in  the  equa- 
tion 

am^  +  bm^  +  cm  -f  rf=/" 

to  find  the  values  of  x  in  the  indeterminate  equa^ 
tion 

oj^  -j- bjf '\- ex  +  d=  z*. 

Assume  y  -f  w = j?,  then  we  have 


of  the  Third  Degree.  399 

aif  -h  Sainy^  +  3am^y  +  aw'  =  aa?^ 

-  -    hy^+  2hmy  +  6m*  =  6x% 

-  -     -     -     '  cy  +  cm  =cXf 

-  -     -     -     -     -     "  d  ^d. 

Whence, 

€iy  +  (3am  +  A)y*  +  (3am*  +  2hm  +  c)^  ^f^  =  ^*. 

Or,  writing 


a    -     -    -     -     =a' 


J 


(3am  +A)       -     —h\ 
{^ani^  +  2fem  +  c)  =  c'. 

We  have 

Which  being  thus  reduced  to  the  form  of  the 
equation  in  the  preceding  case,  its  solution  may  be 
obtained  by  either  of  the  methods  there  given ;  viz. 

And  having  found  tlie  value  of  y  in  this  last,  wc 
shall  have  x=y-\-m',  ^nd,  therefore,  x,  in  the 
proposed  equation,  will  thxis  become  known. 

Ex.  1 .     Required  the  value  of  x  in  the  equation 

Here  the  known  case  is  m  =  1 ,  which  gives 

l'  +  3  =  i2*, 

thereforey=  2 ;  alsoa=l,  6  =  0,  c  =  0,  rf=3. 

And,  applying  these  values  as  above,  we  have 

a     -     -     -    -     =a'=l, 
(3am  +i)      -     =6' =3, 

(3am*  +  2Jm  +  c)  =c'=3. 

Whence  the  new  equation  is 

y'  +  3/  +  3y  +  4  =  «*. 
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And  the  value  of  y,  by  the  first  fonnnla  of  mi 
preceding  proposition,  is 

c^-Abf*  _Q-4S_ -39 
y~     Aap    ~     16    *■    16  • 

Therefore, 

-39  -23i 

the  value  sougbt. 

Ex.  2.     Hequired  the  valae  of  x  iu  the  eqaation 

Here  we  have  a  known  case,  m  =  1,  which  gives 

therefore y=  2 ;  alsoa  =  d^  i=0,  c=iO,  andJ=l; 

and  hence 

a  .  -  -  =a'=3, 
3am  +6  -  =i'=9, 
3flm*  +  2im-f  c=  c^  =9^ 

Whence  the  new  equation  \% 

And  here  the  value  of  y  by  the  first  forjnula 
(art  184)  is 

^"     AaJ^     "*    16  • 

And^  consequently^ 

-21      -5 
x=m+y  =  l+-^=:-:^- 

Which  value  of  x  will  be  found  to  answer  the 
required  conditions  of  the  equation  proposed. 

If  we  had  employed  the  second  fidrmula  instead 

of  the  first,  we  should  have  found 

- 1952  ,  -g29 
f/  =  '  ,^^^  ana  x^—r-—-. 
^       1323  1323 
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An<l  it  \s  obvions,  that,  we  migbt  now  temftider 
either  of  these  results  as  the  value  of  m  in  the 
known  case,  and  thus  proceed  to  find  other  values 
of  Xj  providing  the  equation  admitted  of  more 
answers.  But  this  is  not  always  the  case,  as  it 
often  happens  that  from  one  known  value  of  w  we 
cannot  derive  another;  and  this  is  still  not  owing 
to  any  defect  in  the  method  we  employ,  for  it  is 
demonstrable,  that  some  of  these  equations  admit 
of  only  one  answer;  such  is,  for  example,  the  equa- 
tion 

which  obtains  when  j?  =  2;  but  there  is  no  other 
value  of  x^  either  integral  or  fractional,  that  vnll 
fulfil  the  conditions  of  the  equation^  as  may  be 
demonstrated  on  similar  principles  to  those  em-^ 
ployed  in  Part  I  *  chap.  v. 

1 86.  To  And  rational  values  of  x  in  the  inde^ 
terminate  equation 

axi^  +  bx^  -\'Ca^'\-dx  +  e^z'^. 

This  proposition,  like  the  preceding  one,  only 
admits  of  a  direct  solution  in  particular  cases ;  viz^ 

1  st,  When  e  is  a  complete  square,  as  e  =y*. 
3d,  When  a  is  a  complete  square,  as  a^m^. 
3d,  When  both  the  foregoing  conditions  obtain* 

And  when  no  one  of  these  circumstances  has 
place,  a  direct  solution  cannot  be  obtained,  there, 
being,  in  fkct,  no  other  means  of  proceeding  but 
by  trial;  if,  however,  in  this  way,  one  solution  if 

2  D 


{ 
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fotlDcl^  a  variety  of  others  may  commonly  be  dedtic^ 
from  the  one  known  case,  aa  is  shown  in  the  foP 
lowing  proposition. 

I87.     Case  1.    Tojind  a  ratimial  value  of  x  in 
the  indeterminate  equation 

oo?*  +  fcr*  +  cx^  +  dx  +/*=  «*. 

Assume 

^^ps^  +  qx+f', 

then,  by  squaring,  we  have. 

/>V  +  2pgrir'  +  {(f  -¥  2pf)j^  +  2qfx  +/* = 

And  now,  by  making 

we  have 

j& V  +  2jo}A^- =  ar^  +  for*,  of 
(;?*  -  a)x*  =  (6  -  !2pq)x^. 

Whence,  from  the  latter  equation. 

But  the  preceding  equation  gives 

d  c-^q 

V  =  T7>  ana»  =  — rr 

Which  values  being  substituted  in  the  foregoing 
expression  for  x,  we  have 

{%hf' ^  Acdf  ^  d')Sf' 

and  this  formula  will  always  render  the  proposed 
equation  a  square- 


or 
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£2:.  1 .     Required  the  Talae  of  x  in  the  equation 

Here^  since  a »I^  4=1,  c  =  l,  d=l,  andy*=l, 
we  have 

^'^     65^    11' 
which  fraction,  being  substituted  for  x,  gives 

as  required. 

Ex;  2.     Required  the  value  of  x  in  the  equation 

Here  we  have  a=«3j  6=0,  c«0,  rf=5  ^3^  and 
y=  1 ;  whence 

216 

which  fraction,    being  substituted  for  x,  will  be 
found  to  answer  the  required  conditions. 

1 88.     Case  2*     To  find  a  rational  value  of  xin 
the  indeterminate  equation 

mV  +  ia:^  +  ex*  +  dr  +  e= IB*. 

Assume 

then,  by  squaring,  we  have 

mV  +  2mpx*  +  (j5^  +  2m5)a?*  +  2p5X  +  j*«B 
mV+      hs^-k-  cx^+     <£v+e. 

■ 

And  here,  taaking 


r  amp       =  6, 


2mq^Q^ 

thei*e  remains 

2pyx-i-y*=dr  +  e. 
i20  2 


"<-^  —A      ."  .  i. 
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Whencfij  by  transposition  and  diTisiony 

g^  —  c 

d-2pq 

Also^  from  the  preceding  equations  is  obtained 

b                   c-p" 
p= ,  and  0=!= ,  or 

4m^-y 
^""      8m^     " 

Which  valnes  of  ;?  and  j,  being  substituted  in 
the  above  expression  for  x,  Ave  have 

^'^     {^(bn' -- Acbrn'-h  b^js^^      ' 
»    £x.  3^*     Required  the  ?a]ue  of  ^  in  the  equation 

Here  m=l,  i  =  0^  c=0,  rf=«— 3,  and  c  =  2; 
whence 

which  fraction,  being  substituted  for  a?,  will  b^  found 
to  answer  the  required  conditions. 

Remark.  It  will  readily  be  observed,  that  the 
above  formula  fails,  as  does  also  that  obtained  in 
case  1,  when  the  seeqnd  and  fourth  terms  are 
wanted,  that  is,  when  6=0  and  ^==^0,  forinthift 
case  tl^  denominator  biecomes  zero,  and  the  value 
of  X  infinitCji.  30  that  in  equations  of  the  form 

?«V  +  r.r*  +  e=.«%  and 
ax*  -I-  cx^  +y  * = a% 

we  have  no  method  of  solution,  although  they  fall 
under  the  form  we  have  been  considering;  and  in- 
deed it  frequently  happens   that    such   equation? 
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are  impossible,  as  may  be  demonstrated  on  otl^er 
principles :  thus^  the  equation 

X*  -  J?*  +  1  =  :?;* 

is  impossible,  either  in  integers  or  fractions,  and 
several  others.  But  in  many  cases  x  has  a  real 
value,  though  we  have  no  other  means  of  arriving 
at  it  but  by  trials ;  and  in  this  manner  we  mast 
proceed  under  every  form  of  the  general  equa* 
tion  except  those  of  the  three  cases  pointed  out 
in  the  leading  part  of  this  proposition. 

1 89.  Case  3.  To  find  ratumal  values  ofx  in  *»- 
determinate  equations  of  the  Jbrm 

This  equation  belongs  to  each  of  the  foregoing 
cases,  and  may  therefore  be  solved  by  either  of  the 
formulae  above  given,  and  it  also  admits  of  other 
solutions,  distinct  from  both  of  them,  which  are  as 
follow : 

1st  Method  ofsoiving  the  indeterminate  equation 

Assume 

z  =  mx^  +  qx  + /; 
then,  by  squaring,  we  have 

mV  +  2mq3i?  +  (9*  +  2mf)x^  +  2qfx  +/'  =5 

d 
Where,,  by  making  a  =  2^/,  or  q  =  -r?,  there 

V 
mains 

hci?  +  ex"  =  2mqx?  +  {q^  +  2mf)3i?. 

Whence, 

*  ^     h-^mq 


re- 


406  Indeterminate  Problems 

Or,  by  substituting  for  q  its  equivalent  -^i,  this 
espression  becomes 

"^         4bf'-4mdf  '  ""^ 

_d^^6mf'^4cf^ 
^^    AbJ^^4mdf   * 

Here  the  last  formula  arises  from  supposing^ 
negative,  which  may  always  be  done,  because  it  enters 
into  the  original  equation  only  in  the  second  power, 
and  therefore  /  itself  may  be  either  +  or  — . 

Ex*  1.     Required  the  value  of  x  in  the  equation 

4a?* -f  3x -f  1  =  «•. 

Here  we  have  w=2,  b^O^  c=bO,  d=3,    and 
/=!;  therefore, 

rf*  +  8m/'-4c/*       -25 


j?= 


4br--4mdf     ""      34' 

_d*^Smr-4c,r  _-7 
^^     4br^47ndf     ^   24' 

both  of  which  fractions  answer  the  required  con^-^ 
ditions,  the  former  making 

and  the  latter,  on  the  same  principles,  pving 

2d  Method  of  solving  the  indeterminate  equation 

mV  +  ijr'  +  ex*  +  ^  +/• = «*. 

Assume 

z^nu^-^qx^f, 

as  before ;  by  which  means  we  have  again 


T>«-  '        » "    '■    ^'  r" 


N 
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And  now,  making  i^  2m^,  or  ^r  =  -- — ,  \ye  hav# 

ex*  +  fib  =  (5*  +  2mf)3f  +  2?/x, 
Whence, 

y*  +  2rnf—  c ' 

Or,   by  substituting  for  y  its  equal  ■- — ,    this 

formula  becomes 

^     4m^d—4mbf 

_     4m^d  -f  4my 

the  second  formula  being  obtained  as  before,  by 
supposing  y  negative. 

Ex.  2.    Required  the  values  of  x  in  the  equation 

X*  -  3ar  +  4  =  z*. 

Here  m=l,   i  =  0,   c  =  0,    rf=  —  3,   and  y=2j 
therefore, 

_     4m^d-4mbf    _-3 

^  ^  6*  -h  8my  -  4mV  ^  ~4' 
_    4m*d'\-4mbf   _  +3 


either  of  which  fractipns,  substituted  for  x^  will  be . 
foimd  to  answer  the  required  conditions. 

Remark.  It  will  be  observed  again  Jjere,  that 
the  formulae  which  we  have  thus  found,  all  fail  under 
the  same  circumstances  as  before ^  t;i;s.  when  6=0 
^d  d^O:  y^e  must^  therefore,  in  all  such  cases^ 


I 

■ 

f 
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endeavour  to  find  one  value  of  x  by  trials ;  and,  if 
this  cannot  be  done,  then  it  is  in  vain  to  attempt 
the  solution  of  the  equation,  which,  as  we  before 
observed,  may  not  admit  of  one ;  but,  if  ope  value 
can  be  found  under  any  circimistance,  then  we  may 
deduce  others  from  thb  one,  as  in  the  following 
proposition, 

PROP.   IV. 

190.     Having  given  the  value  of  an  in  the  equa- 
tion 

am!^  -h  bm^  +  cm?  -f  dm  +  e  =/*, 

to  find  values  fox  x  in  th^  indeterminate  e(][ua« 
tion 

Assume  y +  m=:a?,  then  we  have 

at^  +  Aamjf  +  Gam^i^  +  4am^y  -f  am^^ax\ 

-  -  h^  +  Zhmy^  -^  3bm''^  +  bm^  ^  b£ , 
.  »  .  ^  -  cy*-f2c2wjf  ■\'Cm^=ca^, 
-------     rfy  -{-dm  ^dx. 

-  -     -     -     -     ^     fp     -     »--e5=e. 

And  now,  writing 

4am  +h      --^-^--     =i'^ 

*         6am^  +  3bm  +  c     -     -     -    ^     -     =  c', 

4awi' +  3ftm* -f 2c/n  +rf    -     -     -     =(i', 

am*4-   ftw'+   cm^-^dm  +  e      -     =/^ 

we  have 

aajVioT'-fc^Vrfar  +  e  =;?%  or 

ay  +  by  +  cy + rf>  +/' = ;s^ 

And  now,  the  last  term  of  this  formula  Ia  ^ 
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being  a  square,  we  have,  by  case  1  of  the  pre* 
ceding  propoaitioii^ 

*^  "^  i6cy*  -  QAofr  -  Scurfy* + d'' ' 

and,  consequently,  since  J?=y-h7«,  we  shall  have 
the  Talue  of  x  as  required. 

£x.  1 .     Required  the  value  of  x  in  the  equatioil 

the  known  case  being  m  :=  1 ,  which,  in  tlie  equation 

gives  /*  =5=  2*. 

Here  we  have  as  5,   h^Qj  c  =  6,    d^O,   and 
e*=-l;  therefore,  a'=»5,  4^=30,  c'=:30,  ii'=30, 
^=s2;  whence 

(86/*  ->  4c^rfy"  -f  //^QS/'  ->  24 

^  "  l6i:y*  -.  QAuT  -  eCdy  +  rf'*  "*     1  r 
and 

-24  -13 


x=y  +  m  =  — —  +  1  = 


11  11 

And,  since  x  entera  only  in  the  fourth  power, 
we  may  likewise  take  x  positive  as  well  as  negative; 
and,  therefore,  the  value  of  x  sought  is 

13 
~ll' 

which  fraction  will  be  found  to  answer  the  required 
conditions,  making 

Ex.  2.     Required  the  value  of  x  in  the  equation 

2a:*-l=%\ 

Here  we  have  a  known  case,  viz.  w=5=  1,  and/=  l; 
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therefore,  since  a  =  2,  6  =  0,  c=0,  d=0,  f^lt  and 
f»=l,  we  have  a'  =  2,  J'  =  8,  c'=13,  rf'  =  8,  and 
y=  1 ;  whence 

and,  consequently, y  +  wt,  orx=:12H-l  =  13;  whicl| 
may  be  taken  either  +  or  —1,  because  only 
the  fourth  power  of  a? -enters  into  the  proposed 
equation,  and  this  number  answers  the  required 
conditions  for 

2. 13*- 1 5=  (239)'. 

We  might  how,  in  both  the  foregoing  examples, 
consider  these  known  values  of  x  as  new  values  of 
nt,  and  thus  proceed  to  find  others ;  but  it  is  ob- 
vious that  we  should  soon  be  led  to  very  compli- 
cated fractions,  ivhich  would  render  the  practical 
operation  very  laborious* 

PROP.  V. 

igi.  To  find  rational  values  of  x  in  the  indeter-t 
minate  equation 

ax"  +  bx^  -f  ex  +  d=z\ 

Tliis  equation,  in  its  present  general  form,  will 
not  admit  of  a  direct  solution,  this  being  only  ob- 
tainable under  the  three  following  conditions ;  viz. 

Case  1.  When  rf  is  a  complete  aibe,  or  d^f^. 
Case  2.  When  a  is  a  complete  cube,  or  a^vfC, 
Case  3.    When  both  these  conditions  have  place. 

192.  Case  1 .  To  find  the  value  of  x  in  the  ir^ 
^terminate  equation 

ax^  +  Jx'  +  ex  -k-f^  =  z\ 
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Assume 

then^  by  cubing,  we  have 

as?  '\-      ix*  +       ex  -f/'. 

c 
*  And  now,  making  3pf^  =  c,  or  p==  —7^,  we  ob- 

tain 

ai:'-f-fe^«=^V-f  3/?yi%  or 

And,  by  substituting  here  the  above  value  of  /r, 
this  expression  becomes 

^~     27af'-c'    ' 
Ex.  1.    Required  the  value  of  x  in  the  equation 

3**  +  2a?  + 1  =  2*. 

Here  a=S,  b=0,  c=2,  and/=I;  whence 

^       27 af  -  &       73' 
which  fraction  answers  the  required  conditions  for 

Ex,  3.     Required  the  value  of  x  in  the  equation 

x*  — 5x—  1  =  «'. 
Here  a=l,i  =  0,  c=—  5,  and/=  —  1 5  therefore, 
_(c^-3feD£|/^        -225    • 

which  fraction  answers   the  required   conditions, 
makin 


J9      /223,, 
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193.    Case  2.    To  find  the  value  of  X  in  the  in^ 
determinate  equation 

rn^z^  +  6 x'  +  cjr  +  li  »  «^ , 
Assume 

then,  by  cubing^  we  have 

OT V  4-  Sm^px"*  +  3mp*x +/**=» 
wi V  -f       fex^  +       cx-k-d. 

And  now,  making  Snfp^b^  or  p==7r-i&  there 

remains 

ex  +  rf = 3  iiip*x + /r*. 
Whence 

c—3mp^ 
Or,  rabstitnting  for  /^  its  equivalent  -x—i,  we  have 


jr=: 


3m' 


Ex.  3.    Required  the  value  of  x  in  the  equation 

x^-3x^'^x  =  z\ 
Here  m=l,  4=  —  3,  c=l,  andcfasO;  therefore 

b"  -  27£fcn*         1 


a:= 


(3m*-6")9w'      3' 


which  fraction  gives  z^  =  (-)*,  as  required. 

Ex.  4.    Required  the  value  of  x  in  the  equation 

.r'  +  .r  — 7=5j'. 

Here  »*=  1^  i  =  0,  (»=  1,  and  J=  —  7»  therefore, 

_     U-  2Tdm^     _ 

'^"■(3cm'-A*)9?ii^  ""'^^ 

which  is  the  value  of  x  required. 


^th  Third  Ihgt€e.  413 

194.  Cases.  To  ^find  the  value  of  X  in  the  in- 
determinate equation 

mV  +  ix*  +  cjr  +/'  ae «'. 

Under  this  form  the  equatioif  belongs  to  each  of 
lim  foregoing  cases,  and  may  therefore  be  solved 
by  either  of  them ;  it  also  admits  of  another  so- 
lution on  the  following  principles : 

Assume 

then^  by  cubing,  we  have 

mV  +  Smyx^  +  Smfx*  +  /% 
mV+       ij:*-f       ex  +/\ 

Whence, 

iz*  +  cjr=:3myi*+3#»/'2*,  or 
3m/^~c 

We  have,  therefore,  for  indeterminate  equations 
of  this  form,  the  following  distinct  solutions ;  luz. 

Bycasel,^-.^^^^^^,^^       . 

J3  ^  27/W 

By  case  2,  J?  =  7- — ; — iic:r-T- 
^  '         (Scan'  —  ft*)9m' 

By  case  3,  J=,    '       ^t^- 

That  is,  by  writing  m'  for  a^  in  case  1,  and  y*'  for 
if,  in  case  2. 

Ex.  5.     Find  three  values  of  a:  in  the  equation 

Here  m  =  l>  Jsa—a^  c^^Q,  JF^I;  whence  the 
three  values  c£  x,  as  determined  by  the   above 

formulae^  ared?=s3>  at=-,  anda:= — -. 

3  2 


'^,.'1^. 
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Ex.  6.     Required  the  values  of  x  in  the  equation 

Since  m=l,  J  =  0^  c=— 3,  y*=  — 1;  therefore, 
the  required  values  of  a?  are,  x=s — ^,  j?= — ^,  and 

Remarh.  The  above  are  the  only  cases  in 
which  the  proposed  equation  admits  of  a  direct 
solution,  and  even  these  all  fail  when  h  and  c  Bxk 
botli  zero  at  the  same  time ;  that  is(,  in  equations  of 
the  form 

« 

which  are,  in  fact,  frequently  impossible,  as  we 
have  seen  in  Part  I.  chap.  v.  But  if  in  any  proposed 
equation  of  this  kind  one  solution  is  known,  others 
may  be  deduced  from  the  known  case,  according 
to  the  following  proposition. 


'>* 


y 


PROP.  VI. 

195.     Having  given  the  values  of   m   in    the 
equation 

to  find  the  values  of  x  in  the  indeterminate  equa- 
tion 

flx*  +  ix*  +  ex  +  d=«'. 

Assume 

y-f  w=x; 
then  we  have 

ay^  +  3amy*  +  Sam^y  -h  am^ = ax% 

*    -    •     -     ^  ci/-¥cm  ^cx, 
.......      ^-.^. 
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And  now^  writing 

a       ------  =a', 

3am  +J   -    -    -     -     -  2=i', 

3am*  +  2im  -fc  -     -     -  =c', 

am'+   bm^  +  cm  +  d    -  =y% 
We  have 

ax^  +  bx'^  +  cx  +  d  =«%  or 

which  last  equation  being  of  the  form  of  that  in  the 
first  case  of  the  preceding  proposition,  we  have 

and,  consequently,   since  x=y  +  m,  the  value  of 
this  quantity  will  also  become  known. 

Ex.  1 .     Having  given  m  =  1  in  the  equation 

it  is  required  to  find  the  values  of  x  in  the  equation 

Here^  since 

2m'- 1  =  1% 

we  have  ?n=l,  y=l,  a  =  2,  6=0,  c=0,  ds=  — i; 
therefore,  a' =  2,  6' =  6,  c^==6,  and/=l. 
Whence 

(c-^-36T)9r_ 
^""  27aT'(^  " 
lo  that  j?=y  +  m=  —  1  +  1  =0,  or  a:=0;  that  is, 
we  cannot  find  a  second  value  of  the  indeterminate 
equation:  and  this  is  no  imperfection  in  the  rule^ 
for  the  proposed  equation  is  impossible,  except  in 
the  paiticular  case  of  m=  1,  as  may  be  readily  de- 
monstrated by  the  principles  contained  iu  axt.  69. 


r 
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Ex.  2.     Required  the  value  of  x  in  the  e(|uatio0 

the  known  case  being  m  =  —  1 . 

Here  a=0^  i  =  l,  c=l,  d=^l;  and,  therefore;^ 
by  the  foregoing  formula,  we  have  a'=0,  6'=el, 
c^=  —  1,  and/=  1 ;  whence 

whence  x=  — 18  —  1  =  —  19,  which  nmnbef  will  b# 
found  to  answer  the  required  conditions  for 

19'- 19  +  1  ===7'- 
We  shall  here  conclude  our  investigations  with 
regard  to  those  indeterminate  equations  in  which 
there  enters  only  one  unknown  quantity,  and  pro** 
ceed  to  those  in  which  two  or  more  indeterniinates 
aie  concerned,  which,  notwitjistanding  their  ap- 
parent difficulty,  frequently  admit  of  general  so- 
lutions, as  will  be  seen  in  the  following  propo- 
sitions. 

PROP.    VI K  I 

196*    To  j&ad  the  general  values  of  x  and  y  in  I 

tlie  equatiou 

x'  +  axi/  -f  fty*  =  ^\ 

We  have  demonstrated  (art.  100),  that  if  m  and 
n  are  the  two  roots  of  the  quadratic  equation 

th^   product   of   the    two  formulas  (x-hwy)   and 
(r  +  Tiy),  will  be  e^ual  to 

x^  +  axi/  -f  bi/^ ; 
pr,  writing  t  for  .r,  and  u  for  y,  tre  have 
(/  4-  mu)  x{t  +  mi)  =  #*  -f  atu  +  fc#*- 
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it  also  follows  from  art.  101  (retaining  t  and  u 
i«istead  of  a?  and  y)y  that  the  product  of  any  number 
df  factors  of  the  form  t  +  mu  is  also  of  the  same 
form ;  thus 

{t  +  mu)  {f  +  mu*)  =  T  +  fnVf 

by  making  T^tf  —  huu^  and  u  =  fu' -f- /'li  +  flicii's 
and,  in  the  same  manner^  we  have  * 

(t  -f  mv){t"  +  mu'')  =  t'  +  mv^, 

M'here  t' = t/'' -  iuu''^  and  v'^ruf'  +  f'v  +  avt/^i 
whence  again, 

(#  +  mu) {f  +  m«i')  (t^'  +  wzu^O  =  t'  +  mu',  and 
{i  +  nw)  (r  +  nu')  (r  +  wu'')  =  x'  +  nu' : 

and,  tlierefore,  the  continued  product  of  these  six 
factors  gives 

(t'  +  mu')  (t'  +  nv')  =  x''  +  ax'u'  +  bv\ 

Now  if  in  the  above  six  factors  we  make 
t=f=r,  andii  =  «'=u'', 
bur  product  will  becomes 

{t  +  muy{t  +  nuy^r^'\'ar'v''\-bv^,  or 
(t^  +  atu  +  buy    asT'*  +  ox u'  +  6u*; 

that  is,  we  shall  have  x^  +  ax'u'  +  bv^  a  complete 
cube ;  and  it  only  remains  to'  find  the  values  of  x' 
and  u  in  terms  of  t  aind  u. 

Now,  for  this  purpose,  we  have 

X  =  W  —  buM\  and  v=^ti^  +  fn  +  auu^; 

or,  since  ^=^=sf',  and  u^u^^u'\  these  become 

x=f*  — Jw*,  and  u  =  2^2«  +  au*: 

But  we  have  again, 
x'=sxr-iutt'',  andu'=xw"  +  ru  +  aty«^^; 

hnd  making  f'  =  f ,  t/^ = u^  and  substituting  the  above 
Vdue  of  X  and  u  in  this  expression,  we  have 

3  E 
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r^^i'-3btu'-^alm\ 

U'  =  3fu  +  3atu^  +  (a'  -  h)n\ 

Hence,  then,  we  have  the  general  solntion  of 
the  equation 

T'^  +  ar V  +  Ju'' =  «%  or 

For  we  have  only  to  assume 

x=f-3btu^-abu% 

y  =  3fu  +  3atv^  4-  (a*  -  h)'vt ; 

and  in  these  expressions  we  may  give  any  values  at 
pleasure  to  the  indeterminates  t  and  w,  and  we  shall 
thus  have 

%'^{t^^atu^hie)\ 

Ex.  1 .  Required  the  values  of  x  and  y  in  the 
equation 

By  the  above  formulae,  we  have  a =3  and  i=5^ 
whence 

And  here,  if  we  assume  /=»  1  and  w*=  1,  we  have 
^  —  1  and  y  =  1 6 ;  but  if,  in  order  to  obtain  a  dif- 
ferent value  for  Xy  we  take  ^  =  6  and  ii==l,  then 
the  ft>rmul«e  give  ^  =  33  and  y  =  1 24,  whence 

J?V3xy4-5y*  =  45'; 

and  it  is  obvious,  that  we  may  thus  obtain  an  inde- 
finite number  of  values  of  t  and  y,  by  only  chahg- 
ing  those  of  t  and  ii. 

Ex.  2.  Required  the  values  of  x  and  y  in  the' 
fjquation 

x^  —  Xj/  H-  2j/^  =  ;s\ 


■^^^  ■  -  ■  -     ■  vw       --— -    -^"  — 


of  the  Third  Degree^  419 

Ktere  we  have  a  =  —  1   and  6  =  2,   so  that  the 
general  values  of  x  and  y  are 

And  here,   assuming  ^  =  3  and  t^=l,  we  have 
»T  =  1 1  and  y  =  1  7j  whence 

Ex.  3.  Find  the  vahies  of  x  and  y  in  the  equa- 
tion 

Here  we  have  a  =  0  and  6=—/,  whence  the 
general  expressions  become 

y  =  3<^M  +  7w'. 

Assuming  now/  =  3  and  m=1,  we  have  j?  =  90 
and  2/ =  34,  which  gives 

x*-7i/^  =  2\ 

And  an  indefinite  number  of  other  values  of  x 
and  y  may  be  found,  by  changing  the  values  of  ( 
and  u. 

PROP.  vni. 

197.  To  find  the  general  values  of  x  and  y  in 
the  equation 

3^  +  dxy  +  iy*  =  »** 

By  the  foregoing  proposition,  we  have 

(^  +  inM)'=T'4-77iu',  and 
{t  4-  nuy  =  t'  +  nu^ 

i^  which  expressions  we  have 

T^z=^f-^3htu^-ahu\ 

2s  9 
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Now,  from  what  has  been  before  demonstrated, 
(t'  -f  rfip'){t  4-  mu)  =  t''  +  m\3'\ 
(t'  +  nv')  {t  +  nu)  =  t''  +  n\3", 
in  which  we  have 

t" = T't-  iu't€,  and  v" = t'i^  +  tv'  +  ai/tt ; 
and  since 

(#  + ww)'  =  t'h-;;2u',  and 
(/  +  wm)'  =T'-f  wu', 
we  have 

(t'  +  mu')  {f  -h  mu)  =  (/  +  7nM)*  =  t"  +  wu'', 
(t^  +  nu')  (t  +  m/)  =  (*  +  wm)*  =  t''  +  wu". 
And  hence  (by  art.  101)  we  obtain 

{t  ^  mu)\t  +  miy = t''^  +  ot'^u''  +  ftu''^  or 
[e  -}-  a*w  +  Aw')*    =  t"^  +  OT^'u''  +  hj'\ 

It  therefore  only  remains  to  find  the  values  of 
t''  and  v^'  in  terms  of  t  and  w. 
Now  we  have 

t"  =  t'/  —  ftu'i/,  and  u''  =  x'l^  4-  f u'  -f  au'w ;  but 
r'-f-3btu^-'abu\  and 
u'  =  3fu  -f  3aft£*  +  (a*  -  b)u' ; 

iiftd  stibstituting  these  values  of  x'  and  u'  in  the 
above  expressions,  we  have 

Y^  =  r  -  6WV  -  4abti^  -  {a'b  ^  h^)u\ 

v"  =  Afu  +  6tf/V  +  4(0*  -  i)ft^'  +  (a'  -  2ba)u\ 

Hence,  thcn^  we  have  the  general  solution  of  the 
equation, 

t'"*  +  rrr'^u'^  +  b\}''\  or  .r'  -f  axy  -h  fry  =  .^^ ; 
having  only  to  assume  for  x  andy,  as  above  j  viz. 

-jr-  4/3i«  -h  Gr/^'w"  +  4  (a-  -  6)  ^w'  +  (a*  -  2ba)u\ 


p«.^>^ 
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in  which  expressions  we  may  give  any  valnes  at 
pleasure  to  the  indeterminates  t  and  u,  and  we  shalj 
thus  have 

Ex.  Required  the  values  of  x  and  y  in  the  equa- 
tion 

Here  we  have  a = 0  and  ft  =  7*  whence  the  gene- 
ral values  of  x  and  y  will  be 

And  as  it  is  indifferent  whether  a?  and  y  be 
negative  or  positive,  we  may  assume  f  =  1  and 
w=  1 ;  whence  x=8  and  y=  24,  which  gives 

And  it  is  obvious  how  other  values  may  be  ob 
tained  by  changing  the  values  of  t  and  u, 

PROP.  IX. 

198.  To  find  the  general  rational  values  of  x 
and  y  in  the  equation 

x^  +  axy  4-  6y'  =  «*. 

As  the  quantity  x^  +  axy  +  fey^  is  formed  from  the 
product  of  the  two  factors, 

in  order  that  it  may  become  a  power  of  the  dimen- 
sion Xr,  each  of  its  factors  must  be  also  complete 
powers  of  the  same  dimensions. 
Let  us  therefore  make 

(x  +  wy)  =  (#  +  mw)*,  and 
{x  +  fiy)  =  (f  +  nw)*. 


-.1  t     .^i  . 
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From  the  development  of  the  first  of  which  ex^ 
pressions,  we  have,  by  writing  1 ,  a,  ^,  y,  8,  for  the 
coefficients  of  the  expanded  binomial, 

{t  +  muY = J?  +  my  = 

/*  +  a.^-Xww)-h^^--'(mw)V7^-'(mwy  +  &c. 

Now,  since  m  is  one  of  the  roots  of  the  equation 

we  shall  also  have 

therefore, 

m^  =  ma^by  m^=im^a'-mb=^{a^'-b)m  —  ab^ 

because  a={m'\'n)y  and  i  =  mn,  whence 

(a*  —  b)m  —  ab^m^i 

and,  in  the  same  >vay,  we  find 

m*  =•  {c^  —  b)m^ "  mab  = 

and  so  on  for  the  other  powers  of  w. 

We  shall  therefore  only  have  to  substitute  these 
values  in  the  preceding  formula,  and  then  we  shall 
find  that  the  expression  will  be  compounded  of  tw^o 
parts,  one  w^holly  rational,  and  the  other  a  multiple 
of  m ;  equating  therefore  the  first  with  j?,  and  the 
other  with  y,  we  shall  obtain  the  geheral  values  of 
these  quantities.  And  if,  in  order  to  simplify  the 
result,  we  make 


A'    =1, 

b'   =0, 

a"  =a. 

b"  =A, 

K"'=aA" 

-hA\ 

ij'"  =  OB"  -&b', 

a"  =flA'" 

-  Ja", 

b''  =an"'-U", 

A*  =aA'' 

-  &a'". 

ij'    =  crB"  -  ftB'", 

we  shall  have 
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m  =a'  7/1  — b% 
wi*  =  a'' m — b'', 

Wl  =A     W  — B     , 

m*  =  A*'  ,m  —  B*"", 


Therefore,  sabstitatiiig  these  values,  and  com- 
paring, we  shall  have 

S^-Vb"-&c. 


{ 
{ 


Sif^-VA^'  +  fcc. 

1,  a,  3,  y,  &C.5,  representing,  as  before,  the  coef- 
ficients of  (t  +  uY. 

And,  as  the  root  m  does  not  enter  into  this  ex* 
pression,  it  is  evident  that,  having 

X  -f  im/  =  (/  +  muy, 

we  shall  likewise  have 

x  +  nj/=(t  +  nuy; 

and,  consequently,  multiplying  these  two  equations 
together,  we  obtain 

J?*  +  axy  +  fty*=  (/*  +  atu  +  iw*)''; 

and  the  values  above  found  will  be  the  general 
values  of  x  and  j/  in  tlie  equation 

x^  -f  axy  -f  by^  =  ^*. 

Cor.  When  the  coefficient  a,  in  the  above 
formula,  becomes  zero,  and  the  equation  takes 
the  form 

the  above  values  of  x  and  y  become  more  simple, 
the  alternate  terms  being  destroyed ;  and  we  have 
then 


lik'^i^mii 
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y^a£"\i^  7^- Vi  -f  «/'- Vi*  -  &c. 

£)x.  1.  Required  the  values  of  x  aud  y  iu  the 
equation 

Here  a  =?;  2  and  ft = 3 ;  therefore, 

a'   =1  St?         1,        b'    =0  =         O, 

a"  =a  =       2,       b''  =r  J  =       3, 

A'"=flA''-iA'  ==       I,      B'^'^ajJ^'^Js'  =       6, 
A*^  =  oa!''  -  Ja^'  =  -  4,      B^'  =  as"'  -  W  =       3, 

A-    =  flA^'  •-  Ja''<=5  -  1 1,         B"    =aB*'  -  6p'''  p  -  12. 

Also  the  coefficients  of  (^  +  ti)*,  being 

1,  5,  10,  10,  5,  1, 

TPee  have  a=? 5,  3=10, 7=10,  8  =  5,6=1;  whence 
the  general  values  of  x  and  y  become 

a?=^*-10.3fM*-lQ.6/V-5.3ft**+12tt', 
2^  =  5<*M+10.2^M*+10.UV-3.4^M*-lltt*. 

By  assuming /=  1  andi^  =  l,  we  have  x=— 9^ 
and  ^  =  4;  whence 

a?^  +  2a^  +  3y  =  6\ 

Ex.  2.  Required  the  values  of  3^  and  y  iu  the 
equation 

x''^y^^z\ 

Here  a=0,  i  =  l,  /f=6;  and,  therefore,  we  have 
a  =  6,  3  =  15,  7  =  20,  8=15,  «  =  6,  r=l,  for  the. 
coefficients  of  {t  +  uy. 

Whence,  by  the  foregoing  corollary, 

j?  =  ;'--15^w'-hl5*V-w', 
y  =  Qf'-20fu'^Qtu\ 


■'■«  ■■"      ■    vv^^«MiPi«H«ii««pi«nHBHipvqi^pwpqpR^ 
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Assuming  here  t=^2  and  tf=l^  wefindx=117 
and  y  =  44,  which  gives 

as  required.     And  other  values  may  he  found  by 
changing  those  of  t  and  u. 

PROP.  X. 

199-  I'o  find  the  general  values  of  or  and  y 
in  the  equation 

This  is  one  of  the  most  difficult  problems  we 
have  yet  attempted,  and  is  deserving  of  particular 
attention,  not  only  on  account  of  its  difficulty,  but 
because  a  general  bolution  would  be  obtained  with 
very  great  difficulty,  if  indeed  it  be  at  all  possible 
to  arrive  at  it  by  any  other  method. 

Here  we  piust  consider  the  product  of  these  three 
factors 

m,  n,  and  /?,  being  the  three  roots  of  the  cubic 
equation 

^'  — a<^*  +  6^  — c=0; 

;and,  consequently, 

m  +  n+/?=fl,  mn-^mp-^np^by  andm97/7  =  e. 

Now  by  the  real  development  of  the  above  fac- 
tors we  obtain     , 

{t  +  mu  +  m*w){t  +  we*  +  n^wXt-^-pu+p^w)  = 
{mn  -^mp-j-  np)tu^  + 


w^ 


426  Indeterminate  PrMems 

(m*n  +  m^'p  4- »' w  +  «*/»  -H  /m  +  y*»)ft<w  -f 

(mV  +  my  +  ny)tw'  -f 

(mwp)w'  + 

(m'wp  +  n^mp + p'^mn)u^w  4- 

(w^w^jt?  +  m^n  +  nym)uid^  + 

And,  since 

m  +  w+j9  =  a,  mn  +  mp^np^by  and  mnp  =  c, 

we  shall  find  that 

1      -     -     -     - =1, 

{m +«+/>)-     --.----     =0, 

(mn  +  /wp  +  wp)     -----  =6, 

(ot*w  h-  m'/?  +  n*m  +  n^p  i-p'^m  +p%)  ^ab  —  3c, 

(m^n'' -^  m^  +  n^)    -     -     -     -  ^H^  —  Qcuc, 

{mnp)    --------  =c, 

{m^npi-n^mp-^p^mn)      -     -     -  =ac, 

(m^n^p^m^n  +  fi^p^m)   -     -     -  =ic, 

(wV/?^) -  =c^ 

Therefore,  making  these  substitutions,  the  product 
becomes 

Z'  +  afu  +  (a*  -  26)Z'w  +  btiv^  +  (fl6  -  3c)tuiv  4- 
(J^  —  2ac)tw^  +  cw'  -f  acw*2i;  +  hcwu?  +  cW. 

But  any  two  factors  of  the  form 

{t  +  mil  4-  w^i^)  {f  4-  rn?^'  4-  nih&), 

always  produce  a  product  having  the  same  form  as 
each  of  those  factors;  and,  therefore,  the  above 
formula  will  haA^e  this  property,  that,  if  we  multiply 
together  as  many  similar  formulae  as  we  please,  the 
product  will  always  have  a  similar  fornix 
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Suppose,  for  example,  that  it  were  required  to 
multiply  the  above  by  a  similar  formula, 

r  +  fl^V  +  {a"  -  2b)rw'  +  bfu''  +  {ab  -  3c)  fu'uf  + 

Since  this  last  may  be  supposed  to  be  generated 
from  the  multiplication  of 

{r  +  mil!  +  m-w')(1f  +  mC  +  nW)(*'  +;>m'  +;?'^), 

we  have  only  to  seek  the  product  of  the  six  fol- 
lowing factors, 

f  (/  -f  mu  +  m^w){t  -\-nu-\-  n^w){t  +pu  -^p^w) 
\{f^  mu'  +  mW){f  +  nu'  +  nW)[f^pu'  +/>W) : 

and,  first,  let  us  take  two  of  them ;  viz. 

{t  +  mil  +  ni^w)[t'  +  nivf  +  m*ii;), 

the  product  of  which  is 

f  tt'  +  m(/M'  +  uf)  +  7«'(^w;'  +  m;/'  +  uu')  +  m'(Mu?'  + 
\      wu')  +  m*ww\ 

Now,  772  being  one  of  the  roots  of  the  equation 

we  have 

m'  — fl;n"  +  fon  — c  =  0,  or 

m'  =  ani^  —  i/w  -f  c; 

whence 

m*  =  aw'  —  bm*  +  mc  =  (a*  —  b)m^  —  (aA  —  c)m  +  ac; 

so  that  substituting  these  values,  and,  in  order  to 
simplify  the  result,  making 

T  ^tf  -\-  c[uw'  +  wu')  +  acww\ 
.  u  =  tu'  ^-uf  —  b[uio'  +  ivu')  —  [ab  —  c)ft7()', 
w  =  fw'  +  w/'  4-  im'  +  a[uw'  +  m;w')  -f-  (a*  —  i)ti>ii?', 

we  shall  have 
[t  +  /wt«  +  nCw)[V  +  mw'  +  mW)  =  t  +  m\j  +  mV; 
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and^  in  the  same  manner,  we  obtain 

(#  +  nw  +  n^wYf  +  nu'  +  nW)  =  t  +  wu  +  »V, 
{t+pU'\^pho){f+pu''^pW)  =T+pv+p^. 

And,  therefore,  the  product  of  the  six  foregoing^ 
/ormnlse  is  the  same  as  that  of  the  three, 

(t  +  mu  +  7n^w){r  -h  nu  +  '/iV){t  +pv  +/?V)  = 
T*  +  aT*u  -f  (a*  —  2  J)tV  +  frru'  +  (oi  —  3c)tuw  + 
(6*  —  2ac)TW*  +  cir*  +  acu  V  +  ftcuw*  +  c'w'. 

Now,    making  t=^t^y   u=^u\    w  =  tc%  this  last 
formula  becomes  equal  to  the  product 

(f  +  mtf  +  m^w)\t  +  «M  +  n^wY{t  +pu  -{-p^wYj 

and  is  therefore  a  square,  and  the  values  of  T,  u,. 

and  w^  before  determined,  now  become 
T  =  <*  +  2cuw  -r  acw^y 
u  =  2fte  —  2buw  —  {ah  —  c)  w*, 
w  =  2ta;  +  w*  +  2awtr  +  (a* — h)w^. 

We  have,  therefore,  the  general  solution  of  the 
equation  above  given ;  viz. 
T*  +  trr'u  +  (a°  —  26)'rw  +  Jtu'  +  [ah  —  3c)tuw  -h 
(fc*  —  2ac)Trw*  +  cu'  +  ocu  V  -f  icuw*  +  c*w^  =  «^ 

But  in  order  to  make  this  apply  to  our  equation 

we  must  take  j:=t,  y  =  u,  and  0  =  w,  which  re- 
duces it  precisely  to  our  case. 

Therefore,  when  it  is  required  to  find  rational 
values  of  x  and  y  in  the  equation 

x^  +  aj^y  +  ivT?/*  +  cy^  =  x% 

we  must  have,  first, 

2tw-\-u^'>f2amV'\'{a^  —  h)tv^=^0\  or 
w^  +  2auw  +  {a*  —  b)io^ 
""  2«(^       .         * 


.,x.    V  iwK   LA.  }f9S9K^mtt^mamm^rwmmt^HmB^^Bm^mv^mm^ 
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Then  we  obtain,  by  writing  x  and  y  for  t  and  u, 

X  =  /*  +  2CUW  +  acw*j 

y  =  2ta  —  ^huvo  —  [ah  —  c)w^^ 

'in  which  expressions  u  and  w  may  be  assumed  at 
pleasure,  but  the  value  of  t  will  depend  upon  the 
equation 

r  =  — -. 

Cor.  When  any  of  the  coefficients  a,  A,  or  c, 
become  zero^  the  result  is  much  simplified ;  thus,  if 
fl=0  and  ft  =  0,  or  the  equation  takes  the  form 

th«n  the  values  of  x  and  y  will  be  expressed  by  th© 
formulee 


u' 


<= ,  and 

X  =  /'  -h  2ewii?, 
y  =  2/m  +  ciu* ; 

or,  by  substituting  for  ii;,  we  have 


{ 


T  =  f*- 


cm' 


cw^ 


{ 


y  =  2fti  +  -^;  or 

x  =3  4f  ~  4cmV, 
y  =  8^'tt  +  cii*; 

the  last  formulae  being  found  by  reducing  the  two 
first  to  the  common  denominator  4/%  and  dien  re- 
jecting it  id  both  the  values  of  a?  and  y. 

Ex.  1.     Required  the  values  of  x  and  y  in  the 
equation 
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{ 


Here  we  have  c=  1,  and  therefore  the  values  of 
X  and  y  are  expressed  by  the  ibmuiLc 

x=4t*-4u^t, 

where  t  and  u  may  be  assumed  at  pleasure;  if  we 
take  /  =  I  and  m=  —3,  we  have  x=  1 12  and  y=  57j( 
which  gives 

x'-hy^^Z^  or  112^  +  57'=  I26l^ 

and  other  values  of  a?  and  y  may  be  found  by 
changing  those  of  t  and  u. 

Ex.  2.     Required  the  values  of  x  and  y  in  the 
equation 

x'-3y==^z\ 

Here  c=s  —  3;  and,  therefore,  the  general  values 
of  j:  and  y  may  be  represented  by  the  formulae 

,r  =  4^'+  12//V, 
i/  =  8/>/  — 3w*j 

where,  by  taking  /  =  2  and  ze=l,  we  have  .r  =  89 
andy  =  6l,  which  give 

88'-3.6l'  =  23^ 

and  if  we  had  taken  ^=1  and  w=l,  we  should 
have  bad  f  =  l6  and  ^  =  6,  whence 

16^^3.5^  =  61^ 

and  an  infinite  number  of  other  values  may  be  found 
for  X  and  y,  by  changing  those  of  t  and  u. 

Ex.  3.     Find   the   values   of  x   and   y  in  the 
equation 

x'  +  5f  =  z\ 

Here  c^S,  and  hence  the  general  values  of  x 
and  j/  are 

^=4#*-20?/V, 


{ 


{ 


■r"— ^^  im     • ,ji'  ■  mmmi' 
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by  taking  *=2  and  tt=l,    we  have  x  =  24   and 
3^  =  69,  whence 

24' +  5. 69' =  1287*; 

and^  by  changing  the  values  of  t  and  2^,  an  infinite 
number  of  integral  values  may  be  found  for  x  and  y. 
Ex,  4.     Find  the  values  of   x    and   y  in   the 
equation 

x'  +  2x'y  +  2jy*  -f  y'  =  s*. 
Here  we  must  have  recourse  to  our  first  valuer 
of  .r  andy;  viz. 

u^  H-  2auw  -f  (a*  —  b)iv^ 


t^- 


2iv 


{ 


/=- 


x^t^-{-  2cuw  -h  acw^^ 

y  =  2#^f  —  2huw  —  {ab  —  c)a^'. 

In  which  expressions  we  have  a  =  2,  6=2,  c  =  l, 
and  u  and  re;  indeterminates  that  may  be  assumed 
at  pleasure ;  by  taking  z/  =  1  and  to  =  1  we  have 

l-{"4-f  2_      7 
2^2' 
49  65 

4  4 

y  =  7-4-3=-14; 

which  values  of  x  and  y  answer  the  required  con- 
ditions of  the  equation,  as  will  also  the  integers 

X  =  65  and  y  =  —  56. 


'WTS^^I^^^^^IV 
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Practical  Examples. 

1.  Required  the  value  of  x  in  the  equatioir 

-23  18^3 

2.  Required  the  value  of  x  in  the  equation 

Sx*  +  1  =  z\ 

.  -5  8  -629 

Ans.     x^ — 7J»  or— -J  or    ,^^^* 

16'        25  1323 

3.  Required  the  value  of  x  in  the  equation 

2j:* - 3x' -f  2  =  ;2*,  and  a?*-j?'+ 1  =  2J% 

or  prove  that  such  values  cannot  be  founds  except 
in  the  obvious  case  of 

x=  ±  1. 

Ans.     Impossible^ 

4.  To  ascertain  the  values  of  x  in  the  equation 

x'-\'8x^+l=z\ 

15  58 

Ans.    a?=2,  or~~,  or 


28'        2911 

5.  Required  the  values  of  x  in  the  equation 

383 
Ans.    x^  5,  or  -——-j 

1000 

6.  Required  the  possibility  or  impossibility  of 
the  equation 

a?»  +  l=:2%. 

•xcept  in  the  known  case  of  ;c=2. 

An^.     Impossible. 


I 
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7»    To  find  the  values  of  x  in  the  equation 

-20 

Arts,     a?  =  2*  or  — -z' 

17 

8.  Required  the  values  of  x  in  the  equation 

Ans.    x=ll,  or -— * 

37 

9.  To  iin4  the  value  of  x  in  the  equation 

Ans.    X  ±=  7— -i 

144 

10.  Required  the  integral  value  of  x  and  y  in 
the  equation 

j7*  +  7^  +  fiy=^*- 

11.  To  find  the  integral  values  of  x  and  y  in 
the  equation 

x*  +  7y  =  x-\ 

12.  Required  rational  and  integral  values  of  x 
and  y  if>  the  equation 

13.  Find  integral  values  of  x  and  y  ia  the  ^qqa^' 
tion 

2«*-7y'=l6«*. 


2F 
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CHAP.V. 

J 

s 

On  the  Solution  of  Indeferminafe  Equations  of 
the  Form  af*  —  ft  =  M(tf).     Or  the  Method  of  de- 
termining X, '  such  that  sf  —  h  may  he  divisihle 

PROP.  I. 

200.  Ta  ascertain  the  possibility  or  impossibility 
of  every  equation  of  the  form 

and  the  ntunber  of  solutions  in  the  former  case,  a 
being  a  piime  number. 

First  it  is  obvious,  that>  if  fr=a,  or  any  multiple 
of  a,  the  equation  admits  of  an  infinite  number  of 
tolutions,  by  as^ming  ar=a,  or  any  multiple  of  a; 
we  shall  therefore  only  consider  those  cilses  in 
which  h  is  prime  to  a. 

Let,  then,  S^  be  prime;  to  a;  and  suppose,  first, 
that  n  and  a—  1  have  a  common  measure  w-y  that 
is,  suppose  w  =  n'Wy  and  a  —  1  =  a'w; ;  then  I  say, 
that,  if  the  eolation  admits  of  one  solution^  it  will 
also  adnrit  of  xo  solutions,  and  no  more. 

For,  if  the  equation  be  possible,  we  shall  hav% 

,r"''^-&=:ivr(a). 

But,  since  a  is  a  prime  number,  ^ 

d?"'- - 1=  M(a>  (art.  87).. 
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And  now,  if  by  art.  1 59  we  find  two  other  nnm- 
bcrsj  p  and  q,  such  that 

w'/>— a'5r=l,  or  w'/i  =  0^9+1, 

\ve  shall  have,  by  means  of  this  and  the  foregoing 
equations,  which,  by  rejecting  the  multiples  of  a^ 
may  be  written  thus, 

x"'''£^*6,  andj:^**!, 

<be  following  results ;  viz. 

"ivhence 

ar^-ft''  =  M(a). 

Therefore,  when  the  equation  is  solvible,  x  must 
have  such  a  value  that  j?"',  when  divided  by  a,  shall 
leave  the  same  remainder  as  b''  divided  by  d}  but 
(by  cor.,  art.  87)  the  equation 

a?"  — c=M(a), 

will  have  w  different  solutions^  and  no  more;  and^^ 
consequently,  when  the  proposed  equation  is  poiT- 
fiible,  it  will  have  also  w  solutions,  and  no  more. 

Now^  with  regard  to  the  possibility  of  the  equft^ 
tion,  it  will  depend  upon  that  of 


a-l 


ft"  -I=M(a)} 

k-i 

_  • 

that  is,  if  6  "^  —  1  be  divisible  a,  the  proposed  equia* 
tion  will  be  possible,  but  otherwise  it  will  not. 
For,  since  x'^'^^tib  and  jf^^jt:!^  we  have 

» 

*  This  character  mdicates,  that  jt''^  is  of  the  same  fomni  u 
^to  modulus  a,  or  that  their  reiDaiaders  are  equsl  When  divided 
by  a. 

2W  2 


-T-^! •*-. 
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bnt  a  — l=a'te;,   therefore   «'=- ;    and,  consc-' 

quently,  6  *^  t*=l,  or 

i~~l=:M(a),     • 

whfch  equation  must  necessarily  hare  place  wfien 
the  proposed  equation  is  possible ;  and,  therefore^ 
by  means  of  this,  the  possibility  or  impossibility  o& 
•  the  proposed  equation  may  be  readily  ascertained ; 
and,  in  the  former  case,  the  number  of  its  solutions 
will  be  zVy  as  we  have  seen  above,  the^ whole  of 
which  are  contained  in  the  equation 

And  it  is  obvious  that,  when  one  of  these  solu- 
tions IS  obtained,  the  others  will  be  found  by  mul- 
tiplying the  known  root  by  each  gf  the  roots  of  the 
equation 

x"  — 1^m(«); 

for  if  r"  divided  by  a  leave  a  remainder  A,  and 
r'"  divided  by  a  leave  a  remainder  1,  then  will  r^r'* 
divided  by  a,  also  leave  a  remainder  b,  therefore"^ 
if  r  be  one  root  of  the  ecjuatioii 

and  r%  rC,  r''^^  &c.,  be  roots  of  the  equatfon 

or"— I  =  M(flf), 
the. other  roots  of  the  first  equation  will  be. 

r,  rj'y  rr"j  r/'\  &c. 

We  shall,  therefore,  after  illustrating  what  has 
been  taught  by  two  examples,  proceed  to  ^the  solu- 
tion of  this  last  equation. 

Cor,  U    If  «>fl— 1,  v,e  need  only  consider,  the 


I 
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remainder  arising  from  the  division  of  n  by  a—  1 . 
For  since 

:r"-'-l=M(/z)  (art.  8/),. 

or,  according  to  otir  contracted  notation^  xf^'^^^l^ 
we  shall  have 

that  is,  ^•{•-'>+*  will  leave  the  same  remamder  as 
zff  wh«B  both  are  divided  hj  a. 

Cor,  2.  It  follows  also  from  the  above  propo- 
sition, that  when  n  is  prime  to  a—  1  t)ie  e^jtii^tiw  is 
always  possible.  For  in  this  case  w^X^  ^pd,  t^re- 
fore,  x^b^,  the  exponent />  beiag  4educed  from  the 
equation 

/wi— ^(a— 1)  =  !.- 

Ex.  1.     It  is  required  to  ascertain' ^^etticr  the    - 
equation 

i?~ll=M(d9)  ' 

be  possible  in  integers. 

By  the  above  proposition,  if  this  equation  be 
possible,  so  also  must 


a-  1 


Now,  in  this  case,  a  =29,  h=l\,  and  w=^';':  and, 
therefore,  this  last  becomes 

11*-1  =  m(29); 

which  equation   being  impossible,    the    proposed 
equation  is  impossible  also. 

Ex.  2.    Required  the  number  of  possible  solu- 
tions that  may  be  given  to  the  equatiom 

^^-2=M(ai). 


I 
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Hereas=31^  b^2,  and  u;==6;  and  since  tve  have 

J  2  '^    -1=m(31), 

the  e(|uatipn  is  possible^  and  admits  of  six  splur 
tions. 

PROP.  ir. 

301.     To  find  all  the  valaes  of  ^  in  the  inde- 
terminate  equation 

a  bein^  itself  a  prime  number. 

Case  1.     When  n  is  prime  to  «—  1. 

Here  we  shall  have  (by  art.  87,  and  by  writing 
r  instead  of  J?)  r^"*  — l=M(a)i  and,  consequently^ 

and^  therefore^ 

that  IS,  a7=l,  which  is  the  oi^ly  possible  solution 
in  this  case.  , 

Case  2.     Let  n  be  a  divisor  of  a—  1. 
Since  we  may  here  make  a  —  1  =  a'n,  we  shall 
have  (by  art.  87) 

r^«-l=M(a); 
and,  consequently, 

r*'*s=jf,  or  x  =  t^, 
where  r  may  be  assumed  any  number  whatever 
prime  to  a. 

If  now  we  make  y^^r',  r'  being  the  remainder 
arising  from  the  division  of  r^  by  a,  then,  since 

r^-l=M(a), 

)ve  have  also 

•«  •   . 


^^^"^r 
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tlierefore,  if  r'  be  one  root,  r'"  will  be  another, 
whatever  value  we  give  to  m,  and  since  the  equar 
tion 

.    r'*--l=:M(a), 
<^an  have  but  n  solutions,  or  roots,  these  will  b^ 
founds  either  wholly  or  in  part,  in  the  series, 

r',  r'\  r^,  j^'i  &c,  r""*; 

that  is,  this  series,  or  the  remainder  of  each  t6rm 
when  divided  by  a,  will  furnish  all  the  roots  of  the 
pro])Osed  equation,  if  these  remainders  be  all  dif- 
ferent from  each  other,  but  they  will  give  only  a 
part  of  the  n  roots,  if  any  two  or  more  of  them  leave 
the  "Same  remainder. 

Remark.  When  the  root  r^  is  such  that  die 
terms  of  the  above  series  leave  different  remainders, 
then  r'  is  said  to  be. a  primitive  root  of  the  equa- 
tion 

x"  —  1  =  M(a); 

and  as  we  shall  have  frequent  occasion  to  era- 
ploy  these  quantities  in  chapter  vii.,  it  ivill  not 
be  amiss  to  demonstrate  here  some  of  the  principal 
properties  of  these  roots,  after  which  we  will  giv^  a 
few  examples  by  way  of  illustration. 

PROP.  m. 

202.  If  r  be  a  root  of  the  indeterminate  equa- 
tion 

J?"—  i  =M(a), 

and  such  thatV"  —  1  be  not  divisible  by  a  {m  being 
any  divisor  of  n),  then  I  say,  r  is  a  primitive  root; 
or,  which  is  the  same,  all  the  roots  of  the  above 
equation  will  be  contained  in  the  series 
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r,  f^,  r\  r^,  &c.  r""*; 

or  the  remainders  of  these,  when  divided  by  «,  Will 
be  all  different  from  each  other. 

For,  if  possible^  let  any  two  tenns  of  this  series 
give  equal  remainders,  and  let  thetti  be  denoted  by 
r''  and  r',  then  it  is  obvidrts  that  we  shall  have 

f^p   —  r'=M(a),  or 

r^-«~l=M(tf); 

or,  making  p  —  q=^s,  it  becomes 

r*— l==M(a): 

tin4  let  the  common  divisor  of  n  and  she  k,  which 
will  be  unity,  when  n  and  s  are  prime  to  each  othel-; 
and  if  now,  as  in  art.  200,  %e  resolve  the  equatioq 

np^  —  sq'^hy  or  np'^sq' ^-hj 
we  shall,  as  in  that  article,  have  this  result, 

jmd  since,  by  hypothesis, 

r"  — l=:M(a)>  and  r*— l  =  M{a), 

i^e  «hall  have  by  rfejecting  the  multiples  of  rt,  r^tfel ; 
therefore,  * 

I 

that  is, 

r*— l=M(a). 

Now,    since  s=p  —  q   must  necessarily  be  less 
than '  w,  and  since  A*  is  the  common  divisor  of  s 

and  w,  we  may  malce  n^mk.  w  —  =  /r,  and  s^s'k\ 
ftnd,  consequently, 

r"-l=M(o), 


"1 
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which  is  contrary  to  what  we  have  supposed ;  there- 
fore, no  two  of  the  terms  in  the  series 

r,  r*,  r*,  r"*,  &c.  r*'*, 

can  leave  the  same  remainder,  and,  consequently, 
r  is  in  this  case  a  primitive  root  of  the  proyjQbed 
equation;  and,  therefore,  all  its  w  roots  will  he 
found  in  the  above  series. 

Cor.  It  follows  from  this  demonstration,  that, 
if  n  he  a  prime  number,  every  root  r,  of  the  equa- 
tion 

•     jf  - 1  =  m(/i), 

is  a  primitive  root,  and  will  give,  by  its  suctessive 
powers,  all  the  roots  of  the  purposed  equation. 
Thus,  for  example,  since 

3*-l=M(ll), 

we  shall  have  also  9*— 1,  6*— 1,  4*^1,  each  di- 
visible by  1 1  i  or,  which  is  the  same, 

3,  3\  3\  3\ 
or  their  remainders  when  divided  by  1 1 ;  viz^ 

3,  9*  5.  4, 
for  the  roots  of  the  equation 

j?*-1s=m(11). 

PROP.  IV. 

SOS.  If  fw,  ;?,  ^,  &c.  be  different  prime  divisors 
of  n,  then  will  the  number  of  primitive  roots  of  the 
equation 

X*— i  =  M(a) 

be  expressed  by  the  following  formula, 

m-1     />-l     9-1 

.^x X- x^^ ,  &c, 

in     '      p  J    ' 
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-  For  (by  cor.,  art.  88)  there  are  only  n  values  of  x, 
that  satisfy  the  equation 

X*—  1  =M(a); 

and  there  mnst  also,  by  the  same  article,  be  — 

•^  m 

values  only  that  fiilfil  the  condition  of  the  equation 

« 

X*— l=M(a); 

and,  consequently,  out  of  the  n  first  roots,  there 

w        * 

are  n  —  — ^  that  will  not  answer  the  last  condition ; 
m        ' 

^d,  in  the  same  manner,  we  find  there  are  n 

p 

that  will  not  fulfil  the  conditions  of  the  equation 

x''  — l=M(a); 

and  proceeding  thus  with  all  the  factors  of  n,  we 

ascertain,  finally,  from  the  same  principles  as  those 

employed  at  art.  24,  that  the  whole  number  of 

primitive  roots  is  expressed  by  the  formula 

m— 1      p— 1     7^—1     - 

«x x^^ X -^ ,  &c. 

m  p  q 

a.  £.  D. 

Cor.  1 .  If  n  be  a  prime  number,  every  number 
that  is  prime  to  a  is  a  primitive  root. 

Cor.  2.  If  n  be  any  power  of  a  prime  number,  as 
n=m^,  we  must  assiime  such  a  root  r  for  x,  that 
the  equation 

n 

r'"-l=M(a) 

has  not  place,  then  vnW.  the  successive  powers  of  r 
be  the  roots  sought. 

a   ^  y 

Cor.  *3.     If  n  be  of  the  form  Vfi  V  f>  we  may 
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make  'm  ^y^^i   p  =^iify   q  =ft",   by  rejectitig  the 
•  multiples  of  a,  if  these  qiiantities  are  >a,  and  then 
resolve  the  separate  equations 

X  —  l=M(a),  jr    —  l=M(a),  X     —  l=M(a). 
Now  supposing  the  roots  of  these  equations  to  he 


r,  r\  r"" 


9 


the  root  of  the  proposed  equation  will  he  rr^r^i 
and  the  other  roots  will  be  the  successive  powers  of 
this  last  quantity. 

Ex.  1 .  Required  tlie  seven  values  of  x  in  the 
liquation 

j?^-1=m(379). 

Since  379— 1=7-54  w©  bave  x=sr^,  where  r 
may  be  any  number  prime  to  379  (^^-  201). 

Assume,  therefore,  r  =>  2,  and  we  have,  by  reject* 
ing  successively  the  multiples  of  379? 

r*s*:64,  r**5*:306,  r**:*:23,  r**t*:150,  r***125. 

Therefore,  a?  =125;  and  since  the  power  7  is  a 
prime  number,  this  root  is  a  primitive  root,  and 
gives,  by  its  successive  powers,  or  by  their  remain- 
ders, all  the  seven  roots  of  the  proposed  equation ; 
that  is, 

x=125,   125*,   125\   125*,   125',   125',   12§^   or 
X=125,     &6,    138,    195,    119,      94,         1; 

which  last  are  the  seven  roots  requii^d. 

£x.  2.  It  is  required  to  find  the  valuer  of  x  in 
the  equation 

x'"-1  =  m(379). 

Since  63  »  7 .9  we  may  (cor.  3,  above)  resolve  the 
two  equations 
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a:^  -  1  =  m{379),  and  ^'  - 1  =  m(379)  ; 

the  roots  of  the  first  being  r— 125,  and  of  the 
second  7^=180;  and  the  product  of  these,  rejecting 
^  the  multiples  of  379,  is  139,  which  is  one  of  the 
roots  of  the  proposed  equation,  the  others  being 
contained  in  the  series 

139,   139',  139^  139*,  &c.  139^ 

PROP.  V. 

204.     To  find  the  value  of  x  in  the  indeter- 

ininate  equation 

a  being  a,  prime  number,  and  4/1  a  divisor  of  a—  1. 
Find  the  general  value  of  x  in  the  equation 

a:*"— l=M(a) 

by  the  foregoing  propositions,  and  let  this  general 
root  be  represented  by  r*,  then  will  r^''"*  be  tlw 
general  root  of  the  proposed  equation 

^'"+l=M{flr), 

where./?  may  be  tfiken  any  number  whatever. 
For,  7^  being  any  root  of  the  equation 

a?*"-l  =  M(a), 

it  follows,  that  r*"  is  a  root  of  the  equation 

a?*"— 1; 

because  r"*,  being  substituted  for  J[^  in 

a:'*'»-i  =  M(«), 

is  the  same  as  r"",  substituted  for  x  in  the  equation 

a?'^-l=M(a). 

Now 
and  since  the  first  of  these  factors  has  for  its  roots 
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all  the  even  powers  of  r,  there  remainlall  the  odd 
powers  of  r  for  the  roots  of  the  other  factor,  which 
is  the  equation  proposed. 

Ex.    Required  the  values  of  x  in  the.  equation 

a:''  +  l  =  M(433). 

First,  the  solution  of  the  equation 

hy  proposition  2,  gives  a?=»r*,  because 

433-1=432  =  72x6. 

And  by  assuming  r=5,  we  have  5*=37,  reject- 
ing as  before  the  multiples  of  433^  and,  therefore, 

37^+*  =  x, 

is  the  general  root  in  the  proposed  equation, 
which,  by  assuming  />=0,  1,  2,  3,  &c.,  and  re- 
jecting the  multiples  of  433,  we  have  the  following 
solution : 

^^  f  ±37,    8,    127,    203,   79,   99,   2,    140,    159, 
\       128,   133,  2l6,  35,  148,  32,  75,  54,  II7, 

the  sign  ±  being  common  to  each  of  the  roots. 

PROP.  VI. 

205..    To  find  the  values  of  x  in  the  equation 

4f-i  =  M(a), 
h  being  such  that  i"  ±  1  is  divisible  by  a,  and  m  m 

divisor  of . 

n 

This  proposition  divides  itself  into  two  cases,  mz. 

iirst  when  n  and  m  are  prime  to  each  other,  and 
•ecood,  when  these  quantities  have  a.  common 
measure. 
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Case  1 .    tHien  n  and  fh  are  prime  to  each  other^ 
Find  two  other  quantities,  p  and  q^  such  that 

/wi  — ym  =  l,  or/m=»ywt+l; 

then  will  x = h^y  be  one  root  of  the  equation  sought^ 
y  being  itself  a  root  of  the  equation 

y--(±l)'=:M(A). 

For,  by  making  x  =  b%  we  have 

and,  consequently, 

af  —  ft=:M(a)i 

Case  2.  ff'lien  n  and  m  have  any  common  divisor  w^ 
Let  n^n'Wf  and  find  the  values  ofp  and  9,  sucb 

that 

pn^—qm^lj  or  pn^=qm+  1 ; 

then  we  shall  have  x"^  =  b^y,  or 

^"-i'»  =  M(a), 

y  being  one  of  the  roots  of  the  equation 

^•'-(±l)'  =  M(a). 
For,  by  making  here  x*  =  i'^y,  we  have 

and,  consequently,  * 

J?"  — i  =  M(a). 

Remark.  By  means  of  the  above  proposition^ 
we  are  enabled  to  convert  a  number  of  equations^ 
such  ajS 

ar"-6  =  M(a) 
into  others  of  the  form 

ar±l—M{a). 

It  famishes  us  also  with  the  means  of  resolving 
in  an  infinite  number  of  the  cases,  the  equation 

a?*  — &=M(a), 
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into  n'  equations  of  an  inferior  degree,  as  will  ap- 
pear from  the  following  examples. 
£x.  1.    Required  the  values  of  x  in  the  equation 

x^  +  49  =  m(223). 
First,  since  223  ~  I  =  3 .  74,  and 

(-49y'-l=M(223), 

the  proposed  equation  is  possible  (art.  200) ;  which 
fact  being  ascertained,  we  have  m  =  T4y  and  it  now 
remains  to  find 

3/?-74j  =  l,  or3/>=74y-M, 

which  equation  gives  />=  25. 
Whence 

y  being  a  root  of  the  equation 

y-l=M(223), 

the  general  form  of  which  (by  art.  201)  is3^  =  r^% 
where  r  may  be  assumed  at  pleasure;  and,  there- 
fore, the  required  root  x,  of  the  proposed  equation, 
is 

a:  =  (-49r.r^ 

the  remainders  of  which,  when  divided  by  223,  will 
be  the  simplest  form  of  the  root  sought:  thus  we 
find  the  required  roots  are 

j[?=:-36,    -66,    +102. 

Remark.    We  should  have  obtained  this  solution 
more  readily  by  first  solving  the  equation 

x»4.7=m(223), 

the  three  roqts  of  wliich,  squared,  would  have  fur- 
nished the  roots  of  the  equation  proposed. 

And  this  method  may  be  employed  in  all  cases 
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in  which  iis  a  complete  power;  for^  generally,  if 
r  ])e  any  root  of  the  equation 

Ive  haver*  for  a  root  of  the  equation 

0?"  — ft''  =  M(fl). 

Ex.  2.    Required  the  value  of  x  in  the  equation 

First,  since  ^Sl  —  1=6*10,  and  i=  —  20,  we  have 

(^20)'^-1=m(6i),  or(-20y  +  l=M(6l); 

therefore  the  proposed  equation  is  possible  (art. 
200);  and  since  this  last  exponent  6,  or  [m),  is 
.  prime  to  that  proposed  6,  or  (n),  it  follovrs,  from 
the  first  case  of  the  prt'ceding  proposition,  that 
x=^h^y,  p  being  first  found  from  the  equation 

and  y  from  the  equation 

2^^.r  =  M(6l); 

th^refare />  =  1  and  y  =  l;  also  (by  art.  204)  the 
general  root  of  y  is  29'^*'*"^;  and,  consequently,  the 
general  value  of  x,   in  the  proposed  equation,   i* 

x= -20.29'*+', 

wl;ich,  by  involving  and  dividing,  gives 

x^  ±7,    ±2A,    ±30. 

Ex.  3.    To  find  the  values  of  x  in  the  equation 

a;'°-5=M(60l). 

Here  we  find 

J«-I-1=m(6oi), 

and  since  10  and  6  have  a  common  measure  2,  we 
thall  have,  by  the  second  part  of  the  above  pro- 
position, 

x^^Vy,  orx^-fc*y  =  M(6oi)5 
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^. being  a  root  of  the  equation 

y*-l  =  M(6oi), 

the  general  root  of  which  ig  y  ==  (-—  1 69)* ;  and  thus 
the  proposed  equation  may  be  transformed  into  th# 
five  following  ones  df  the  second  degree ;  viz. 

:l!^-150i  =  M(6oi),  j?'~154  =  m(601), 

a?*-276  =  M(6oi),  a?»~234  =  M(6oi),     . 

x'H-183=m(601). 

PROP.   VII. 

1206.     To  find  the  value  of  x  in  the  equation 

in  which 

i"'-l  =  M(aj; 

a—  i 
w  hemg  a  divisor  of 1 

Let  arssr"  be  the  general  i*oot  of  the  equation 

0?^"'  -  1  s=  M(a), 

now^  since  i  is  found-in  the  seried 

r",  r^,  7^%  r'%  &c.,  r<-*^ 

let  the  term  in  which  it  is  contained  be  r^*^  theri 
ivill  the  general  root  of  the  proposed  equation  bef    . 

t  « 

For,  since  r'"*^'^ = x,  we  have 
and,  consequently. 

It  therefore  only  remains  to  be  demonstrated^ 
that  b  must  necessarily  be  found  amongst  the  re- 
mainders of  the  series 

r%  r**,  r^^  t^I^,  &c,,  r— ^>. 

2  G 
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Now,  because  r^  is  l3ie  general  root  of  the  equa- 
tion 

tf 0  shall  hftve 

(r"'0*-l=M(a); 
that  is,  r"*  is  a  general  root  of  the  equation 

j?''-l  =  M(a)s 

and  8ince>  also, 

J«-l=M(a), 

it  follows,  that  b  must  necessarily  fall  amongst  one 
of  the  remainders  corresponding  with  i^*;  that  is, 
in  one  of  the  terms  of  the  series 

r%  f'%  r**,  r*",  &c.,  r^'^'K 

Remark.  There  is  no  exception  to  this  method 
of  solution,  but  it  will  sometimes  be  very  laborious 
to  find  b  in  the  above  series  of  roots. 

Ex.     Required  the  value  of  x  in  the  equation 

a;*^-5=M(60l). 

We  have  already  considered  this  example,  and 
have  decoinposed  it  into  five  equations  of  the  second 
d^ree ;  we  shall  now  attempt  the  solution  on  the 
principles  of  the  last  proposition. 

Since  J  =  5,  we  have,  by  rejecting  the  multiples 
offfOl,  ft^ys-l  and6**%l;  thu8W==12. 

Now  the  complete  solution  of  the  equation 

a?'*'^l=M(6oi), 

found  by  article  201,  is  x=(  — 140)*,  and,  con- 
sequently, X  in  the  equation 

x»^_i=m(6oi), 

is  X  =  (  -  1 40)*®*  =  1 20* ;  therefore,  b  bought  to  b^ 
contained  in  the  formula  120^,  and  we  find  this 
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ftticceed  iil  takiilg  m=^5.    Therefore,  the  complete 
splntion  of  the  propcised  equatioa  is 

^  =  (-l4d)*+%  orjr=214.(l69)", 

from  which  expression  result  the  talues 

x=i:±ii4,   ±106,   ±116,   ±229,   ±237. 

Remark.  We  might  have  parsned  this  snhject 
faiuch  farther,  by  finding  the  value  of  x  in  similar 
equations,  in  which  the  divisor  is  any  power  of  a 
prime  nnnlter;  and,  finally,  for  any  composite 
humber  whatever:  but  what  has  been  said  will 
enable  the  ingenious  reader  to  arrive  at  the  solution 
bf  these  cases,  and  others  tliat  nlay  aride,  by  th^ 
application  bf  the  rules  add  principles  laid  dbivn  in 
the  foregoing  pa^s. 

267.  SchoUum.  In  allthe  propositions  which  nave 
been  hitherto  the  subject  of  our  inquiry,  we  bave 
Ibeen  able  to  pursue  the  investigations,  and  derive  the 
results  of  our  operations^  by  means  of  ccttaiii  rulesr 
and  principles,  2A  direct  and  satisfactory  as  in  any 
othet^  branch  of  algebra ;  but  in  what  Mlows/  few 
or  no  rules  can  be  given,  and  consequently  much 
inust  necessarily  be  left  to  the  skill  and  ingenuity 
of  the  analyst  himself:  stilly  however,  the  results 
that  have  been  obtained  in  the  preceding  chapters 
will  be  found  of  essential  service  in  our  future 
inquiries^  nothing  more  being  requisite  than  a 
judiciotis  ap][>Iication  of  them'  to  the  various  cases 
that  nlay  occur  3  aitd  it  will  therefore  be  cMivedient, 
for  the  sake  of  reference,  to  have  exhibited  here,  in 
the  form  of  a  table,  such  of  the  foregoing  resulting 
formuiie  as  are  most  conimonly  estiplayed  in  Dick 
pbantine  researches. 

SaS 
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Table  of  Indeterminate  Formuue. 

FORM  I. 

Equation  ax  —  bi/=±c. 
Greneral  value  of  a;  =*  vib  ±  cq, 
"•*"■*  y^ina±qp. 
In  which  expressions  m  is  indeterminate,  arid  the 
Talues  of  p  and  q  result  from  the  solution  of  the 
equation 

ap^bq^±\    (art.  l6o)- 


tt. 
£qua.  ar  +  fcy=c. 

General  value  of  x^cq  —  mb, 
-----  t/ssma  —  cp. 

Num .  of  solution  s  =  -r^ — •^- 

b      a 

» 

The  quantities  p  and  ^  being  asceilained  as  above  ^ 
also  m  indeterminate  (art.  l6l). 


lit. 

£qua.  ax  +  b^-^-cz^d. 

Ceneral  value  of  a?=  (rf—  c;z)y  —  iwi, 
.     -     -     -I     '  y^7na—{d'-cz)p. 

The  quantities  p  add  9  being  found  as  above; 
also  m  indeterminate,  and  z  any  integer  <-- 
(art.  162), 
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IV. 

Equa.  a^  —  ay^^z^f 
General  valine  of  x  =p*  +  aif, 

-     -     -    ^     r  z^^p^  —  aq*. 
In  which  expressions  a  is  given^  and  p  and  q  bi% 
jndetenninates  (art.  171). 


I 


V, 

Equa.  x^-\'ai/^  =  z^. 
General  value  of  x=^p^  —  aq^, 

"■;---  yr'^pqy 

-----  z^p^'-k-aifi 

(i  being  given^  and  p  and  q  being  ind^t^rniinat^  as 
^bove  (art.  l/l)- 


VI, 

Equa.  ox*  +  &ry  H- y*  ^  ^*. 

General  value  of  j:  =  2p j  +  bq*, 

-    -   -   -   -y=i>'-«9% 

-     .     -     -     -  %  =/>*  +  tp<y  4- ay* ; 
J9  and  q  being  indeterminates^  and  a  and  b  known 
<}uantities  (cor.  1^  art.  100). 

VII. 

Equa.  aa?  +  bx  =  z'*. 

Generrf  value  x>f  x==  ^      .  ^  > 

y'  —  ay* 

_  hq 

p*^—  aq^ 
^hen  /)  and  9  are  indetenninates  (art.  l68)^ 
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Equa.  mV-f  ftx  +  c^s:;?;*. 

General  valae  of  x^-r-- — ■■■■-•  > 

mjt  +  mcy^  —  hpq 

Pere  m,  J,  and  c,   are  any  given  nqmljers,  ap^ 
2^  and  a  indisterminates  (art.  169), 


IX. 
Eqna.  oo:*  +  i-r  +  ?»*  =  ^5*. 

General  valne  of  a?== — 5 —   «^i 

m/)*  +  am^*  —  hpq 

In  which  expressions  a,  6,  and  ffiy  are  knowp^ 
<apd  p  and  q  indeterminates  (art.  170), 


X.  I 

Equa.  a:*-j^/=r  ±1. 

General  value  of  0:=-^ — ^ ~ , 


^  2   v^ 


Where  p  an^  ^  ^e  d^ermiAed  by  ib»  equation 

and  m  is  indeterminate,  except  that  it  must  be  even 
or  odd,  as  the  cfise  may  recpjire  (art.  18^). 
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XJ. 

Eqoa.  a:^  — Ny'=±A. 

General  value    of  x^pm±i!iqnj 
....  yzspn±qm. 

Where  the  values  m  and  n  are  first  found  from 
the  equation 

and  those  ofp  and  9  from  the  equation  (art.  181) 


■*!    'r  ^ 


XII. 

Equa,  a4:^  +  iaj^  +  cx+y^»a\ 

4a/*  .' 

°' *= — {Ahf^-ey — • 

All  the  coefficients^  a,  6,  c,  and  f,  being  given 
(ind  detennined  qnantities  (art.  184). 


XIII, 

Particvlar  valne  ofx=^g^y,_g^^^_g^^y,^^. 

Where  a,    6^   c^   &c.^  are  known  quantities^  ai 
abov«  (art,  187)^ 
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XIV. 

•,     .    ,         ,        ,        l6cW-64em'-8c&'m^  +  ft* 

r articular  valne  of  ^ = — tttt-i — ,  t    ^ — i^TT""* —  • 

^         {Sdm^  -  4cbm^ -^  o')Sm* 

Where,  also,  m,   i,   c,   rf,   and  e,  are  determined 
{quantities,  as  above  (art.  188). 


XV. 

Eqoa.  mV  + Ja;*  +  ca^  +  iir+y*  =  s'. 

Particular  value  of  4? = — Tr  W-^ : — i?"*? 

46/*  +  4mdJ 

*  ' « '^ 

4m'rf±4iwc>/ 

or    -    *»    w    r,   -  a;=7TTr* 


In  thes§  expressions  m,  6,  c,  &c.,  are  known 
quantities,  but,  with  regard  to  the  ambiguous  sign, 
it  must  be  observed,  that  when  that,  in  the  nu- 
merator^ is  taken  +,  the  corresponding  sign,  in 
the  denominator,  must  be  —  ;  and  the  contrary 
(art.  189). 


XVI. 


Particular  value  of  j? = ^ — J  /'^     ;      ; 

27aJ'-e, 

•    a,  hy  c,  &c.,  being  known  quantities  (art.  I92). 


,.', 
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XVII. 


Particular  value  of  a?= 


Where   m,    h,  c,    &c.^    are   given  quantities^  a^ 
jibove  (art.  igS), 


XVIII. 

Equa.  mV  +  &j?*  +  cx+y^  =  5j*, 
Particular  value  of  a?  ==     ^    ^  / 


or    •    -    -    -   r  j:* 


(3cm' -.609m 


3   * 


3m/*-c 

^''^  -  -  "  -  -  "-j::^' 

Where,  also,  m,  ft,  c,  &c.,  are  known  quantities 
(art.  194). 


XIX, 

Equa.  x^-k-axy^-by^^z^. 

General  value  of  x^f-^btu^  —  abii*, 

y  =  3/'w  4^  3fl^w*  +  (V  -  6y , 

-    -     -     -    -     25=<*  +  atu  +  bu^. . 

Where  a  and  b  are  known  quantities,  and  t  and 
tf  indcterminates,  that  may  be  assumed  at  pleasure 
(art.  196). 
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General  value  o£  x^f-^btu^, 

j/^e-bu', 

...    *     -     «  =  f*  +  iM% 

Note.    This  is  dedaced  from  th^  fore^okig  one^ 
by  iQaking  a=0^ 


Gen.  value  of  a?  =  r  -«/"u*  -  4abtu'  -  («*6  -^  **y , 

•    -      -     z=it^^i^tu+bu\ 

Where  a  and  &  are  known  quantities^  and  t  and 
u  indeterminates  which  may  be  assumed  At  pleasQllir 
(art.  197). 


XXII. 

Equa.  «*+i^*=«\ 
Gen.  value  of  J?  =  f*  -  66f  m'  +  iV, 

-     -      -       z  =  /®+&?i*. 

A^ote.    This  form  is  deduced  from  the  foregoing 
one^  by  making  a=0. 


rf," 
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XXIII. 

iGcn.  value  of  jr  =  r  -  0r- V6  +  8r :  Vi*  -  &c.^ 

in  which  expressions  b  and  m  are  known  qnan-^ 
dties,  as  are  also  1^  a,  ^^  7^  S,  i,  &c.,  these  letters 
irepresentuig  the!  respective  eoeffioients  arising  from 
the  binomial  (Z+ti)";  but  /  and  u  are  indetermi-' 
spates  ^hat  in^y  be  as^ined  ^t  pleasare  (art.  193)* 


XXIV, 

General  valu^  of  A?»4f*— 40^11% 

-    -    -    -    ^     z  =  ^4-cm\ 

Where  c  is  given^  bat  i  and  f£  are  indetermiaates 
<cor.,  art.  199). 


XXV, 


Particular  valae  of  ^  =  — 


2w 
General  value  of  j?  = /*  +  Scwii;  +  floi?*, 

-     -     -     -    -    y  =  2fti— aiioi;— (aA  — c)i«;'. 

In  which  expressions  a,  by  and  c^  are  any  given 
quantities,  u  and  i&  indetermi  nates ;  but  t  is  limited 
by  the  above  equation,  and  depends  upon  the  values 
ofu  and  w  (art.  199). 
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CHAP.  VI. 

fhe  Solution  of  Diophantine  Problems^ 

PROB.  I. 

20S,  To  divide  a  given  square  number  into  twQ 
other  square  numbers. 

Let  a*  represent  the  given  square,  ^nd  a^  and  ^ 
the  required  squares ;  then  we  have  only  to  satisfy 
the  equation 

'  J  a^==Ji^+y\  or 

In  orde^  to  whicb^  let  us  assume 

px 

ox 
From  wbich  ttc  readily  dednce 

q       p'^       pq       ' 

IP         PQ      ' 

Whence,  by  inaltiplicatian  and  division^ 
p*  +  fj" 

•^       2pq       p*  +  q*       P'  +  g^ 
Where  the  indetemiinates  p  and  qi  may  be  as- 
sumed at  pleasure. 


Diophantine  Prcbletns.  46l 

C6r4  tf  a  be  the  sum  of  two  squares^  p  and  q 
may  be  so  assumed  that  /»*  +  9*  =  a,  or  any  factor  of 
Uy  in  which  case  the  above  expressions  will  be  in- 
tegral; and  as  many  different  integer  values  may  be 
found  for  x  and  y  as  there  are  different  ways  of  re- 
solving a  into  the  sum  of  two  squares^  bx  any  oi 
its  factors. 

Ex.  1 .     Resolve  65*  into  ttiro  bther  squaresi 

Here 

^jmi^^  and 

And,  since  65  =  8*  +  1'  =  7*  +  4%  we  may  tak^ 

f  p  =  8  and  ^  =  1,  which  gives  x=l6  and  y  =  63j 
\  />  =  7  ^i*^'  ^  =  4,  which  gives  ^*=56  andy  =  33. 

Also^  since  13  =3*  +  2'  is  a  factor  of  ^5,  we  may 
take 

J9  =  3  and  9=2,  which  gives  x^6o  and ^  =  25. 

And^  again»  5  =  2*+ 1*  ifl  a  factor  of  65^  there- 
fore we  may  take 

p^  2  and  9=3=  li  which  gives  ars=  52  and  y =39; 

so  that  •    , 

65*  =16*  +  63*  =  56*  +  33*  =  60*  +  25*  =  52^  +  3i9*. 

Which  are  the  only  integral  solutions  that  the 
equation  admits  of,  but  fractional  answers  may  be 
obtained  ad  libitum. 

PROti.  II. 

209.  To  divide  a  number  that  is  equal  to  the 
sum  of  two  given  squares  into  two  other  square 
numbers. 


4^2  ibivphantine  Pf^oiiemsf. 

Let  a*  and' t^  represent  tlie  two  giVctf  sqtHtflei^y 
knd  or*  and  ^  the  two  r^quii^d  oftes;  thcftlire  aimi 
solve  the  eqnation 

fl*-^fc^=^4.y«,   Of* 

fl?  —  j?^  =?3^*  -  6*. 
For  whid>  2mrpo«e  let  us  assulsfie 

a — a^= : — ^. 


{ 


Whence, 


Or, 


(aq+gx=fff+pb, 


{ 


qx-py^pb^aq, 
7>J7  + 1^  =  56  -h  fly,  * 

Now,  multiplying  these  equations  by  p  and  ^,  siy 

as  to  eliminate  x  and  y^  we  have,  by  the  commoT* 

rules^ 

f  ;?9 J  -/y  ^p{ph  ^  cry) , 

Whence, 

wAj  in  th9  ^in:j  manner, 

fl/>*  -h  2bpq  -  //ff^ 

^     In  which  expressions  p  and  q  are  ind^el'IXiinate^/ 
and  may  be  assumed  at  pleasure. 

Cor.  If  the  given  sum  a*+  ¥  be  such  as  to  admit 
of  a  resolution  into  two  other  integral  sqiiares^  it 
will  be  better  to  resolve  the  given  number,  or  suni,' 
into  its  factors,  which^  in  that  Case^  ^'ill  also  be 


{ 
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the  sums  of  two  sqnares^  then  their  product  will 
give  the  required  squares :  thus^  if 

thea^  by  art.  91, 

ct  +  b^ss{mt9if±nny  -f  (urn'  +  m'lt)'; 
therefore, 

y  =  mn*  +  m'n. 
Ex.  1  •    It  i»  required  to  resolve 

ioto  two  other  integral  sc^ares. 
Here 

85  =  5xl7s=(2Vl*)x(4Vr); 

whence  iff  =  2  n^l^  also  m^s4  and  »'=!• 
Whence, 

'  x  =  2,4±  1.    =9,  or  7; 
y=2. 1+4.1=2,  orC; 

that  is, 

85  =  9»  +  2'  =  7*  +  6". 

But,  if  the  given  number  be  not  resolvtble  into 
(actors  of  tlie  form  we  have  supposed,  then  it  is 
in  vain  to  seek  for  integral  solutions,  and  we 
must  then  proceed  according  to  the  foregoing  pro* 
position. 

Ex.  2.     It  is  required  to  reGoIre 

3  =  2Vl' 

into  two  other  squares. 

Here  a^3  and  ^  1 ;  and,  by  taking  j>=^2  and 


{ 


q»3r,  *vc  hare  Jf =7^  and  y  =  — . 


1^  I     -mm 


^w^ewf^m^m 


/^ 


.1  i»  .  •  t 
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PROB.  III. 

210.  To  find  three  square  numbers  in  arith- 
toetical  progression. 

Let  x\  7^,  and  z^,  represent  the  tliree  required! 
squares ;  and  it  will  then  be  necessary  to  solve  the 
equation 

In  order  to  whlch^  let  J?  =  »i-f  w,  and  z  —  m  —  n; 
then 

And  it  only  remains  to  find 

We  have,  therefore,  by  form  v.. 

In  =  2pq. 

Which  values,  being  substitute<^  for  m  and  n  in 
the  equations  X = m  +  w,  andy  =  m  — «,  give 

X  =  J9*  -  9  V  2pq, 
z^P'-^q^^^pqy 
y  =/  +  9*. 

''V  In  which  fornmla^  p  and  q  may  be  assumed  at 

pleasure. 

If,  for  example^  we  take  f^%  q^l,  the  three 
squares  will  be  7*>  5*,  and  1*. 

Again,  assuming  /?=3  and  J  =  2,  we  have  17V 
13*,  7V  for  the  required  squares. 
2d  Method.    The  equation 

3o^+z^=^  2y* 
may  be  put  under  the  form 

2/-x*  =  z-;' 

and  this  again  (by  art.  g7)  niay  be  represented  by 

(2y -f  J?)*  -  2(y -h  x/  =  z^ 
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'Therefore,  "by  form  v.,  make 

\    if  +  x^2pq. 
Whence,  by  siibtrac6on. 

These  results  are  apparentty  different  iTroni  ih^ 
former,  but  they  are  readily  reducible  to  the  same, 
and  will,  in  their  present  form,  equally  answer  the 
^required  conditions. 

Ex.  Assuming  p^3  and  q^l^  wehave^  =  6j 
x^l,  and  z^7*  which  is  the  sanie  as  one  of  the 
preceding  solutions  i 

I^ROB.  iV. 

311.  To  divide  the  sum  of  three  dqtiare  num* 
bei*s,  in  arithmetical  progression^  into  three  other 
squares,  which  shall  also  be  in  arithmetical  pro- 
gression. 

Let  ^3ca*  +  6'  +  c*  represent  the  sum  of  three 
square  numbers  in  arithmetical  progression,  and  let 
x^f  y*y  z\  be  the  required  squares,  then  it  will  be 
necessary  to  solve  the  equations 

And  here  we  soon  see  that  J^^-zSf  and  also 

h^-Sy  therefore  j^^b^i  substituting  this  value  of 

y\  the  equation  is  reduced  to  that  of  finding  the 
values  of  x  i^nd  z  in  the  equation 

3rt 


{ 


4^  ,  Duqphanimt  ProblaM. 

the  solvdon  of  which  has  been  given  at  proUem  ii., 
#here  we  find  (bj  making  a  =  b),m  that  article^ 

In  which  expressions  /i  and  q  may  be  assumed 
at  pleasnre;  and  thos  any  number  of  sets  of  squares 
may  be  obtained,  which  shall  be  in  anthmetical 
progression,  and  their  sum  equal  to  the  given  sum. 

Ex.  1.  Find  three  square  numbers  in  arith- 
metical progre{»sion,  whose  sum  shall  be  equal  to 

i'  +  5*  +  7*=75- 

Here,  since  £=5,  we  shall  have,  by  assuming 
successively 

/ = 3  ^ =5,  for  the  squares  (— )*  +  5»  +    (j^)*  =  75 } 

;,=4y=3, (t)*+5'+  (yr=r6; 

245  155 

p^&q^4, (:i7r+5'+(— r=75; 

&c.     &c.  &c. 

Cor.  If  it  had  been  required  to  find  three  in- 
tegral square  numbers  in  arithmetical  progr^sion^ 
that  should  be  resolvible  into  other  integral  squares 
having  the  same  property,  then  b  must  be  so  as- 
sumed that  b*  may  be  resolved  into  two  integral 
squares,  which  may  be  done  by  making  b  equal  to 
the  product  of  any  number  of  prime  factors,  each  of 
the  form  4n  -fl,  these  having  the  property  of  being 
«qaal  to  the  sum  of  twa  squares  (cor.  2,  art.  lll)» 
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and  consequently  their  product  is  so  likewise  (art. 
91);  tlius^  if  i=s5x  133=665  then  we  have  the 
following  sets  of  squares : 

13* +  65' +  91'=  12675, 
23* +  65* +  89'=  12675, 
35* +  65^85*=  12675, 

47' -I- 65  V  79' =12675; 

these  numbers  l)eing  found  by  the  foregoing formulee, 
by  assuming  for  p  and  q,  so  that  p*  +  q^  may  be  a 
divisor  of  65,  as  in  prob.  i. 

l>ROB.  V. 

212.  To  find  a  number  such,  that  two  given 
squares  being  each  subtracted  from  it,  the  two  re- 
niaiuders  may  also  be  squares* 

Theorem.    Let  a*  and  6*  be  the  two  given  squares, 

and  resolve into  any  two  unequal  factors,  m 

and  m\  and into  any  two  unequal  factor^  n 

and  n\  then  will 

be  the  number  required. 

Demonstration.     For,  byart.  91, 

(m*  -f  n)  (m^  +  n^)  =  <   )    _/        Xa  .  /^  /  .     /  \« 
^  ^  L  ('wm  —  nn)  +  [mn  +  mny. 

And  since =  mm\  and =  nn\  therefore 

2  '  2  ' 

a  ==  mm'  -f  nn\  and  h^mmf — tm' ; 

and,  consequently,  the  square  of  each  being  taken 
from  the  above  product,  will  leave  a  square  re- 
mainder. 


"»     » 


^ff* 
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Cor.  Hence^  when  the  two  given  sqnares  am 
both  everl,  or  both  odd^  tiie  question  will  admit  of 
one  or  more  solntions  in  whole  iinmbers^  according^ 

to  the  nnmber  of  different  ways  in  which ,  and 

— — ,  may  be  resolved  into  tmeqnal  factors. 

Sappose,  for  example^  18^  and  3*  were  the  two 
given  squares  ;f  here 

18  +  2 


2 
18-2 


=  2x5^  or  1  X  lO;  and 


=  2x4,  or  1  X  8. 


2 

Tbtn  the  number  of  sohitions  will  be  four,  which 
ire  as  follows ;  viz. 

(2'+2*)x(  5* +  4*)  =328, 
(2?+l*)x(  5V8*)=446, 
(l*+2V(lO*  +  4')  =  580, 
(l"+l*)x(lO"  +  8)  =t328. 

Two  of  which  values  of  the  required  quantities 
are  equal,  because  the  first  factors  of  m  and  n  are 
equal. 

So  that,  in  fact,  we  have  only  three  solutions ; 
namely, 

r328-2'  =  18',  328-18»  =  2*, 
<  445 -2*=  21%  445 -18*=  11% 
t  580-2^  =  24%  580-18*=l6*. 

But  fractional  solutions  may  be  found  ad  Uhitum^ 

PROS.  VI. 

213.  To  find  two  integral  numbers  such  that, 
unity  being  added  to  each,  as  also  to  their  sum 


^^^ 


.  ..—"*" 
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and  difierence,  the  four  results  shall  be  complete 
squares. 

Let  X  ami  y  represent  the  reqiiired  xmxaber^,  it 
is  requu*ed  to  fiad 

Now  here  it  is  obrious,  that  the  three  squares 
r*,  wi*,  and  p%  are  in  arithmetical  progression, 
their  common  difference  being  y. 

Let  us,  therefore,  represent  th^e  three  squares, 
according  to  prob«  iii.,  by 

Then  we  have,  for  their  common  difference, 

and  all  that  is  required  is  to  find  this  quantity, 
phis  I,  a  square,  or 

4fq-  IQpY  +  Bpq"  +  1  =»n^ 

Assume,  th^efore, 

then  we  have,  by  squaring  and  cancelling  the  like 
parts, 

Whence, 

in  which  expression  q  may  be  assumed  at  pleasure. 
And  thus  the  general  values  of  x  and  y  will  be 
determined;  viz.  by  first  making  />  =  4y*  +  35,  and 
theq 
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By  taking  y  =  1  we  have  />  =  7?  whence  x  =  1368 
and  ^=840;  which  numbers  answ^er  the  reqnired 
Qonditions:  for 


{ 


{1368+1    ^         =37*, 
840+1  =:=  29% 

1368  + 840 +1=47% 
1368-840+1=5  23*. 


PROB.  VII. 

214.  To  find  three  or  more  numbers,  such  that 
the  sum  of  their  cubes  may  be  a  square,  and  if  from 
this  sum  the  square  of  each  of  the  quantities  be 
subtracted,  the  remainders  shall  be  squares. 

Let  Xf  y,  and  z,  represent  the  three  numbers, 
then  the  conditions  required  are  as  follows ;  viz. 

a^+y +  ;;'=5=^-; 
or 


&c.         &c,  &c.        &c. 

« 

Which,  in  their  present  form,  appear  to  involve 
considerable  difficulty ;  they  are,  however,  rendered 
very  simple,-a6  follows : 

Assume  any  square  number,  a*,  and,  by  pro- 
blem i.,  resolve  into  two  square  numbers,  as  many 
ways  as  the  problem  requires ;  thus, 

A»  =  a*  +t*, 
A^^a'^+fc^ 
A*  =  a'''  +  *'r 
&c.  &c. 

In  which  equations  all  the  quantities  that  enter 
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are  known ;  bat  these  expressions  will  obtain  also^ 
if  we  introduce  any  indeterminate  square  m*:  thus, 

A«  /.«  A« 


I 


m*'~m*     »**' 

&c.  &c. 

And  these  will  evidently  answer  the  required 
conditions,  if  we  make 

W  Wl  w 

providing  m  be  so. assumed  that 


which  gives 


y 
m' 

+ 

* 

&c.. 

m: 

y 

+  A« 

+  6'« 

+ 

&a 

A* 

• 

And  thus -we  have  immediately  the  solution  of 
the  problem  proposed. 

£x.  Assome  a =65,  then,  by  problem  i.,  we 
have 

66«=s63*+l6», 
66* =56* +  33*, 
6**=6o«+25', 

65" =63* +  39*. 

Whence,  h=i6,  4'=33,  i"=25,  i"'=39,  and 

l6*  +  33'  +  25»  +  39'     114977 


m= 


65*  4235   ' 

And;  therefore,  from  the  foregoing  formulse. 


;,'A^m.  ^  iiM      ^11.      .t^^^f-^^^Bmmmmm^^m^mtmmmfmmmmmmm^B 
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16x4225      67600 


x= 


J 14977   114977'         i 

33  X 4225   139425 

r^"   114977  ""114977^ 

25  X  4225      105625 


5J  = 


11;  = 


114977  114977' 

39  X  4225      164775 


114977       114977 

Which  are  four  numbers^  such  that  the  sum  of 
their  cubes  is  a  square ;  and  if  from  that  sum  the 
square  of  each  be  subtracted,  th^  fopr  remainder^ 
are  squares. 

Remark.  This  solution  deserves  particular  at- 
tentipu,  as  it  would  be  perhaps  difficult  to  solve 
the  problem  in  any  other  way;  it  is  also  applicable 
to  various  other  question^  of  this  kipd. 

PROB.  VIII. 

215.     To  find  three  integral  square  numbers, 
such  that  the  sum  of  each  two^  with  double  thq 
other  square^  may  form  three  perfect  squares. 
..  Let  3^,  j/i^y  and  z^y  represent  the  required  squares, 
and  we  have  to  find 

x'+/  +  2z'  =  r*, 

y  +  s'  +  2JC^  =  f. 

Since  thegie  quantitifes  are  all  integers,  it  is  evi- 
dent that  we  may  suppose  them  prime  to  each 
other ;  they  must  also  be  all  odd  numbers,  as  will 
appear  by  considering  the  possible  form  of  squares 
to  modulus  4. 
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fjettfaeii,  y^X'\-2py  and  x^^x  +  Sg,  and  we  shall 
ii^ve,  from  the  first  two  formulsej 

4^*  +y*  +  2;s*  =  4x*  -h  4{p  +  25')j?  +  4(|i*  -h  29'), 
X*  +  »'+2/  =  4«*+4<2/>H-^)x  +  4(2/?*  +  9'). 
And,  by  making  this   first    quantity   equal  to 
4(x  +y)%  we  obtmn 

2f-p-2q  • 

And,  in  the  same  manner,  the  second  formula, 
jby  making  it  =4(a?+^)*,  gives 

2g-2p-q* 
which  expression  must  be  equal;  make,  therefore, 

from  \rhich  equations  we  readily  deduce  the  fol- 
lowing general  values  of  ^aijd  ^;  viz. 

f=^{5q  +  3p), 

g=-iri^P  +  M)' 
And  by  substituting  these  values  for  J"  or  g,  in 

the  above  expressions,  for  x,  we  obtain 


{ 


*v^9 


''"        8{p  +  <l)        ' 
This  value  of  x  will  satisfy  the  first  two  con- 
ditions, and  we  shall  have^  by  means  of  this,  the 
corresponding  values  of  y  and  Zy  because 

y=x  +  2p,  and5;=«  +  2{; 
so  that,  by  multiplying  each  of  these  quantities  by 
the  common  divisor  S(p-^q),  we  have 

x^  7/>'*~30py+   7(7% 

ff^-a^p'^Upq-h   7q\ 
a=    7/**-14;?9  +  23?*. 
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And  with  these  expressions,  in  which  p  and  q 
are  indetenninates,  it  remains  for  us  to  fhlfil  the 
third  condition^ 

Now,  in  order  to  simplify,  make  p=q  +  ^,  and 
we  have 

«=(7<P*+i6)?'. 

And  these  expressions  being  squared,  and  sub- 
stituted for  a^,  y',  and  z\  the  equation  becomes, 
when  divided  by  q*, 

169  . 

Now  this  equation  agrees  with  our  form  xv.,  pre- 
ceding chapter,  whence 

4m'd±4mbf 
b*T8mf-4m'c' 

where  nt=Yg,  A  =  i,  c  =  2,  rf=2,  and/=lj  there- 
fore, ^  =  208,  and  since  q  may  be  taken  at  pleasure, 
let  q=l,  whence  /?=209;  so  that  the  requinsd 
values  of  X,  y,  and  z,  are 

X=18719,  y  =  62609,  «  =  18929; 
and  it  is  obvious  how  other  answers  might  be  ob- 
tained by  changing  the  value  of  q,  as  well  as  by 
means  of  the  otlier  formula  in  form  xv. 


PROB.  IX. 


216  To  find  three  such  square  numbers,  that 
each  being  subtracted  from  the  sum  of  the  other 
two,  the  three  remainders  may  be  squares. 
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Let  a^y  ^%  and  z\  be  the  required  squares ;  it  is 
required  to  find 

First,  by  assuming 

we  shall  have 

a?*  +  «* — y*  =  (;?* — 5* — Spy)*. 
So  that  the  first  two  conditions  are  fulfilled^  and 
it  only  remains  to  make  a  square  of  our  third  equa- 
tion, which  becomes,  by  substituting  for  x,  y,  and 
Zf  as  above. 

Now  in  order  to  reduce  this  to  our  form  xv,, 
make  />  =  (2  +.^)y,  which,  being  substituted  for  p 
in  the  above  equation,  we  have 

Whence,  again,  from  form  xv., 

*-    Ahp^Anidf    ""      4  ' 

because  iw  =  l,  ft=8,  c  =  20,  rf=:l6,  andy=l. 

— 15 

But  p  =  (2  +  <^)y,  or  p = — --g ;  therefore,  /^  =  1 5 

and  9=  —  4 :  whence 

x=p*  +  q*         =241, 

2  —p*—pq — 9* = 269. 
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Which  numbers  answer  ibe  required  conditions^ 

and  others  might  be  founds  by  the  other  formnltt 
given  at  form  xv.,  as  also  by  changing  the  value 
of  y  *. 


Practical  Diophantike  Problems. 

1.  To  find  a  +  ^  and  a  —  x  both  squares,  and 
to  point  out  the  limits  of  possibility  viri^h  regard 
to  the  form  of  <?, 

2.  To  find  af+i^  +  «*  =  ^*a  cube. 

Jns.    3'  +  4'  +  5'  =  6'. 

3.  To  find  two  numbers  whose  sum  is  a  square, 
Itnd  also  such,  that  each  being  added  to  the  square 
pf  the  other  sha^l  be  a  squarie, 

Ans.    Any  two  numbers  whose  sum  is  -• 

4.  To  find  three  numbers  in  arithmetical  pro- 
gression, the  sum  of  every  two  of  which  shall  be  a 
square* 

Jns.     ISO-V,  8404,  15604^. 

5.  To  find  three  numbers  such,  that  the  pro- 
duct  of  every  two,  plus  the  sum  of  the  same  two, 
may  be  a  square, 

Jns.    4,  9,  28. 


^  It  was  intended  to  have  added  here  the  aolution  of  several 
01  iter  Diophantioe  problems,  but  this  work  bavitig  already  «z- 
cteded  the  limits  ivhich  the  author  had  prescribed  to  himself,  he 
is  un<Itr  the  necessity  of  cancelling  the  solutions  of  several 
questions,  and  placing  them  among  the  following  practical  ex^ 
am  pies. 


Dkphantine  ProUemsr.  4f7 

6.  To  fiad  three  sneh  nambers,  that  each  bekig' 
added  to  their  product  shall  be  a  square. 

Ans.    -,  -,  -— - 
9   9    9 

7.  To  6nd  two  numbers^  whose  difference  if 
equal  to  the  difference  of  their  squares^  and  the 
sum  of  their  squares  a  square. 

~,  -^  or  any  two  firactions  the 


Ans. 

sum  of  which  is  unity. 

8.  To  find  two  such  numbers^  that  their  product, 
added  to  the  sum  of  their  squares^  may  be  a  square. 

Jlns.     5  and  3. 

9.  To  find  three  rational  right  angled  triangles 
having  equal  areas. 

Hyp.        Base.         Perp. 

f    58     40        42 
Ans.     <     74     24       70 
tll3     16     112* 

10.  To  find  three  squares^  whose  sum  is  also  a 

square. 

144 
Ans.    9,  16,  — . 

1 1 .  To  find  a  quadrangle  inscribed  in  a  circle, 
of  which  the  sides  and  area  are  rational. 

Ans.     Sides  80,  45,   100,  63- 

12.  To  find  an  oblique  angled  triangle  such,  tbat 
its  three  sides,  perpendicular,  and  a  line  bisecting  the 
greatest  angle,  may  be  all  rational  numbers. 

Am.     The  sides  are  876,  870,  145. 

13.  To  find  a  triangle  such,  that  its  three  sides, 
perpendicular,  and  the  line  drawn  from  one  of  the 
angles  bisecting  the  base,  may  be  all  expressed  in 
rational  numbers. 

Ans.     480,  299,  203. 


4/8  Diophantine  Problems. 

14.  To  find  two  triane:iilar  nnmbers  such,  tliat 
their  sum  and  diflFerence  shall  be  both  triangolai^ 
numbei's. 

15.  To  find  two  such  squares^  that  their  pro- 
duct added  to  the  square  of  each  shall  be  a  square. 

1 6.  To  find  three  square  numbers  in  harmonical 
pro])ortion. 

17-  To  find  three  numbers  in  arithmetical  pro- 
gression such,  that  the  sum  of  their  cubes  may  be 
a  cube. 

18.  To  fiiid  three  numbers  such,  that  their  sum 
may  be  a  square,  and  the  sum  of  their  squares  a 
fourth  power. 

19.  '^  To  find  a  cube  number,  which,  added  to  the 
5um  of  its  divisors,  shall  be  a  square. 

.  20.  To  find  a  square  such,  that  the  sum  of  its 
divisors  being  subtracted  from  it  the  remainder 
shall  be  a  cube. 

21.  To  find  a  square  such,  that  tile  sum  of  its 
divisoi^  being  subtracted  from  it  the  remainder 
shall  be  a  square.. 

22.  To  find  a  square  such,  that  being  added  to 
the  sum  of  its  divisors  the  suni  shall  be  a  square. 

23.  To  find  two  squares  such,  that  each  added 
to  the  sum  of  its  divisors  shall  give  the  same  num- 
ber. 

24.  To  find  two  square  numbers  such,  that  one 
of  them,  and  its  divisors,  shall  be  equal  to  the  di- 
visors of  the  other. 
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CHAP.  VII. 

On  the  Solution  of  the  Equation  a^-^l^O,  n  being 
a  Prime  Number;  tvith  its  AppUcaiion  to  tJie 
Anahjticdl  and  Geometrical  Division  of  the 
Circle. 

PROP.  !• 

217.     All  the  imaginary  roots  of  the  equation 

ciT-  1  =  0 
are  contained  in  the  general  formula 

a?  —  2  cos. *  +1=0. 

n 

k  being  any  integer  not  divisible  by  w,  and  v  re- 
presenting the  semicircumference. 

It  is  a  known  trigonometrical  property,  that  if 

1  1 

.    2  COS.  3/  =  x4--,  2  cos.  w^  =  a?"  +  — ;f, 

from  which  two  equations^  viz. 

1 
2  COS.    v  =  x+-, 

1 
2  COS.  nv=sa?*-f  — -, 

^re  readily  deduced  the  two  following^ 

x^  —  2  COS.   y.x  +1=0, 
0?**  — 2  COS.  ni/.x*+  1  =0, 

which  must  necessarily  have  one  common  root, 
being  both  derived  from  the  same  value  of  x ;  and 


^V«^^H^R^PM^P^^v^^^^"^HW 
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since  these  are  both  reciprocal  equations^  if  a?  b^ 

one  root,  —  will  be  another :  they  have  therefore  two 

common  roots ;  that  is,  the  two  roots  of  the  first 
equation  are  also  roots  of  the  second;  and,  con- 
seqpently,  from  the  known  theory  of  equations^  the 
former  is  a  divisor  of  the  latter. 

If,  now,  we  makeyss ^   or  mf^^kw^  these 

equations  become 

3r  —2  cos. X  +1=0, 

n 

of -2  COS.  2Airj^+l=0. 

Bnt  the  cos.  2At=  1,  2?r  representing  the  whole 
circnmference ;  therefore,  the  latter  equation  now 
reduces  to 

a:*'-2a:^+l3=0i  or(jf-l)*=0, 
haying  still  for  its  dirisor  the  other  formula 

or  —  2  cos. X  +  1  =sO; 

n 

that  is,  the  roots  of  the  equation 

(af*~l)*=0,  or  of- 1=0, 
are  all  contained  in  the  formula 

a?'  — 2  cos. ^x+l=0; 

n 

and,  therefore,  by  giving  to  k  the  successive  values 

A  =  l,  2,  3,  4.(n-l),  the  following  formula  will 

be  obtained;  viz. 

27r 
X-2COS. — ^^+1=0, 

^^  —  2  cos.  — a:+  1  =0, 

n 
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ar-^  2  COS.  — X  +1=0, 


^         « 


or  — i  COS.  ^— x+l=50; 

n 

•  .      '  ■        ■  . 

Which  contain  among  them  all  the  n—  1  imaginary 

tck>ts  of  the  equation 

>    x"-l=o: 

Cor.  I.     If  instead  of  makihe  v  = ^  we  had 

*='  •^       n 

assumed  ny  ==  2far  +  t,  onr  second  formula^ 

ic**-2cc)s.  >^. if +1=0, 
would  have  been  reduced  to 

x*'  +  2a:*+i=d,  of(^+l)"=0, 

(because  cos.  (^A:^  +  t)  =:=  —  l),  having  for  its  general 
fiictor  the  formulsl 

•       A?*-  3  COS.  i i— JP+  1  =0, 

n 

trhich  IS  the  dther  braiicb  df  the  Cotesian  thkoreni. 

Cor.  2.    From  the  theory  of  equations  it  follows^ 

2ir  . 
that  2  COS.  --T-  is  equal  to  the  stim  df  the.  two  roots 

tif  the  equation 

ar  —  S  COS.  — J?  +1=0 

n  * 

which  are  also  two  of  the  roots  of  the  proposed 
equation,  and  it  is  obviously  the  same  witli  all  the 
other  formulae;  anjl  hence  it  is  manifest,  that  the 

2  1 


■"l*" 
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division  of  the  circle  depends  upon  the  solution  <rf* 
the  equation 

and.  Conversely,  by  knowing  the  value  of  2  cos.  — , 

the  roots  of  the  proposed  equation  may  be  de- 
termined by  the  solation  of  a  quadratic 

PRdP*  11. 

218.     AU  the  imaginary  roots  of  the  eqtlatioit 

a?*- 1=0, 

n  being  a  prime  number,  arfe  diflferent  powers  of 
the  same  imaginary  quantity^  and  all  different  from 
each  other^ 

Before  demonstrating  this  property  of  the  roots 
of  the  proposed  equation,  it  will  be  proper  to  show 
that,  when  n  is  a  prime  number^  the  roots  of  thiv 
equation  cannot  be  the  roots  of  any  other  eiyiation: 

m  being  supposed  prime  to  n.  For,  if  this  be  pos* 
sible,  let  a  represent  the  oommon  root,  so  that 

R"  =s  1  and  r"  *  1^ ; 

tfai^  also^ 

R**=l  and  R**=l, 

whatever  integral  values  are  given  to  a  and  b.;  and, 
therefore,  r"*=r*",  or,  dividing  by  r*",  we  have 
j^on-6»j5.j.  jj^|.  ^{^Q^  ^  and  b  are  here  indetermi- 

nates,  and  n  and  m  prime  to  each  other,  such< 
values  df  a  and  b  may  be  founds  that  will  make 
on  —  ftm  =  J ;  whence,  also,  r  »  I ,  consequently  these 


I 
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^qnatioiis  can  have  no  other  cbmnion  root  besides 
iinity. 

This  being  premised,  it  will  be  readily  shown, 
that  all  the  imaginary  roots  of  the  equation 

n  being  a  prinle  nnmber,  are  powers  of  the  same 
quantity,  and  different  fi-om  each  other.  For  let 
R  represent  any  one  of  these  imaginary  roots,  then^ 
since  r"=  1,  so  likewise  r**=  1,  fe'*=  1,  R*"=:  1,  &c. 
Therefore,  if  R  be  one  root,  so  likewise  is  every 
term  in  the  series 

A,       R   ,       R    ^       "9       dtXjay       R  • 

for  each  of  these  quantities,  raised  to  the  nth 
])Ower,  is  equal  to  unity,  which  is  the  condition  of 
the  equation. 

And,  in  the  same  manner,  it  may  be  demon- 
strated, that,  if  R*  be  one  imaginary  root,  so  also  is 
every  term  in  tlie  series 

R%  R*^  R%  t^  &c.,  k^"-^^"; 

tvhich  foots  are  all  different  from  each  other.  For 
if  any  two  of  them  be  equal,  let  them  be  repre^ 
Sented  by  r'*,  aad  r'*,  or  r'*  =  r'%  where  p  and  ^ 
are  each  <  n.  Aqd,  since  p  and  q  are  not  equals 
let  p>q'y  then,  dividing  by  r*",  we  have  r^'"'^"=  1 ; 
but  since  a  is  prime  to  n,  and  j>  —  y  <  n,  their  pro-, 
duct,  {p'~q)cii  is  also  prime  to  n;  and,  therefore, 

IS  impossible ;  fot  otherwise  r*"  would  be  a  root  of 
this  la^  eqnaidoD,  and  also  a  ttK>t  of  the  equation 
r"=1,  which  we  have  shown  to  be  impossible  in 
the  former  pait  of  the  proposition,  because  (jp — q)a 

21  2 
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and  n  ane  prime  to  one  another :  therefore  the  fore^ 
going  series  of  roots^  which  belong  to  the  equation 

^^-1=0, 

kre  different  powers  of  the  same  imaginary  qoantlty, 
and  all  different  from  each  other. 
.  Gor;  Since  a"  =  1 ,  it  is  obvions,  that  a*'*'*  *=  r^ 
R*'*'*  =  R%  and,  universally,  r'*"*''=r*;  whence  it 
follows,  that  these  roots  inay  be  more  generally 
represented  by  the  series 

R,  R-+%  R«'-+%  R-^'-*%  itc. 

If,  therefore,  g  be  such  a  number^  that  its  sue* 
cessive  powers, 

gy  S"^  ^y  ^^  &<^-5  g"\ 
M'hen  divided  by  n^  leave  different  remaindei^,  the 
srame  roots  may  be  otherwise  represented  by 

ft  S  4  n^i 

R',  R*^  R',  a',  &€.,  a'     J 

under  which  latter  form  it  will  be  convenient 
for  US  to  consider  them  in  the  following  propo* 
4iition,  because  this  latter  series  will  have  itk% 
property  of  returning  upon  itself,  if  it  be  produced 

beyond  the  tefm  r'     ;  for  g*"'  —  1  is  divisible  by  n 

(art.  87),  or 

/^therefore,  g^^a'n  +  g-,  and,  consequently. 


R«r=R«r  =R«+ir. 


hence  it  is  manifest,  that  in  this  series  of  roots  it 
is  indifferent  which  of  them  is  considered  as  the 
first. ' 

But  if  R  be  one  root  R*  will  be  another,  pro- 


R 


■^w^ 
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▼iding  a  be  not  pqati.  %o  0,  nor  to  n,  nor  to  axif 
multiple  of  n :  tiier^fo^  the  same  roots  may  be  re- 
presented by 

b",    BV  ,    tL"\    R«/     &c.,    R*» 

prby 

< 

11%  n*',  B«»,  b"»,  &c.,  r** 


1I>1 


«-t 


n-1  11-1 


because  g"**i*5iia+l,  or  r'  =br,  andR"'  :;»R*&c. 
Tbe  above  periods  of  roots  have,  as  we  hav^ 
^en^  the  property  of  returning  upon  themselves, 
if  produced ;  and^  since  n  is  a  prime  number,  n  —  1 
is  a  composite  number ;  making  therefore  n  —  1 3=  mk, 
these  periodn  of  n—  I,  or  mk  terms,  may  be  decom- 
posed into  k  periods  of  m  terms  each,  which  shall 
Ixave  the  same  property;  viz.  by  being  produced^ 
the  same  roots  will  recur  in  the  same  order  as  at 
lirsti  as  appears  from  the  following  proposition. 

PROP.  III. 

319,    To  decompose  the  n-r  1  imaginary  roots 
of  the  eq^atioi^ 

into  k  periods  of  m  terms  such,  that  es^ch^  by  being 
produced,  shall  recur  in  the  same  order  as  at  first, 
m  and  k  being  supposed  t^e  fa<;tors  of  n  —  1 ,  or 

The  whole  period  of  roots  being 

8  S  4  mik-iy 

n      B^      a'        R^        R^        •    •    .    R' 

the  decomposition  will  stand  thus : 


mr'—^r'^ 
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1st  period,  R,       ?i',      R*  ,      R^  3      R'        ^ 

Ir+I  «*+!  3fc+l  (m-l)k  +  l 

2d  period,  r',      r^     ,  r^      ,  r«^      ,  r*  j 

3d  period,  R«*,     r*     ,  r'      ,  r^      ,  r^  -^ 


k-i         ik't        3fc-l  \k'i  ink-i 

h    period,  R*     ,R^      ,R^      ,  R^      ,  R*       . 

Which  are  sncfa,  that,  b^ing  produced,  they  will 
give  over  again  the  same  periods  of  rockts;  for  the 
following  terms  in  these  p^iods  will  be, 

mk  9-1 

r'       =a'     =R,  because  g^'^^na  +  1 5 

mk+l  n 

R^       =  R^     =s R^^  because  ^    ^^na'^-g} 
&c.  &c.  &c. ; 

and  it  is  exactly  the  samp  with  all  the  other 
periods.  The  method  of  separation  is  here  ex- 
tremely obvious,  it  being  only  necessary  to  write 
the  first  k  terms  of  the  general  series,  in  the  first 
vertical  column,  the  second  k  terms  in  the  next 
column,  and  so  on. 

Cor.  I .  The  foregoing  period  of  roots  may  be  re- 
presented more  simply  in  tlie  following  manner;  r/z. 
by  making  ^*  =  A,  with  which  substitution  they 
become 


«. 

R», 

0 

«*', 

"*\ 

a*     ; 

«', 

* 

R^*  J 

H'S 

n-1 
R^*         ; 

9 

• 

ft 

8  8 

«  3 

R       i 

9  m-l 

• 
• 

4-1 

m-l 
R»        . 

l3-   • 
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Hence  again  it  follop^^  that  any  of  these  periods 
m^f  be  represiejftted  generally  by 

»%   B^,   R"**,   r^\   K'^\   &C.,    ft"**     . 

Cor.  2,  If  the  number  of  terms,  in  tliis  series  m^ 
be  a  composite  namber>  as  m^^m'k^  then  may 
each  of  the  above  periods  be  decomposed  into  k 
periods  of  Tnf  terms  each,  as  follows : 


a% 

&C.i 

K-*, 

ftA'+l 

&C.} 

ft 

• 

If*    , 

R"*        , 

&C.} 

• 

R-        , 

&c. 

Which,  by  m^ipg  A*'  =  A',  R^-s,  r**=sS  &c., 
becomes 

ft'  5 

8,       S  ,       ^9       ^    >       OCCv.ji 

S^     8''*',     S''*'',    8"'*'',     &C.I 

ft  -ft  ft   9  ft    3 

a  similar  resnlt  to  the  farmer:  and  in  the  same 
way  the  decompoMtion  may  be  carried  on  till  the 
number  of  terms  in  each  period  is  a  prime  num- 
ber, after  which  no  farther  decomposition  can  be 
effected ;  and  all  these  periods  will  have  the  pro- 
perty of  returning  upon  themselves  when  produced, 
as  may  be  readily  shown  as  above. 

Remark,    This  decomposition,  of  the  imaginary 
foots  of  an  ecjnation  of  the  form 
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n  being  a  prime  nmnber,  into  periods,  and  on  whicl^ 
the  solution  of  the  equation  depends,  is,  in  prac-; 
tice,  extremely  simple,  as  will  appear  from  thq 
following  examples;  the  foregoing  complex  ap- 
pearance arising  solely  out  of  the  generality  that 
was  necessary,  in  order  to  have  a  complete  demon-* 
stration  of  tjie  proposition.  The  only  difficulty  is 
in  ascertaining  the  quantity  g,  so  that  it  niay  be  s^ 
primitive  root  of  the  indeterminate  equation 

for  which  we  might  have  given  a  rule,  either  iq 
this  place  pr  in  chapter  v. ;  but  as  one,  at  least, 
of  these  roots  is  found  among  the  first  num- 
bers, it  8eem9  equally  expeditious,  or  more  so^  to 
find  them  by  trying  the  small  munbefs  2,  3,  &c., 
till  we  arrive  at  it,  than  by  any  direct  gei^^ral 
rule  for  that  purpose :  it  may  riot,  however,  be  amiss 
to  observe^  that^  if  g"  >  w,  and  g"  —  1  be  not  di- 
visible by  n,  m  being  a  factor  of  n—  1,  then  mil  g 
be  a  primitive  root  (ait.  202),  where,  likewise,  it  is 
demonstrated,  that  there  are  always  several  sucU 
roots,  except  in  the  case  i^=3,  in  ^vhich  there  is 
only  one. 

Ex.  1 .    It  is  required  to  decompose  the  four  ima- 
ginary roots  of  the  equation 

into  two  periods  of  two  t^rms  each,  which,  by 
being  produced,  shall  recur  in  the  same  order. 
Here,  2  is  a  primitive  root  of  the  equation 

x*-1-1  =  m(5), 

because  2'  —  I  is  not  divisible  by  5 :  the  first  period 
of  roots  is,  therefore. 
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B>  *?^  «%  *•;  or»,  »%  R*,  R^ 
by  rejecting  the  multiples  of  5 ;  and^  therefore^  th^ 
Required  periods  are,  '  • 

1st  period,  B,  R*; 
2d  period,  **,  r'. 

Ex.  2.  Decompose  the  six  imaginary  roots  of 
jthe  equation 

into  three  periods  of  two  terms  each. 

Here  6  =  2x3,  and  neither  3*— 1,  norS'  — 1,  U 
d^visil^le  by  7,  tjierefore  3  is  a  primitive  root  of  the 
equation 

und  th^  powers  of  the  roots  of  the  proposed  equv 
tion  will  be 

1,  3,  3,3,3,3; 

nr,  rejecting  the  multiples  of  7,  the  roots  are 

R,   R%    R%    R^,    R*,    R*; 

and,  therefore;^  the  periods  sdught  will  be, 

Ist  period,  B,  R*; 
3d  period,  a',  r*; 
3d  period)  B%  B*. 

Ex.  3.  It  is  required  to  separate  the  twelvq 
imaginary  roots  of  the  equation 

into  three  periods  of  four  terms  each ;  and  these 
again  into  two  periods  of  two  terms  each,  which 
shall  have  the  property  of  recurring  always  in  tlu- 
same  order. 

Here,  2  being  a  primitive  root  of  the  equation, 

j:^«--1  =  m(13). 
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the  powers  of  the  toq^  of  t^e  proposed  eqaatloii 
vfiU  be 

I,  2,  2V  2\  2\  2\  2%  2\  2%  3%  2'%  2"; 

nnd,  therefore,  rejectiug  all  the  multiples  of  13, 
the  series  of  roots  becomes 

R,    m,    RyR^R,    R^R    1    R    9    R9R9    R^    R». 

wd  the  first  decomposition  will  therefam  bej, 

1st  period,  R,    R*,  R*%  R*; 
2d  period,  r%  r%  r'*,  r*\ 
3d  period,  R%  »•,  R%   R^. 

And  each  of  these  will  b^  4Wide4  into  two.  pe^ 
liods,  as  follows : 

1st  period,  {  Jj^  ;;^       2d  period,  {  J>  ^i;; 


3d  period,  {  J>  J/ 


These  examples  kre  quite  sufficient  for  renderini^ 
the  decomposition  of  the  rqots  of  aiiy  equation  pe^- 
fi^ctly  familiar, 

FROP.  IV, 

220.     The  71—1  imaginary  roots  of  the  ^quatioi^ 

^-1  =  0, 

being  decomposed  into  periods,  as  in  the  foregoing 
proposition,  then  will  the  product  of  the  sums  of 
any  two,  or  more,  of  these  periods,  or  any  powers 
of  those  sums,  be  equal  to  tlie  8um»  of  similar 
periods. 
Let 

R"  +  R''*+  R"*  +  R"^    -'  -   -   R*^      , 
^*+H**  +  R**  +R**    -  -  -  R*'^      , 
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represent  any  two  periods  of  roots,  of  which  the 
product  is  required »  then^  since  we  have  seen  that 
these  periods  beiag  produced,  give  again  the  same 
roots,  and  in  the  same  order,  in  multiplying  these 
quantities  togetl^er,  we  may  arrange  the  products 
/in  the  following  manner ;^hat  is,  by  multiplying 
the  whole  of  the  ppper  series  by  each  term  in  the 
lower  one,  only  beginning  always  with  that  term  of 
the  upper  line,  tl^  is  over  the  t^rm  fay  which  we  / 

multiply,  and  prodiic^  tJie  series  of  the  upper  lin^ 
accordingly;  thus. 


n-I 


»•+*       +  R****      +  R"*  +»      +  R"*  +»       +  &C.   ft,"^       +*, 

tt  9  fi        ft  9         S  m«l         « 


,^{«+*)**''^r(«a+*)""'  ^,^(0/ +*)*"•"'  j^^^^ 

And  now,  taking  the  suras  of  the  different  vertical 
columns,  and  writing  a\  a'\  a"\  d\  &c.,  for  a  +  i, 
ah-k-h^  ah^-^b^  &c.,  we  have 

ft  S  «-! 

R*'  +  R''*  +  R^*     +  R*^*     +  &C.    R*'*       , 


1H>  1 


R-"-  +  R--"*  4-  R*'"*  -f-  R^"*  +  &C.   R*"'*      , 
&C.  &C.  &C« 

Each  of  which  new  periods  consists  of  m  terms, 
and  they  are  similar  periods  to  those  from  the  mul- 
tiplication of  which  they  were  produced ;  bccauscj^ 
if  R*"  be  any  imaginary  root  of  the  equation 

a?"-l=0. 
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Bf  is  another,  prarriding  o^  be  not  divisible  by  n  i 
and  if  a'  be  ecjnai  to  n,  or  to  any  multiple  of  0, 
then,  because  r**'=p1,  the  snm  of  the  roots  in  th^t 
period  will  be  ecjpial  tq  as  many  units  as  the  period 
has  terms,  as  is  evident. 

The  preposition,  therefore,  having  been  demon- 
strated for  the  product  of  tvo  periods,  it  must  ne- 
cessarily be  tnie  for  any  number  of  periods ;  and 
since  tiiere  is  nothing  in  the  foregoing  operation  to 
prevent  ns  from  supposing  a  to  be  equal  b,  or,  in 
other  words,  that  the  two  periods  that  we  faav« 
multiplied  together  are  equal^  the  same  is  evidently 
true  of  any  powers  of  those  periods ;  namely,  that 
they  may  alw^tys  be  ri^presented  by  the  sums  ojf 
simple  periods  similar  to  themselves* 

Cor.  We  are  thns  fomished  with  the  following 
easy  methocl  of  obtaining  those  products^  or 
powers;  viz. 

Let  /"(r')?  /{^%  represent  the  sums  of  any  tw<| 
period^,  as^ 

/(r*)  =  R*  +  R*'  +  R*"  +  R*^'. 

Under  which  fojcm  we  shall  have 

/(R-)=/(R^)=/(>); 

that  is,  the  sum  of  the  periods  is  the  same,  which-^ 
erer  is  the  leading  tenn^  because  the  periods  are 
recurring  ones,  and  the  s£une  have  place  with  all 
other  periods :  then  will 

which  formula  will  be  of  particular  use  in  the  so* 
lution  of  the  following  examples,  th^  priuQipl^  of 
which  is  to  subdivide  the  original  period  of  roots 
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into  two  or  more  periods^  as  in  the  preceding  pro^ 
position ;  then^  if  there  are  only  two,  the  sums  of 
these  separate  periods  may  be  ascertained,  by 
knowing  the  collective  sum  of  the  two,  which  i^ 
alwap  giren,  and  the  product  of  the  same  two^ 
which  is  obtained  from  the  above  formula;  and 
having  thus  the  sum  of  two  quantities,  and  their 
product,  the  quantities  themselves  are  easily  found 
by  a  qnadratii;;  if  there  arof'  three  periods,  then, 
beside  the  sum  of  thete  three,  we  must  kiiOTi^'  thd 
sum  of  the  products  of  every  two  of  them,  and  the 
product  of  all  three,  whence  the  separate  sums  are 
found  by  means  of  a  cubic  eqni^on,  ^nd  so  on. 

221*  We  mAf  now  proceed  to  the  solution  of  a 
few  examjdes,  to  illustrate  what  has  been  ikmon- 
strated  in  the  foregoing  articles. 

Ex.  1.     Required  the  cos.  -     ■■  =^72^,  and  the 

imaginary  roots  of  the  equation 

The  imaginary  roots  of  this  equation  being  de* 
composed  into  two  periods,  by  means  of  their 
powers  ^as  in  ex.  1,  art.  219)9  and  representing 
the  sums  of  these  jpferibds  by  p,  p^;  that  is^ 

it  will  only  be  necessary  to  find  the  values  of 
p  and  p^;  that  is,  the  sum  of  the  two  imaginary 
roots  E  + 11%  or  r*  +  r',  which  is  readily  obtained  by 
means  of  the  foregoing  proposition,  and  the  known 
property  of  equations;  viz.  that  the  sum  of  the 
roots  of  any  equation  is  equal  to  the  coefficient  of 


A\ 
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th«  second  tenn,  which^  in  the  present  case,  is  zero^ 
sothat 

1 -f  R  +  R'4-*^  +  it^=0,  or 
T^  +  y+l    -     =0,  or 

Again,  by  cor.,  art.  22a, 

y(R')  x/(r')=;,/=/(r')+/(r')=/+;>j 

therefore,  p-hp'=  —  1,  and  pp'^^  —  1 ;  and,  conse- 
quently, the  equation  which  has  for  its  roots  thof 
quantities  p,  p\  will  be 

P'^P-X^Oa 

Whence  we  obtain 

p^ ^ ,  and7>= ^ J 

lehtch    expressions    represent    2  cos.  — — -,  ana 

2 -360^      .       . 
SIMS.  --"^-T — :  tneretore. 


.0       -  1  +    'v/^ 


cos.   72"= ^= -3096170, 

4 

—  1  —  a/6 

COS,  144''= =3  -  •  8090170, 

4 

The  fii*8t  of  which  values  alone  is  obviously  suf- 
ficient for  the  division  of  the  circle  into  five  equal 
parts.  And,  having  thus  determined  the  values 
of  diese  cosines,  we  have,  for  finding  the  imaginary 
nots^  of  the  proposed  equation,  the  two  following 
qnadraticB ; 

,     /-.1+   -v/5\ 
^\ 2 y^+V=0, 
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Wliiich,  with  the  real  root  1,  completes  the  Balotion 

of  the  equation. 

360° 
Ex.  2i     Find  the  cosine  of  ^  and  the  imagi- 

7 
nary  roots  of  the  equation 

^  Having  decomposed  the  powers  of  the  imaginary 
roots  of  this  equation,  or^  which  b  the  same,  the 
roots  of  the  indeterminate  equation 

j:--1=m(7), 
into    three   periods    of  two   terms   each   (ex«  2^ 
art.  2^19),  and  representing  the  soms  of  these  pe^ 
riodff  hy  p,  />',  j/';  that  is, 

f  afen  +a', 

the  object  of  inquiry  will  be,  to  ascertain  the  values 
ofp+p'+//',  ofjRp'+/?p"+p'/>'',  and  of/jpy';  for 
then  the  cubic  equation,  having  these  quantities 
for  its  coefficients,  will  evidently  have  for  its  roots 
p,  f\  onAjTs 
First,  then, 

from  the   known    theory  of  equations,    and    by 
cor.,   art.  220, 

pY'^p^'-^pf 

therefore, 

Again,  multiplying  the  first  of  the  above  pro- 
ducts by  jf'  §^ves  , 


/ 
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pp  =p  +jp; 
and^  by  cor.^  art.  220^  and 

p'Y^p'^2^  that  is,   --f{A)s^f(1), 

the  last  of  which,  viz./(Bf)^  2;  by  the  same  articfe  i 
therefore, 

ppy'=p  +y +y'+  2  =  +  i-r 
Hence  the  cubic  equation  that  hasp,  p\  andp'V 
for  its  roots,  is 

p*+p'  — 2p— 1=0; 

Mtd,  thereforey  conversely,  the  roots  of  this  cubic 
will  be  the  values  />,  p'  and  /i",-  whence  we  find 

p  ^  1^2469796^ 
jf  =-1-8019376, 
/'=-    -4450420. 

And  Jience  again, 

which  is  sufficient  for  the  division  of  the  circle  inter 
seven  equal  parts. 

And  by  means  of  the  above  quantities  p,  p',  p'% 
%e  shall  have  the  three  foUowing  quadratics*;  viz* 

u?-p  J? +1=0, 
«*— y  jr+  l=fi=0^ 
a?'-p''r+l=:0, 

which  contain  in  them  all  the  difiet^nt  imaginary 

roots  of  the  proposed  equation. 

360^ 

Ex.  3.     Find  the  cosine  of ,  and  the  roots 

13 

ff  the  equation 

a?" -1=0. 


cos. 


} 
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The  solution  of  this  problem  will  be  ^Xkcted  by 
means  of  a  cnbic  and  two  quadratics^  or  a  cubic 
and  one^  quadratic,  so  far  as  it  relates  td  the  di- 
vision of  the  circle  into  thirteen  equal  parts ;  ob- 
serving, that  we  must  finish  with  the  quadratic,  in 
order  that  we  may  kno\v  the  sum  of  two  of  its 
k*6ots :  thte  period  of  roots  must  therefore  be  first 
divided' into  three  perlbds  of  four  terms  each,  as  in 
ex.  3,  art.  219* 

"Whence^ 

y'=R*  +  R'+R"  +  R^ 
p''a«K*  +  t'+.R»  +R\  , 

And  here,  as  in  the  foregoing  example^  it  will  be 
necessary  to  find  the  values  of 

p+y-^p"',  of  pp' -^  j/p^' +  pp'%  and  of  ppy\ 

in  order  to  ascertain  the  cubic  eqoAtion  that  has 
these  quantities  for  its  roots. 
Now, 

by  the  theory  of  equations,  and  by  cor.,  art.  21 9, 
pp"  =//  +y  '¥p  +//'=/!  '^2pf^  -^fT', 

PT^'-P   ^p    -fp'4-//'=y+2p   ^p'\ 

Whence, 

ppf  +fp"  j^pjf'  zxA{p  +3«r  +|/')  *  -  4. 

Ag«m, 

PPY  ^PP"  +  ^pY  +?  V- 

But 

vY-  P'+^p  +  p'\ 

2p'p''^2p'  +  4p'  +  2p, 

p'Y^^^  p   +4=:/(r-)+2/(r*)+/(r«). 

2  K 
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VLenCB, 

Wherefore  the  cubic  equation,  hatiilg  fy  p\  jTf 
for  its  roots^  k 

and  kence  tbcse  values  (>ecoiae  known,  each  of 
which  is  the  Sum  ot  fo«r  roots.  And  now,  in  order 
to  get  the  snm  of  each  pair  of  roots,  the  fbr^mng 
periods  must  be  again  subdivide  into  periods  of  two, 
the  stand  of  wbich^  for  distinlrtion  sake,  are  re- 
presented  by  f,  j^,  &c«j  as  follows;  viz. 

i 

Period^",  into  {»:=*:+ ;^ 

Now> 

which  is  known  from  the  preceding  equation,  and 

which  is  also  Known. 

Whence,  the  equation  containing  the  roots  9,  ^, 
is  determined,  being 

and  the  value  of  q  in  this  tvill  be  equal  to 
2  cos«  ■      ■  ;  alid,  by  means  m  this,  the  roots  of 

the  proposed  equation  will  be  detomined. 

It  does  not  appear,  from  what  has  been  done, 
which  of  these  periods  ought  to  represent  the 


k 


1 
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(•OS.       ,    ;  but  this  becomes  immediately  evident 

from  considering,  that  the  cos.  of  this  angle  will  be 
positive,  and  greater  than  the  cos.  of  any  of  the 
other  angles, 

« 

and,  therefore,  that  period  q  must  be  assumed  into 
which  p  enters  positively:  arid,  in  the  same  way, 
we  readily  discover  the  particular  period  which 
represents  the  cos.  of  any  other  angles,  as,  likewise^ 
the  negative  from  the  positive^  &c.,  by  which  means 
the  apparent  ambiguity  is  avoided.--^ These  obser- 
vations must  be  particularly  attended  to  in  the  fol- 
lowing example. 

366** 
Ex.  4.    Find  the  cosine  of  — --,  and  the  roots 

of  the  equation 

Since  17  is  a  prime  iiumber  of  the  form  2*+  1^ 
or  17  =  2^  +  I ,  the  roots  of  the  above  equation  may 
be  obtained  by  four  quadratic  equations,  and  thd 

360® 
cosine  of  — —  by  three  quadratic   eqbktions ;   ill 

order  to  which,  the  imaginary  roots  of  the  equation 

must  be  decomposed,  first,  into  two  periods  of  eight 
terms  eacli,  then  these  into  two  periods  of  four^ 
iind  these  again  into  two  periods  of  two  terms  each. 
Now  3  being  a  primitive  root  of  the  equation 

,r'^-.l=:M(l7), 
2  K  2 


{ 
{ 
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the  whole  period  of  powers  will  be^ 

1q       Q»       qS       ^4      q5       q«       nl       08       n*       O^O        (»ll        olff 

3"^  3",  3";  or 

1,  3y  9,  10,  13,  5,   16,    11,    16,    14,   8,   7,   4, 
13,  IJ,  6; 

by  rejecting  the  mnltipleit  of  If. 

Whence  (by  art.  21 9)  the  first  two  periods  #ill 
be 

^  p  3=r'  +  R«  +R"  +  It"  +  R'^4-R'  +  R*  +R% 

/^r'  +  e'^^  +  r*  +r"  +  r**  +  r'  +  r'*+r'. 
Now 

;>+/=-i; 

and 

Hence  the  qaadratic  equation  containing  the 
roots  pt  jfy  will  be 

Whence, 

•  Agun,  the  periods  of  roots  py  p\  mnst  be  now  de- 
composed into  the  fotir  following  periods,  the  stuns 
.  of  which  are,  for  distinction  sake,  represented  by 

4^«    S9    =r'  +r"  +  ii'Vr% 
^^P'  I  ^  =R»  +r"  +  r'  +r\ 

X^.r\^A^    ]i'  =»'  +1^*  +R"  +  R'% 

And  bere  we  have 


J 


JU"^  --«•**( 
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Whence  the  quadratic  equation  containing  the 
roots  q,  qfy  is 

consequently^ 

y=+?  +  -i-  a/(4+i>*),  and  ^^^p-^  a/(4+;^). 

In  the  sam€|  way^ 

5f''=4.;/  +  4^(4+;y^),  and  5r'''=:4^-+V(4+l>'')* 

Again^  the  above  periods  of  q^  ((y  q^\  &c.^  are 
each  decomposed  into  two  periods  of  two  terms 
each^  which  new  periods  are  represented  by  i^  f^ 
f\  &c.;  viz. 

Period  q^     into  |  ^  =Jw^  a\ 
Period^,   ^*^{P=I^4r< 

Period5';iiito{j:ij;+j;;; 


Now 


Period?"',  into  {p;jn  + J/ 


*  +  ''=«=4l>++V(4+J^), 


and 


/f =<i'+r= j"«4.^+4.  ^(4+^"). 

Therefore  the  qnadratic  equation  containing  the 
roots  t,  ff  it 

Whence, 

The  first  of  these  is  the  greatest  positive  root, 


{ 


IP 
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360^ 
and  is,  therefore,  the  value  of  2  cos.  • — —- :  which. 

17 

by  sifbstitQting  for  q  and  q'\  then  respective  valnes, 

in  terms  of  »  and  p\  bccpmes  2  cos.       ■  '  = 

■  17 

Again,  reestablishing  the  values  o{p^  p*,  we  have^ 

,  360** 

m  numbers^  9  cos. " — —  =? 

17 

r4-{+(-+  +  4--«/l7)+4-v^-l-(i7-  ^17)}  + 

<      •J--v/U(-'4-+iA/i7)  +  -l--/-t(i7- v"i7)l^- 

l     4{^(—i— 4=^17) +-J-^-4-(i7+  V17)}, 

360** 
which  is  the  true  numeral  value  of  2  cos.  — rr-J 

17 

whence  it  is  pianifei^t,  that,  by  the  construction  of 
three  quadratic  equations,  a  17  sided  polygon  may 
be  inscribed  geometricaUy  in  a  circle. 

We  might  haye  adde4  h^re  the  solution  of  the 
equations,     7 

'     a:*^-l=0,  a?"- 1=0,  i^'-lssO, 

and  many  others ;  but  they  are  left  as  exercises  for 
the  reader. 

322.  SchoKum.  From  what  has  been  demon- 
strated, it  appears,  thai  the  equations  by  which 
the  circle  may  be  divided  into  a  prime  number  of 
equal  parts  n,  depend  upon  the  factors  of  n  —  1 ; 
that  is,  upon  the  subdivision  of  its  n  —  1  imaginary 
roots  into  periods;  so,  if  n  —  1  =  o^i^c"/,  then  the 
solution  will  be  eflFected  by  a  equations  of  the  de- 
gree a,  )3  of  the  degree  J,  and  y  of  the  degree  c : 
thus,  if  n=li,  then  10is=2^5';  and,  therefore,  the 
solution  depends  upon  one  equation  of  the  fifth  dc- 
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gree,  and  one  of  the  second.  Fof,  in  diis  case, 
we  can  only  decompose  the  ten  imaginary  Foots 
into  five  periods  of  two  terms  each,  or  into  two 
l^ods  of  five  terms  each ;  aad^  in  the  first  instance, 
it  is  obvious,  that  in  order  to  get  die  sum  of  all  the 
jf%y  as  />+;>'  +/!''  +/^'^  &c*>  ^  «n«  ®f  ^«  [product 
of  every  two,  of  every  three,  &c.,  the  equation 
mnst  aecessarfly  rise  to  the  fifth  degree.  And  if, 
according  to  the  other  division,  the  roots  were  re- 
solved into  two  periods  of  five  terms  each,  though 
the  values  of  these  periods  would  be  found  by  a 
quadratic,  yet  this  would  be  of  no  use,  as  we  should 
thus  have  only  the  value  of  the  smQ  of  fiv^  of  ^he 
roots,  whereas  it  appears,  from  cor,  2,  art.  1 17,  that 
it  is  only  by  knowing  the  sum  of  two  rpots  the  so- 
lution of  the  equation  can  be  determined  rationally. 
It  is  nei^essaiy,  therefore,  in  all  cases,  to  manage 
the  subdivisions  so,  that  the  final  equation  may  be  a 
^adratic ;  that  is,  so  that  th^  number  gf  terms  in 
each  period,  in  the  last  instance, '$h^ll  not  exceed 
two;  which  may  always  b^  done,  becaase  n  being 
a  prime  number,  n  —  1  is  always  even ;  and  thus, 
when  n—  1  is  any  power  of  2  (as  we  can  then  at 
every  step  divide  each  period  into  two  others),  it 
follows,  that  the  solution  of  such  an  equation  may 
always  be  effected  by  means  of  quadratic  equations 
only :  and,  consequently,  a  polygon  of  sueh  a  number 
of  sides  may  be  inscribed  geometrically  in  a  circle^ 
Now,  5,  17^  2S7»  055/37,  ^^  prime  numbers  pf  this 
form,  and  therefone  ^a^h  of  these  admits  of  a  geo- 
metrical construction.  We  know  also,  from  other 
principles,  that  if  any  two  polygons  of  an  unequal 
number  of  sides,  prime  to  each  other,  can  be  i^T 
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scribed  geometrically,  ia  a  cirdt»  that  tibe  polygon^ 
the  Qumber  of  aides  of  whieh  ia^equalto-tbe  product 
of  these  two,  cdn  also  be  iusosibftd  gpeoiMtrically. 

For  let  a  and. 6  represeDtl tb^  number  of  sides  of 
tavQ  polygossi  Mch  insciiblible  in  a  circle^  a. and  k 
heiog  prime  to  each  otfai^;  \  then  it  is  to  be  demon- 
8trated%  that,  the  polygon,  the  number  of  whose 
sides  is  .equal  to  ah^  is  also  inscrihable*  Now  the 
angles  at  the  centre  of  these  polygoas,  will  he 

36o^     36o^     360^        J 
'"T"'      b    '     ah  * 

and  if  it  can  be  shown  that  the  difference  of  any 
multiples  of  the  two  first,  can  be  made  equal  to  the 
third,  the  truth  of  what  is  advanced  will  be  fjvident. 

Let,  then,  -^ ,  and  '— r — ,  represaat.  any  mnl-r 

tiples  of  the  angles  of  the  two  first,  then  the  dif- 
ference will  be  equal  to r — -^^  which  is  tq 

be  equal  to  — 7—;  we  have,  therefore, 

36o°(/2j-ma)=36o%  or  nb-^ma^li 

and,  since  a  and  h  are  prime  to  each  other,  such 
values  of  m  and  n  may  be  found,  <  a  and  ^  as 
will  answer  this  condition;  and,  consequently, 
the  third  polygon,  of  which  the  number  of  fiides  is 
ah^  may  be  inscribed  by  means  of  the  two  first. 
Also  all  polygons,  of  which  the  number  of  sides  is 
any  power  of  2,  may  be  inscribed  by  continual  bi- 
sections: and  again,  all  those  whbse  number  of 
sides  is  equal  to  the  product  of  any  inscribable  po- 
lygon, into  any  power  of  2.     And  hence  we  have 
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Table  co?itainiftg  the  least  Values  of  p  and  q  in  the  Equa 
//<m/^2^N/;=l,  for  every  Falueofs,  from  2  to  102. 


N 

9 

2 

3 

N 

54 

9 

p 

2 

66 

485 

3 

1 

2 

55 

12 

89 

5 

4 

•   9 

5^ 

2 

15 

6 

2 

5 

51 

20 

151 

7 

3 

8 

58 

2574 

;   i96or> 

8 

1 

3 

59 

69 

530 

10 

6 

19 

60 

4 

31 

11 
12 

3 
2 

10 

-      7 

61 
62 

226,I53p80 

17663190*9 
63 

13 

180 

649 

63 

I 

8 

14 

4 

15 

65 

16 

121* 

15 

1 

4 

W 

8 

65 

17 

8 

35 
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1.  AN  INTRODUCTION  TO  ARITHMETIC;  or,  a 
complete  Exercise  Book,  for  the  Use  both  of  Teachers  and 
Students :  being  the  first  Part  of  a  general  Course  of  Mathe- 
inatics»  with  Notes,  containing  the  Reason  of  every  Rule^  de- 
monstrated from  the  most  simple  and  evident  Principles :  toge« 
ther  with  some  of  the  most  useful  Properties  of  Numbers,  and 
such  other  Particulars  as  are  calculated  to  elucidate  the  more 
abstruse  and  interesting  Parts  of  the  Science.     Price  Ss.  boards. 

2.  THE  SCHOLAR'S  GUIDE  TO  ARITHMETIC; 
or,  a  complete  Exercise  Book,  for  the  Use  of  Schools;  with 
Notes,  containing  the  Reason  of  every  Rulej  demonstrated  from 
the  most  simple  and  evident  Principles :  together  with  some  of 
the  most  useful  Properties  of  Numbers,  and  general  Theorems 
for  the  more  extensive  Use  ef  the  Science.  Ninth  edition,  1808. 
Idmo.    2s.  6d.  bound. 

3.  AN  INTRODUCTION  TO  MENSURA^HON  AND 
PRACTICAL  GEOMETRY:  with  Notes,  containing  the 
Reason  of  every  Rule,  concisely  and  clearly  demonstrated. 
Tenth  edition.     4s.  bound. 

4.  AN  INTRODUCTION  TO  ALGEBRA;  with  Notes 
and  Observations;  designed  for  the  Use  of  Schools  and  Places 
of  public  Education.     Eighth  edition.     44.  bound. 

5.  AN  INTRODUCTION  TO   ASTRONOMY;  in  a 

Series  of  Letters  from  a  Preceptor  to  his  Pupil :  in  which  the 
more  useful  and  interesting  Parts  of  tlie  Science  a^  clearly  and 
familiarly  explained,  Fifth  edition,  improved.  Illustrated  with 
Copper-plates.     9s.  boards.  ' 

6.  THE  ELEMENTS  OF  GEOMETRY,  or  an  Abridg- 
ment nf  the  first  six,  and  the  eleventh  and  twelfth  Books  of 
Euclid :  with  Notes  Critical  and  Explanatory.  Fifth  edition. 
0s.  bound. 

7.  A    ml:ATISE   ON   PIJi^NE  AND  SPHERICAL 

TRIGONOMETRY:  with  their  roost  useful  Applications. 
12s.  board?*.  * 
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ELEMENTS   OF   ALGEBRA, 
BY  LEONARD  EULER, 

Translated  from  the  French ;  with  the  Additions  of  La  Grange, 
and  the  Notes  of  the  French  Translator:  to  which  is  added  ati 
Appendix,  containing  the  Demonstration  of  several  curious  and 
important  Numerical  Propositions,  alluded  to,  but  not  investi- 

fftted,  in  the  Body  of  the  Work»  &c.  &c.     Second  edition. 
I.  4s.  boards.     1810. 

A 

GENERAL  HISTORY  OF  MATHEMATICS 

FROM  THE  EARLIEST  TIMES  TO  THE  MIDDLE  OF  THE 

EIGHTEENTH  CENTURY. 

Translated  from  the  French  of 
JOHN   BOSSUT, 

Member  of  the  French  Natioaal  Inititute  of  ArU  and  Sciences,  and  of 
the  Academies  of  Bologna,  Petersburg,  Turin,  &c 

To  which  is  affixed,  a  Chronological  Table  of  the  most  eminent 

Mathematicians.     9s.  boards. 


PRACTICAL  INTRODUCTION 

TO 

SPHERICS  AND  NAUTICAL  ASTRONOMY; 

being  an  Attempt  to  simplify  those  useful  Sciences.    Third  edi- 
tion, augmented  and  improved. 

By  P.  KELLY,  LL.D. 
Master  of  the  Finsbory  Square  Academy,  London* 

Royal  8vo.    10s.  6d.    bound. 

ELEMENTS  oFnAVICATION; 

COXTAmiNO 

THE  THEORY  AND  PRACflCE. 

By  JOHN  ROBERTSON. 

Seventh  edition,  with  Additions.  2  vols,  royal  8vo.  <l.  4s.  bounH. 

EASY  INTRODUCTION 

PLANE   TRIGONOMETRY. 

The  Application  of  it  to  th«  Measuring  of  Heights  and  Dis- 
tances; to  the  sereral  Branches  of  Natural  Philosophy; 
to  Land-surveying;  Levelling;  and  the  Use  of  the 
portable  Case  of  Mathematical  Instruments. 
Adapted  to  the  Use '  of  Schook. 
By  C.  ASHWORTH,  D.D. 
The  Second  edition,  very  much  enlarged.    Ss.  6d.  bound. 
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INTRODUCTION 
XA.TURAL  PHILOSOPHY. 

ILLUSTRATED   WITS    COrrSm-PLATEt. 

BY   WILLIAM  NICHOLSON. 

The   Fifth  edition,   %iith  Improremeiits.    2  folSb     8to.     I6s. 
boards. 

THE  n^vr 

PRACTICAL    NAVIGATOR; 

•EISC  A  GOaPtETE 

EPITOME   OF  NAVIGATION: 

TO.WBICB  AlE  ADDED, 

Ail  the  Tables  requisite  for  determioing  the  Latitade  and  Loogi- 

tude  at  Sfa:    cuntainiDg  the  diiierent  Kinds  of  Sailing, 

and  nece>sary  Corrections  for  Lee-way,  VariatioD,  &c., 

tx<^uiplified  in  a  Joamat  at  Sea. 


TOCETHEl  WITH 


AH  necessary  Inst  met  ions  for  detenu  inin«c  the  Latitade  bv 
uoiiiLE  ALitTLDEs  of  the  SuH,  by  the  Mooo,  the  Planets,  and 
fixed  Stars ;  and  f«/r  ascertaining  the  longitcde  by  the  lckab 
oB^KavATioNs  and  other  Methods. 

The  Manner  of  finding  and  knowing  the  Planets  and  fixed 
Stars,  by  Calculation  and  Planispheres. 

The  Art  of  Survey iiii:  Sea-coasts  and  Harboors. 

An  Ab-jtract  of  Practical  Seanian<«hip,  showing  the  Method  of 
working  a  Ship  in  all  difficult  Ca:^s  at  Sea. 

The  Manner  of  exercising  Ship's  Companies  of  War,  describ- 
ing the  Exerci^e  of  the  great  Guns,  and  the  requisite  Manorarres 
tor  attacking  or  <lefending  a  Ship. 

The  Moihoil  of  recovering  Ships  in  different  Silnations  of 
J)iMre<j«,  anH  kt-epinji  them  from  a  Lee-shore,  with  the  best 
Menus  of  saving  Peihons  from  Wrecks;  and  the  Process  of  re- 
covering dn>\viie<i  People,  recommended  by  the  Royal  Humane 
Society  ;  •.vit  h  a  Variety  of  Articles  not  to  be  foond  in  any  other 
Book  of  ihi)»  Kind. 

'ihc  Whole  illustrated  wiih  Engravings,  and  rendered  easy  to 

tije  nio>t  coronuin  Capacity. 

'I'he  Tablfa  in  this  Book  hire  been  examined  by  three  Persons)  and,  it 
i^  trusted,  are  tbe  mosit  correct  extant.  Su  that  this  Book  will  be  found 
Itjlly  sufiiciont  either  for  the  Teacher  or  for  Practice  at  Sea. 

BY  JOHN   HAMILTON  MOORE, 

Teacher  of  Navigation. 

The  Miiriitpenth  edition  ;•  enlarged  and  care fally  improved^  by 
Jusf.in  Dhssiou.     8vo.     12i.  bound. 
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